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INTERVAL-VALUED FUZZY GENERALIZED BI-IDEALS
OF A SEMIGROUP

KEON CHANG LEE, HEE WON KANG?, AND KuL HUR °

Abstract. We introduce the concept of an interval-valued fuzzy
generalized bi-ideal of a semigroup, which is an extension of the
concept of an interval-valued fuzzy bi-ideal (and of a noninterval-
valued fuzzy bi-ideal and a noninterval-valued fuzzy ideal of a semi-
group), and characterize regular semigroups, and both intraregular
and left quasiregular semigroup in terms of interval-valued fuzzy
generalized bi-ideals.

1. Introduction

In 1975, Zadah[12] introduced the concept of an interval-valued fuzzy
set as the generalization of a fuzzy set introduced by himself[11]. Af-
ter then, Biswas[1] applied it to group theory, Garzalczany|[6] proposed
a method of inference based on interval-valued fuzzy sets, Roy and
Biswas[10] studied interval-valued fuzzy relations, and Mondal and Sa-
monta applied it to topology. Recently, Choi et al.[4] investigated interval-
valued smooth topological spaces, Hur et al.[7] studied interval-valued
fuzzy relations in the sense of lattice theory, and Kang and Hur[7] ap-
plied the concept of an interval-valued fuzzy set to algebra. Further-
more, Cheong and Hur[3] invesstigated interval-valued fuzzy ideals and
bi-ideals in a semigroup.

In this paper, we will introduce the concept of an interval-valued fuzzy
generalized bi-ideal of a semigroup, which is an extension of the notion
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of a noninterval-valued fuzzy generalized bi-ideal (and of a noninterval-
valued fuzzy bi-ideal and a noninterval-valued fuzzy ideal), and charac-
terize such semigroups by interval-valued fuzzy generalized bi-ideals.

2. Preliminaries

We will list some concepts needed in the later sections.

Throughout this paper, we will denote the unit interval [0, 1] as I and
for an ordinary subset A of a set X, we will denote the characteristic
function of A as xa4.

Definition 2.1. [6, 9, 12] Let X be a given nonempty set. A mapping
A =[AL AU X — D(I) is called an interval-valued fuzzy set ( briefly,
IVES) in X, where A and AY are fuzzy sets in X satisfying A (z) <
AY(z) and A(x) = [A"(x), AY(z)] for each x € X. In particular, 0 and 1
denote the interval-valued fuzzy empty set and the interval-valued fuzzy
whole set in X defined by 0(z) = [0,0] and 1(z) = [1,1] for each z € X,
respectively.

We will denote the set of all IVFSs in X as D(I)X.
Notation. Let X = {z1,z2, -+ ,z,}. Then A = ([a1,b1],[az,b2], -,
[an, b)) denotes an IVFS in X such that AY(z;) = a; and AY(z;) = b,
foralli=1,2,--- ,n.

Definition 2.2. [9] Let X be a nonempty set and let A, B € D(I)*X.
Then

(a) A C B iff AL(z) < BE(z) and AY(x) < BY(z) for allz € X.

(b) A=Biff AC B and B C A.

(c) The complement A¢ of A is defined by A°(z) = [1 — AY(x),1 —
AL(z)] for all x € X.

(d) If {A; : i € J} is an arbitrary subset of D(I)%X, then

NAi) = A Ab@), \ AV (@),

ieJ icJ

Uaile) = [\ 4k @), \/ 47 (@)

i€ icJ
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3. Interval-valued fuzzy ideals of a semigroup

Definition 3.1. [7] Let (X, o) be a groupoid and let A, B € D(I)X.
Then the interval-valued fuzzy product of A and B, A o B is defined as
follows : For each x € X,

doB@) = { [Vem (A5 @) ABE(). Voo (A W) ABY ()] ifa =y
[0,0] otherwise.

It is clear that for any A, B,C € D(I)X, if B C C, then AoB C Ao(C
and Bo A C Co A.

Let S be a semigroup. By a subsemigroup of .S we mean a non-empty
subset of A of such that A% C A and by a left [resp. right] ideal of S we
mean a non-empty subset A of S such that SA C Afresp. AS C A]. By
two-sided ideal or simply ideal we mean a subset A of S which is both a
left and a right ideal of S. We well denote the set of all left ideals [resp.
right ideals and ideals] of S as LI(S) [resp. RI(S) and I(5)].

Definition 3.2. Let S be a semigroup and let A € D(I)°. Then A
is called an :

(1) interval-valued fuzzy subsemigroup (in short, IVSG) of S if
Ab(zy) = A¥(z) A AM(y) and A” (zy) > AY(z) A A7 (y)
for any x,y € S,
(2) interval-valued fuzzy left ideal (in short, IVLI) of S if
A (zy) > AM(y) and AY (zy) > AY(y)

for any x,y € S,
(3) interval-valued fuzzy right ideal (in short, IVRI) of S if

Al(zy) > AX(z) and AY (zy) > AY(z)

for any x,y € S,

(4) interval-valued fuzzy (two-sided) ideal (in short, IVI) of S if it
is both an interval-valued fuzzy left and an interval-valued fuzzy
right ideal of S.

We will denote the set of all IVSGs [resp. IVLIs, IVRIs and IVIs]
of S as IVSG(S) [resp. IVLI(S), IVRI(S) and IVI(S)]. It is clear that
A € IVI(S) if and only if A¥(zy) > AL(z) A AL(y) and AY(xy) >
AY(2) A AY(y) for any z,y € S, and if A € IVLI(S) [resp. IVRI(S) and
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IVI(S)], then A € TVSG(S).

The following is the immediate result of Definition 3.1 and 3.2.

Theorem 3.3. Let S be a semigroup and let 0 # A € D(I)S. Then
A € IVSG(S) if and only if Ao A C A.

Result 3.A. [3, Theorem 3.2] Let A be a nonempty subset of a
semigroup S. Then, A is a subsemigroup of S if and only if [x4, x4] €
IVSG(S).

Result 3.B. [7, Proposition 6.6] Let A be a nonempty subset
of a ring R. Then A € LI(R) [resp. RI(R) and I(R)] if and only if
[x4,x4] € IVLI(R) [resp. IVRIR and IVI(R)].

Lemma 3.4. Let S be a semigroupiod let A € D(I)°. Then A €
IVLI(S) if and only if 10 A C A.

Proof. (=) : Suppose A € IVLI(S) and let a € S.

Case (i) : Suppose (10 A)(a) = [0,0]. Then clearly 10 A C A,
Case (i) : Suppose (1o A)(a) # [0,0]. Then there exist z,y € S with
a = xy. Thus
~ L ~
(To4) (a) = \/ (I"(x) A A (y))
a=xy
< \/ (1 A AF(zy)) (Since A € IVLI(S))
a=zy
= \/ (1r A% () = A%(a).
a=xy

Similarly, we have (1 o A)U(a) < AY(a). Hence, in all, 1o A C A.
(«<=) : Suppose the necessary condition holds. Let A € D(I)° and let
a = zy for any x,y € S. Then, by the hypothesis, 10 A C A. Thus

Al (zy) = Aa) = (To A)"(a) = \/ (T"(b) A A" (0))
a=bc
> 15(x) A AL (y) (Since a = zy)
= 1A Al (y) = AM(y).

Similarly, we have AY(zy) > AY(y). Hence A € IVLI(S). This com-
pletes the proof. O
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Lemma 3.4’ [The dual of Lemma 3.4] Let S be a semigroup and let
A€ D(I)S. Then A € IVRI(S) if and only if Ao1 C A.

The combined effect of these two lemmas is as follows :

Theorem 3.5. Let S be a semigroup and let A € D(I)®. Then
A e IVI(S) ifand only if 1o AC A and Aol C A.

4. Interval-valued fuzzy generalized bi-ideals

A subsemigroup A of a semigroup S is called a bi-ideal of S if ASA C
A. We will denote the set of all bi-ideals of S as BI (5).

Definition 4.1. [3] Let S be a semigroup and let A € IVSG(S).
Then A is called an interval-valued fuzzy bi-ideal (in short, IVBI) of S
if

Al (zyz) > AL (x) A AE(2) and AY (zyz) > AY(z) A AY(2)
for any x,y,z € S.
We will denote the set of all IVBIs of S as IVBI(S).

Result 4.A. [3, Theorem 3.7] Let A be a non-empty subset of a
semigroup S. Then A € BI(S) if and only if [x 4, xa] € IVBI(S).

Remark 4.2. Let S be a semigroup.

(a) If A is a fuzzy left ideal [resp. right ideal and bi-ideal] of S, then
A =[A, A] € IVLI(S) [resp. IVRI(S), IVI(S) and IVBI(S)].
(b) If A € IVBI(S), then AX and AV are fuzzy bi-ideals of S.

A nonempty subset A of a semigroup S is called a generalized bi-ideal
[8] if ASA C A. We will denote the set of all generalized bi-ideals of S
as GBI(S).

Definition 4.3. Let S be a semigroup and let A € D(I)°. Then A
is called an interval-valued fuzzy generalized bi-ideal(in short, IVGBI)
of S if for any x,y,z € S, Al(xyz) > AL(x) A AL(2) and AY (zyz) >
AY(z) A AY(2).

We will denote the set of all IVGBIs of S as IVGBI(S). It is clear
that IVBI(S) € IVGBI(S). But the converse inclusion does not hold in
general.
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Example 4.4. Let S = {a,b, c,d} be the semigroup with the follow-
ing multiplication table:

‘ a b ¢ d
ala a a a
bla a a a
cla a b a
dla a b b

We define a mapping A : S — D(I) as follows :
A(a) =[0.4,0.5], A(b) =[0,0], A(c) =10.2,0.8], A(d) = |0,0].
Then we can easily show that A € IVGBI(S) but A ¢ IVBI(S). O

Remark 4.5. Let S be a semigroup.

(a) If A is a fuzzy generalized bi-ideal of S, then [A4, A] € IVGBI(S).
(b) If A € IVGBI(S), then A” and AY are fuzzy generalized bi-ideals
of S.

The following two lemmas are easily seen.

Lemma 4.6. Let A be a nonempty subset of a semigroup S. Then
A € GBI(S) if and only if [xa, xa] € IVGBI(S).

Lemma 4.7. Let S be a semigroup and let A € D(I)®. Then A €
IVGBI(S) if and only if Aclo A C A.

5. Regular semigroups

A semigroup S is said to be regular if for each a € S, there exists an
x € S such that a = axa.

Proposition 5.1. Let S be a regular semigroup. Then IVGBI(S) C
IVBI(S).

Proof. Let A € IVGBI(S) and let a,b € S. Since S is regular, there
exists an x € S such that b = bxb. Then Al(ab) = Al (a(bxd)) =
AL (a(bx)b) > Al(a) A AL(b). Similarly, we have AU(ab) > AY(a) A
AY(b). Thus A € IVSG(S). So A € IVBI(S). Hence IVGBI(S) C
IVBI(S). O

Theorem 5.2. Let S be a semigroup. Then S is regular if and only
if A= Aolo A for each A € IVGBI(S).
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Proof. (=) : Suppose S is regular. Let A € IVGBI(S) and let a € S.
Since S is regular, there exists an x € S such that a = aza. Then

(AoToA) (@) = \/ (Ao D) (y) A AX(2))

a=yz

> (Ao T)L(a:c) A AY(a) (Since a = azxa)

(\/ AL(p) A TE( ))/\AL(a)

> AL(a) ATE(2) A AL(a)
= Al(a) A1 A AL(a) = AL(a).

Similarly, we have (Ao 1o A)U(a) > AY(a). Thus A C Aolo A. Since

A e IVGBI(S), by Lemma 4.7, Aclo AC A. Hence A= Aolo A.
(<) : Suppose the necessary condition holds. Let A € GBI(S5).

There, by Lemma 4.6, [x 4, x4] € IVGBI(S). Thus, by the hypothesis,

[x4,xa] © 10 [xa,xa] = [xa,Xxa]. Let a € S. Then
(heas xal o To [xa, xal) “(@) = \/ ((bxas xal o ) (9)Axa(2)) = xala) = 1.

a=yz

Similarly, we have ([xa,x4] olo [XA,XA])U(a) = 1. Thus there exist
bc € S with a = be such that ([xa,xalo1) (b)) = xa(c) = 1 and
(beaxal o 1) (8) = xa(e) = 1. S0 Vi, (xa®) A TH(@) = 1 and
Vi—pg(xa(p) A 1Y(q)) = 1. Then there exist d,e € S with b = de
such that x4(d) = 1%(e) = 1 and ya(d) = 1Y(e) = 1. Thus d € A,e €
S,c € S and a = bec = (de)c € ASA. So A C ASA. Since A € GBI(S),

it is clear that ASA C A. Hence A = ASA. Therefore A is regular.
This completes the proof. O

The following result is due to Lemma 4.7 and Theorem 5.2.

Theorem 5.3. A semigroup S is regular if and only if IVGBI(S) is
a regular semigroup.

Theorem 5.4. A semigroup S is regular if and only if for each A €
IVGBI(S) and each B € IVI(S), ANB=AoBoA.

Proof. (=) : Suppose S is regular. Let A € IVGBI(S) and let B €
IVI(S). Then, by Lemma 4.7, Ao Bo A C AoloA c A. Also,
AoBoACloBolCcloBCB. So AcBoAC ANB. Now let a € S.
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Since S is regular, there exists an = € S such that a = azra(= azaza).
Since B € IVI(S),

BEY(zaz) > BY(az) > BY(a) and BY (zaz) > BY(az) > BY(a).
Then
(AoBoA)(a) = \/ (A"(y) A (BoA)" (=)
a=yz

> A%(a) A (B o A)F(zaza) (Since a = azaza)

ZAL(a)/\< \V} (BL(p)AAL(p))>

> AL (a) A BL(CL‘CL_CL‘) A AE(a)
> Al(a) A B (a) A AX(a)
= A¥(a) A BY(a) = (AN B)X(a).

By the similar arguments, we have that (Ao Bo A)Y(a) > (AN B)Y(a).
So ANBC AoBoA. Hence Ao BoA=ANB.

(<) : Suppose the necessary condition holds. It is clear that 1 €
IVI(S). Let A € IVGBI(S). Then, by the hypothesis, A = AN1 =
AoloA. Hence, by Theorem 5.2, S is regular. This completes the
proof. O

Result 5.A. [9, Theorems 1 and 4] Let S be a semigroup. Then
the following are equivalent:
(a) S is regular.
(b) ANL C AL for each A € GBI(S) and each L € LI(S).
(¢) RNANL C RAL for each A € GBI(S), each L € LI(S) and each
R € RI(S).

Now we give a characterization of a regular semigroup in terms of
interval-valued fuzzy generalized bi-ideals and interval-valued fuzzy bi-
ideals.

Theorem 5.5. Let S be a semigroup. Then the following are equiv-
alent:

(a) S is regular.

(b) ANB C Ao B for each A € IVBI(S) and each B € IVLI(S).

(¢c) ANB C Ao B for each A € IVGBI(S) and each B € IVLI(S).

(d) CNANB C CoAoB for each A € IVBI(S), each B € IVLI(S)
and each C € IVRI(S).
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(e) CNANB C CoAoB for each A € IVGBI(S) and each B € IVRI(S).

Proof. (a) = (b): Suppose S is regular. Let A € IVBI(S), let B €
IVLI(S) and let a € S. Since S is regular, there exists an x € S such
that a = aza. Then (A o B)(a) # [0,0]. Thus

(AoB)"(a) = \/ (A"(y) A B"(2))

> AfL(a) A BL(za) (Since a = aza)
> AL(a) A BE(a) (Since B € IVFLI(S))
= (AN B)X(a).

Similarly, we have (A o B)Y(a) > (AN B)Y(a). Hence ANB C Ao B.
(b = (c): It is clear.

(¢) = (a): Suppose the condition (c) holds. Let A € GBI(S), let L €
LI(S) and let a € AN L. Then a € A and a € L. Since A € GBI(S), by
Lemma 4.6, [xa,xa] € IVGBI(S). By Result 3.B, [xr,xz] € IVLI(S).
Thus, by the hypothesis, [xa,xa] N [xz,xz] C [xa,xa] o [xz, xz].- So

(Deas xal o [xzs xeh) (@) = (Dea, xal 0 [xz, xe))*(a) = xa(a)Axe(a) = 1.

Similarly, we have that ([x4,xa]© [xr,xz])V(a) > 1. Then

(Ixa, xal o [xz, xz])(a) # [0,0].

Thus

V (xal) Axc(z)) =1and \/ (xaly) Axw(z) = 1.

a=yz a=yz

So there exist b,c € S with a = be such that x4(b) =1 and xr(c) = 1.
Thus b€ Aand c € L,ie., a=bce AL. So ANL C AL. Hence, by
Result 5.A, S is regular.

(a) = (d): Suppose S is regular. Let A € IVBI(S), let B € IVLI(S)
and let C' € IVRI(S). Since S is regular, there exists an = € S such that
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a = ara. Then
(CoAoB)(a)=\/ (C*y) A (Ao B)H(2))
a=yz

> CL(az) A (Ao B) (a) (Since a = aza)

> CE(a) A < \ (A%(p) A BL(q))> (Since C € IVRI(S))

a=pq
> CL(a) A AL(a) A BE(za) (Since a = aza)
> C%(a) A AL (a) A BE(a) (Since C € IVRI(S))
= (CNANB)¥ ).
Similarly, we have that (C'o Ao B)Y(a) > (C N AN B)Y(a). Hence C'N
ANBCCoAoB.
(d) = (e): It is clear.
(e) = (a): Suppose the condition (e) holds. Let A € GBI(S), let
B e LI(S) and let R € RI(S). Let a € RNANL. Thena € R,a € A
and a € L. Since A € GBI(S), by Lemma 4.6, [xa, xa] € IVGBI(S).
By Result 3.B, [xr,xr] € IVRI(S) and [xr,xz] € IVLI(S). By the
hypothesis,
[xr, xr) 0 Dxas xal N [xe, xol € [xr, xrl o [xa, xal o [xz, xc-
Then
(Dxr, x&] o [xas xal © [z, xe)) (@) = (Ixr. xr] 0 [xa, xa] N [xz, xc))*(a)
= xr(a) Axa(a) Axp(a) = 1.

Similarly, we have that

((xr> X&) © [xa; xa] © X2, x2])7 (@) > 1.
Thus [xr, Xr] © [xa,xal o [xL, xz] # [0,0]. So

V ((xrs xrl © [xa, xal)*(y) Axi(z) = 1.

a=yz

Similarly, we have that

\/ ((Ixas x&) © Dxa: xal)¥ () Axw(z) = 1.

a=yz

Then there exist b,c € S with a = bc such that
([xr> xR © [xa5 xAD)"(b) = 1,
(Ixr, xR © [xa, xa))V () = 1
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and
(5.1) xr(c) = 1.
Thus ([xr, xr] © [xa,x4])(b) # [0,0]. So
\ (xr(p) Axalg)) = 1and \/ (xr(p) A xa(q)) = 1.

b=pq b=pq
Then there exist d,e € S with b = de such that
(5.2) Xr(d) =1 and xa(e) = 1.

By (5.1) and (5.2),d€ R, e € A and ¢ € L. Thus a = bc = dec € RAL.
So RNANL C RAL. Hence, by Result 4.A, S is regular. This completes
the proof. O

6. Left quasiregular semigroups

A semigroup S is said to be left quasireqular if every left ideal of S is
globally idempotent.

Result 6.A. [2, Proposition 1.1] A semigroup S is left quasiregu-
lar if and only if for each a € S, there exist z,y € S such that a = zaya.

The following result can be easily proved.

Lemma 6.1. Let S be a semigroup. If S is left quasiregular, then
IVGBI(S) = IVBI(S), i.e., IVGBI(S) C IVBI(S).

Lemma 6.2. Let S be a semigroup. Then S is left quasiregular if
and only if Ao A = A for each A € IVLI(S).

Proof. (=): Suppose S is left quasiregular, and let A € IVLI(S).
Then, by Theorem 3.3, Ao A C A. Let a € S. Then, by Result 6.A,
there exist x,y € S such that a = zaya. Thus

(Ao A)"(a) =\ (A"(p) A A%(q))

> AL (za) A A¥(ya) (Since a = zaya)
> AL(a) A AL(a) (Since A € IVFLI(S))
= AL (a).

Similarly, we have that (Ao A)Y(a) > AY(a). So A € Ao A. Hence
Ao A=A.
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(«<): Suppose the necessary condition holds. Let L € LI(S) and let
a € L. By Result 3.B, [xr,xrz] € IVLI(S). Then, by the hypothesis,

[xz,xcl o [xL, x] = [xz,xr]. Thus
([(xz, xzlelxr, xz)) ¥ (a) = xr(a) = Tand ([xz, xz] © [xz, x£])Y (a) = xr(a) = 1.

So ([xz,xz] o [xz,xzl)(a) # [0,0]. Then V,_,,(xc(p) A xL(q)) = 1.
Thus there exist b, ¢ € S with a = be such that x(b) =1, xr(c) = 1. So
be L,ie,a=0bce LL Then L C LL. 1t is clear that LL C L. Thus
L = LL. Hence S is left quasiregular. This completes the proof. ]

A semigroup S is said to be intraregular if for each a € S, there exist
x,y € S such that a = za?y.

Result 6.B. [9, Theorem 6] Let S be a semigroup. Then S is both
intraregular and left quasiregualr if and only if for each B € GBI(S5),
each L € LI(S) and each R € RI(S), LN RN B C LRB.

We give a characterization of a semigroup that is both intraregular
and left quasiregular in terms of interval-valued fuzzy sets.

Theorem 6.3. Let S be a semigroup. Then the following are equiv-
alent:

(a) S is both intraregular and left quasiregular.

(b) BNCNAC BoCoA for each A € IVBI(S), each B € IVLI(S)
and each C € IVRI(S).

(c) BNCNACBoCoA for each A € IVGBI(S), each B € IVLI(S)
and each C' € IVRI(S).

Proof. (b) =(c): It is clear.

(c) =(a): It can be seen as in the proof of Theorem 5.5[(e) implies
(a)].

(a) =(b): Suppose the condition (a) holds. Let A € IVBI(S), let B €
IVLI(S) and let C € IVRI(S). Let a € S. Since S is left quasiregular,
by Result 6.A, there exist u,v € S such that a = uava. Then

a = uava = u(za’*y)va = ((ux)a)((a(yv))a).
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Thus
(BoCoA)r(a)="\/ (B (p) A (C o A)(q)

a=pq

> B ((uw)a) A (C o A)F((avy)a)

>BYa)n | \/ (CPAAM(g) ] (Since B € IVLI(S))
ayva=pq

> B"(a) A C*(a(yv)) A A (a)

> BY(a) A CF(a) A AL(a) (Since C € IVRI(S))

= (BNnCnA¥a).
Similarly, we have (Bo C o A)Y(a) > (BNCNA)Y(a). Hence BNC N
A C BoC oA. This completes the proof. O
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