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GENERATING CERTAIN QUINTIC IRREDUCIBLE
POLYNOMIALS OVER FINITE FIELDS

YouNGwoO AHN AND KITAE KiM*

ABSTRACT. In the paper [1], an explicit correspondence between
certain cubic irreducible polynomials over F, and cubic irreducible
polynomials of special type over F,» was established. In this paper,
we show that we can mimic such a correspondence for quintic poly-
nomials. Our transformations are rather constructive so that it can
be used to generate irreducible polynomials in one of the finite fields,
by using certain irreducible polynomials given in the other field.

1. Introduction

Generating irreducible polynomials and determining their irreducibil-
ity have played an important role in the theory of finite fields and its
applications, especially coding theory and cryptography. For designing
cryptographic protocols, A. K. Lenstra and E. Verheul used a cubic ir-
reducible polynomial f(z) = 2* — ca? + ¢’z — 1 over the finite field F,.
where p is an odd prime ([2], [3]). In order to obtain compact repre-
sentation of the elements in F,s, they made use of the absolute trace
map. Along with the work, Kim et al. studied in [1] cubic irreducible
polynomials of the same form defined over F» where ¢ is a power of
prime p, and established a correspondence between the set of such irre-
ducible polynomials and the set of irreducible polynomials of the form
g(z) = 2% — taz* + bx + a in F,[z] where ¢ is a quadratic non-residue
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in F,. Their correspondence is so explicit that one can use it to gen-
erate a cubic irreducible polynomial over Fgp from a cubic irreducible
polynomial over FF,, or vice versa.

In this paper, we establish a one to one correspondence between a
family of irreducible polynomials of the form z° — cax? + ¢?2 — 1 over
F,2 and a family of irreducible polynomials of the form 2° + 3at?z* +
@x‘% — 2atz* + bxr — a over F,. Like [1], our approach is somewhat
theoretical but the transformations are constructive. Thus it provides
an efficient method to generate quintic irreducible polynomials over F .,
starting with certain irreducible polynomials of over [F,.

2. Certain quintic irreducible polynomials

In this section, we give a one to one correspondence between the set
of certain quintic irreducible polynomials over F . and over F,.

Let p be an odd prime. We assume that every field of characteristic
p that we consider is a subfield of a fixed algebraic closure of the prime
field F,. Then the Galois field F, is uniquely determined by the number
q = p* of elements that it contains.

Since p is odd, half of the elements of F, are non-squares in F,. Let ¢
be a non-square element in F,. Then ¢ becomes a square in the quadratic
extension F 2, say t = a® for some o € F .

From now on, a will stand for an element of F 2 \ F, such that o* =
t € F,. Then (a9)? = (o®)? = ¢? = ¢ and hence a? = —a. Moreover, we
have F2a = F () for any positive odd integer d.

Suppose that F(x) = 2° —cz* +c%x — 1 is an irreducible polynomial in
F,> whose all roots are h; where 1 < i < 5. Since —2*?F(z77) = F(x)?,
h; ”’s represent five different roots of F(x), for if h;* = h;? then h; ' =
h =h;" =ht,

The complete factorization of F' over its splitting field Fgpo can be
written as

We claim that h; = h;¢ for eachi = 1,...,5. First note that h; # h;

for each 4. If not, then A" = 1 for some i and so h?z_l = 1. That is,
h; € F,2 which contradicts to the irreducibility of F(x). If hy = hy?, hy =
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hi? then hy = h‘{z so hy € F2 which also contradicts to the irreducibility
of the polynomial. Moreover, if hy = hy? ho = hy? hy = h{? then hy
must be hf which is a contradiction. Hence the claim is proved.

Since h; = h; “ for each 1, hihgs = 1 and so the norm of h; over Fs

is 1: Nywogs(hi) = hsh? = 1. Tt follows from Hilbert 90 that h; = g7 "
for each 1.

Now we will discuss our one to one correspondence between quintic
irreducible polynomials of the form z° —ca*+ %2 —1 over F2 and certain
quintic irreducible polynomials over [F,.

THEOREM 1. Let F, be a finite field of characteristic p and t a qua-
dratic non-residue in F, with t = o? for some o € F,2. There is a one to
one correspondence between the set of irreducible polynomials in F 2 of
the form

(1) 25 —cxt + clr — 1
and the set of irreducible polynomials in I, of the form
(2) 2% + 3at?zt + 43 2ata® 4 br —a

The correspondence is given by:
For a given F(z) = 2% — ca* + ¢?x — 1 with ¢ = m + na, we associate
_ 5 _ 3n .4 | 1042m 3 2 2 | 5-3
G(r) =" — 2 + it ot T manet T e
For a given G(z) = x°+ 3at*z* + #xzj’ — 2atx®+bx — a, we associate

. _ht2 _ 2
F(x) = 2% — ca* + o — 1 with ¢ = §+2§2 + S a.

Proof. Let hy, hy, -+ , hs be all the roots of F'(z) = 2° — cz? + ¢z — 1.
Then for each i, h? = h; " and h; = g7 ~* for some g; € [F,0. Recall that

al =t D20 = —a and F o = Fs(a) is the quadratic extension of Fs.
Since g; € F 0, for each ¢, g; can be represented as g; = v;1 + Yiocx for
5-1

some 7;1, Vie € Fys. Notice that ;1 cannot be 0. If not, h; = (y00)? — =

5 _ . . .
a?a™! = —aa~! = —1, a contradiction. Thus we can rewrite h; as, by

letting 5; = via/7vi1 € Fys,

. q571 =
hi= g0 ' = (i +yea)” = (1 " %OO =1+ Ba) .
i1
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Now the polynomial F'(z) defined over F,2 can be expressed by

(3) Flz) = ﬁ@—iléi)

i=1

Here we used the fact that
(1+40)" 148707  1-pa
1+Ba  1+Ba  1+8a

Now we associate the irreducible polynomial F(x) over Fpe to an
irreducible polynomial F,(z) defined in the field F, whose roots are

517527"'7ﬁ5:

(1+ Bia)” ! =

5
F(z) = H(x —Bi).
i=1
Let us denote o; the ith elementary symmetric polynomial of £y, ..., 35.
We then calculate the constant term of F(x):

ﬁl_ﬁza . (1+O’2t+0’4t2)—<O'1+0'3t—|—0'5t2)a

1+ B (14 oot + 04t2) + (01 + o3t + o5t2)

i=1
Since the constant term of F'(z) is —1 and p is an odd prime, we obtain
o1+ o3t + O'5t2 = 0.

Note that 1 + oot + o4t # 0, for otherwise H?:1 h; = —1 this leads to a
contradiction.

Similarly, by straightforward calculation and comparing the coeffi-
cients, we have
(5 + oot — 304t%) + (301 — o3t — Host?)

1 + oot + o4t?
(10 — 209t + 204t?) + (201 — 203t + 1005t
1+ oot + 04t? ’

Thus we get the following equations

c = 5

0 p—y

o1 + o5t + o5t =0,
o1 — o5t + bogt? = 0,
5 — oot + o4t? = 0.
So
(4) o1 = —305t, oot = 5+ o4t® and o5t = 205t%
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Furthermore, by letting ¢ = m + na for m,n € F,, we have

5+ oot — 304t?

14 o9t + 04t?’

301 — o3t — Host?
1 + o9t + o4t2

(5) m =

(6) n =

Applying Eq (4) into the equations (5) and (6), we get
10 — 20’4t2 N 5— O'4t2

T 612002 T 3+ out?
- —1605t? B —8o5t?
642042 34+ o4t?
So
out? = —sm and o5t = —n .
m—+1

Note that m + 1 # 0 because if m = —1 then ¢ = —1 4+ na and so —1 is
a root of F'(x) which contradicts to the irreducibility of F(z). Thus, we

have the coefficients of F,(x) = z° — oy2* + 092® — 032% + 047 — 05 as
follows:
o = —3o5t2 = mgi T
5+ 04> 10+ 2m
oy = =
t (m+1)t’
—2n
o3 = 205t = m,
9 —3m
T e
B -n
7T mrne

Recall that 3; € Fys and h; = (1 + Bia)qsfl. So if f; € F, then h; € Fp
which leads to a contradiction. Hence f3;’s are not contained in F, and
hence we conclude that the polynomial F,(z) is irreducible over F, of
the required form.

Conversely, suppose that G(x) is an irreducible polynomial defined in
F,[z] of the form

(7) x° + 3at?z* + #x?’ — 2atz? + br — a.
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Let B1, Ba, ..., B5 be all the roots of Fi(z) in F;s. Then
G(z) = (z = Pu)(x = P2) -+ (x = Bs)

and by rearranging, we may assume that 5! = 5,11 mod 5-
Define a polynomial F'(x) over F,2 to be

G*(z) = ﬁ (x -1+ ﬁia)q5_1) :

=1

As above, let h; = (1+ 8;0)” 1 and o; be the ith elementary symmetric
polynomial of §;’s. Then h; = Egz Before computing coefficients of
F, we note that the roots of the polynomial F' are conjugate to each
other over F 2. This means that the polynomial is irreducible over F .

From the definition of F.(z), we have the following equalities

10 — 209t + 204t* = 10 — 2(5 + 04t°) + 204t> = 0,
201 — 203t + 1005t = 2(—305t*) — 2(205t%) + 1005t* = 0,
o1 + o3t + o5t2 = —305t> + 205t + o5t2 = 0.

In order to describe coefficients of F'(z) in terms of values in Fp, we
first note that [[_,(1 4 Bi) = (1 4 oot + 04t?) + (01 + o3t + 05t>)ax =
1+ o9t + 0412, which is not zero because if not then 1+ ;o = 0 for some
i and so o € [Fy, a contradiction.

A straightforward computation shows that

5
H(l + Bia)hihohghyhs
i=1
(8) = (1 + o9t 4 04t?) — (01 + 03t + 05t%) v

= 1+ oot + oyt?
5

(9) [[a+80) > hihiyhih,
1=1 11 <i2<13<i4
= (5 + oot — 304t?) — (30, — o3t — Sost?)a
5
=1 11 <t12<1i3

= (10 — 209t + 204t*) — (201 — 203t + 1005t%)a = 0
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5
(11) H(l + Bir) Z hiy i,
i—1 i <ia

= (10 — 209t + 204t?) + (201 — 203t + 1005t*)or = 0

(12) [T+ 80> n

i=1

= (54 oot — 304t?) + (30, — o3t — 5o5t?) .

The equations (11) and (12) say that the coefficients of 2? and 2 are
zero, respectively. The equation (9) tells us the constant term is —1.

Now we let ¢ = m + na where

5 4 oot — 304t? 30, — o3t — Host?
m = and n =

1—|—O’2t+0'4t2 N 1+02t+04t2

Then the coefficient of 2* is ¢ and the coefficient of x is ¢? by the facts
a? = —« and the equations (10) and (13).

The one to one correspondence is immediate from our transforma-
tions. To be precise, suppose that F(z) = 2° — cx* + %z — 1 is an
irreducible polynomial over F,. where ¢ = m + na. Then, by the trans-

3 _ 5 _ 3n_ .4 10+2m .3 _2n .2
formation above, we get Fi(z) = = Tl i T e T

(Tiﬁ%x + inz- Then the lifted irreducible polynomial (F)*(z) =

2’ —da*+()1x—1 to F 2 is F(z) again, because, if we let ¢ = m/+n'a,

104+2m 5—3m 42
m = 5+ (m+1)tt B 3(m+1)t2t —m
- 10+2m 5—3m — 1,

L+ oot + oot

3 3n —2n t —5—=n t2

/ m+1l ~ (m+l)e (m+1)t2

10+2m 5—3m 42
L+ (m-i-l)tt + (m+1)t2t

Thus (F,)* and F are the same. Conversely, suppose that G(x) = z° +
3at?z* + %x:” — 2atx?® + bx — a is an irreducible polynomial defined in
[F,[z] and G* is the lifted polynomial by our transformation, say G*(x) =
2° — cx* + clx — 1 with ¢ = m + na, where
5— bt” —8at?
M=y M 5 e
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Then the quintic polynomial (G*), obtained from G* is again G: if —d’
and O’ are constant term and coefficient of x, respectively, then

—n 8(11522
CL/ — — 3+bt —a
2 5—bt2 ’
(m+1)t (3+bt2 + 1) t2
;o 5 —3m _ 5_32:—2;2 _
(nDF (1) P

Since the remaining terms are completely determined by the constant
term and the degree 1 term we conclude the correspondence is one to
one as required. O

3. Examples

In this section, we shall give two examples to explain our transfor-
mation for finite fields F5 and F;7. In order to obtain an irreducible
polynomial over F 2, we should first find an irreducible polynomial G(x)
of the desired form in [F,[z] where p is an odd prime.

Note that ¢t = 2 is a quadratic non-residue of p = 5. If we set a = 1
and b = 0, then G(z) = 2° + 22* + 2® — 1 satisfies the condition as in
the theorem. To be precise, we show that G(z) is irreducible over Fj.

Suppose that G has a root v in F5. Then

G) =" +27"+7* = 1=7"+7' +1=(y-2)* -3,

Since 3 is not a square in F5, G(v) cannot be zero. Hence, G(x) has no
roots in Fs.
Now consider the following irreducible polynomials over Fs:

2?42, (r£1)2+2, (v£2)+2.

Since +2 are quadratic non-residues mod 5 and the number of quadratic
irreducible polynomials over F5 is 10, those are all of the irreducible
polynomials of degree 2 over Fs. If 22 4 2 divides G(z) then

2° 4 20 +2? — 1 = (22 £2)(2® + do2® + dyz + dy).

Comparing the coefficients, we have d; = 0 and d; £2 = 0. So, 2% +
2 cannot divide G(z). Similarly, no quadratic irreducible polynomials
divide G(x), and hence we can conclude that G(z) is irreducible over Fs.
Now, by applying our transformation, we have

G*(z) = 2° — ca* + P’z — 1,
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_ ; _ 5-bt _ 5 _ _ —8at? _ 32 __
where ¢ =m +na. Sincem = 255 =3 =0andn = 37347 = == =1,
c=oand ¢® = t?a = —a. Hence

G*(z) = 2° — aa* — axr — 1.
For a second example, we first note that, for a prime p with p = 2,3
(mod 5), 5 is a quadratic non-residue mod p. When p = 17, =5 is
also a quadratic non-residue mod 17. As in the above example, we

set a = 1,0 = 0 and compute the lifted irreducible polynomials of the
following polynomials:

Gla)=a+Tat+ 23+ T2 -1 t=5
Ga)=a+Tat — 2 -T2 —1 |t = —5.

From the values a,b and t, we get

m:g:5'6:—4,n: = —4.3'=7and c = —4+ Ta.

Then G(z) and G(z) are transformed into the same irreducible polyno-
mial 2° + (4 — Ta)a? — (4 + Ta)z — 1.

In concluding remarks, we investigate some properties of such polyno-
mials as in our theorem.

First, let us denote the polynomial 2% + 3at?z?* + #aﬁ — 2atx? +
bz — a by G(x,a,b), or simply G(z). Then we have G(z) = —G(—z) =
G(x,—a,b). That is, if G is irreducible then so is G, and vice versa.

Second, consider the lifted irreducible polynomials G*(z) and G*(z)
of G(z) and G(x) , respectively, where the polynomials satisfy the above
property. Then G* and G* have the form G*(z) = 2° — ca* + ¢t — 1
and G*(z) = 2° — éx* + &z — 1 where ¢ = m + na and é = m + na,

—8(—a)t? _  _8at>
3+bt2 T 3+bt2

respectively. Since m = m and n = = —n, we have
= (m+na)?=m?+nla?=m+n(—a)=m—na ==
Similarly, ¢ = m — na = c.
—2°G*(rY) = —2P(af —cx Tt 4l - 1)
= 2’ —clat +cx—1
= r 0 -t —1
= G'(x)
Thus G* is the reciprocal of G*.
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Finally, in the paper [1] the authors gave another one-to-one corre-
spondence between cubic irreducible polynomials of certain types. Namely,
there is a one-to-one correspondence between the set of irreducible poly-
nomials in Fpz[z] of the form f(z) = 2® — ca? + o — 1 and the set of
irreducible polynomials in Fy[z] of the form z* 4+ uz® — tz + v. In fact,
this correspondence is obvious in the sense that one can easily get such a
correspondence by associating f(z) to the reciprocal g*(z) = Lta3g(a")
of g(z) instead of g itself, where g(z) = x® — tax® + bx + a as mentioned
in the introduction. In the same arguments, one can have another corre-
spondence between certain irreducible polynomials in F2[z] and in Fy[z],
of degree 5.
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