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AFFINE YANG-MILLS CONNECTIONS ON NORMAL

HOMOGENEOUS SPACES

Joon-Sik Park

Abstract. Let G be a compact and connected semisimple Lie group,
H a closed subgroup, g (resp. h) the Lie algebra of G (resp. H),
B the Killing form of g, g the normal metric on the homogeneous
space G/H which is induced by -B. Let D be an invarint con-
nection with Weyl structure (D, g, ω) in the tangent bundle over
the normal homogeneous Riemannian manifold (G/H, g) which is
projectively flat. Then, the affine connection D on (G/H, g) is a
Yang-Mills connection if and only if D is the Levi-Civita connection
on (G/H, g)

§1. Introduction

The problem of finding metrics and connections which are critical
points of some functional plays an important role in global analysis and
Riemannian geometry. A Yang-Mills connection is a critical point of the
Yang-Mills functional

(1.1) YM(D) = 1
2

∫
M ||R

D||2 vg

on the space CE of all connections in a smooth vector bundle E over a
closed (compact and connected) Riemannian manifold (M, g), where RD

is the curvature of D ∈ CE . Equivalently, D is a Yang-Mills connection
if it satisfies the Yang-Mills equation (cf. [2,8,13,14.17])

(1.2) δDR
D = 0,

(the Euler-Lagrange equations of the variational principle associated
with (1.1)).
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If D is a connection in a vector bundle E with bundle metric h over
a Riemannian manifold (M, g), then the connection D∗ given by
(1.3) h(D∗

Xs , t) = X(h(s , t))− h(s , DXt), (X ∈ X(M)) and s, t ∈ Γ(E))

is referred to as conjugate (cf. [1, 10]) to D.
Recently, using the concept of conjugate connection, the present au-

thor obtained the following

Theorem 1.1 [11]. A connection D in a vector bundle E over a
closed Riemannian manifold (M, g) is a Yang-Mills connection if and
only if the conjugate connection D∗ is a Yang-Mills connection.

If a tortion free affine connection D in the tangent bundle over a
Riemannian manifold (M, g) satisfies Dg = ω ⊗ g for a 1-form ω on
M , then (D, g, ω) is called a Weyl structure (cf. [4,15]). By virtue of
Theorm 1.1, the present author got the following

Theorem 1.2 [12]. Let D be a Yang-Mills connection with Wely
structure (D, g, ω) in the tangent bundle TM over a closed Riemannian
manifold (M, g). Then dw = 0.

Let G be a compact Lie group, H a closed subgroup of G, g (resp.
h) the Lie algebra of G (resp. H), and m a subspace of g such that
g = m ⊕ h. A homogeneous Riemannian metric g on G/H is said to
be normal homogeneous if there exists Ad(G) invariant inner product
< , > on g such that < m, h >= 0 and < , >m= g{H}.

Through this paper, let G be a compact connected semisimple Lie
group, H a closed subgroup of the group G, g (resp. h) the Lie algebra
of G (resp. H), and B the Killing form of g, < , >:= −B, m the
subspace of g such that < m, h >= 0 and g = m ⊕ h, and g the
normal homogeneous Riemannian metric on the space G/H such that
< , >m= g{H},

By the help of the second Bianchi identity δDR
D = 0, the following

is well known:
A necessary and sufficient condition for a connection D on a closed

Riemannian manifold (M, g) to be a Yang-Mills connection is that the
curvature tensor field for D is harmonic.

In general, the curvature tensor R∇ for the Levi-Clvita conection ∇
in TM over a closed Riemannian manifold (M, g) is not harmonic, and
hence ∇ is not a Yang-Mills connection.

In this paper, we get a necessary and sufficient condition for the Levi-
Civita connection ∇ on the normal homogeneous Riemannian manifold
(G/H, g) to be a Yang-Mills connection (cf. Proposition 3.1, Theorem
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3.4). And, using these results, Theorem 1.2 and the fact that the 1-form
ω in the Weyl structure (D, g, ω) related to an invariant affine connec-
tion D on the normal homogeneous Riemannian manifold (G/H, g) is
invariant on G/H (cf. Lemma 4.2), we get the following

Theorem 4.3. Let D be an invariant connection with Weyl struc-
ture (D, g, ω) in the tangent bundle over the normal homogeneous space
(G/H, g), dim G/H = m ≥ 3. Assume the connection D is projectively
flat. Then, a necessary and sufficient condition for the connection D to
be a Yang-Mills connection is ω = 0.

Corollary 4.10. Under the same situation and assumption as in
Theorem 4.3, the connection D is a Yang-Mills connection if and only
if D coincides with the Levi-Civita connection ∇ on the normal homo-
geneous space (G/H, g).

§2. Yang-Mills connections in a vector bundle and Weyl struc-
tures in a tangent bundle

2.1. In this subsection, we treat the Yang-Mills equation in vector
bundles over a closed Riemannian manifold (M, g), using the concept of
conjugate connection.

Let E be a vector bundle, with bundle metric h, over an n-dimensional
closed Riemannian manifold (M, g). Let D ∈ CE and ∇ the Levi-Civita
connection on (M, g). The pair (D,∇) induces a connection in product
bundles

∧p TM∗⊗E, denoted by D, as well. Set Ap(E) := Γ(
∧p TM∗⊗

E). We consider the differential operator

dD : Ap(E) −→ Ap+1(E),

(dDϕ)(X1, X2, · · · , Xp+1) =

p+1∑
i=1

(−1)i+1(DXiϕ)(X1, · · · , X̂i, · · · , Xp+1),

ϕ ∈Ap(E), Xi ∈ X(M) (i = 1, 2, · · · , p+ 1),

which are defined by

dD(ω ⊗ ξ) : = dω ⊗ ξ + (−1)pω ∧Dξ,
DX(ω ⊗ ξ) : = (∇Xω)⊗ ξ + ω ⊗DXξ,

for ω ∈ Γ(
∧p TM∗), ξ ∈ Γ(E) and X ∈ X(M).

Let δD be the formal adjoint of dD with respect to the L2-inner
product

(ϕ,ψ) =

∫
M
< ϕ,ψ > vg
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for ϕ,ψ ∈ Ap(E). Here < , > is the bundle metric in
∧p TM∗ ⊗ E

induced by the pair (g, h) and vg is the canonical volume form on (M, g).
The following identity is elementary, yet crucial (cf. [2,3])

(2.1) δDϕ = (−1)p+1(∗−1 · dD∗ · ∗)(ϕ) = (−1)np+1(∗ · dD∗ · ∗)(ϕ)

for any ϕ ∈ Ap+1(E). Here, ∗ : Aq(E) −→ An−q(E), (0 ≤ q ≤ n), is the
Hodge operator with respect to g. Let {ei}ni=1 be a local orthonormal
frame on (M, g) and {θj}nj=1 the dual coframe. Let {dα}rα=1 be a local

orthonormal frame on (E, h) and {σα}rα=1 the dual coframe, where r is
the rank of E. Note that (2.1) may also be written as (cf. [2])

(2.2) (δDϕ)(X1, · · · , Xp) = −
∑n

i=1(D
∗
eiϕ)(ei, X1, · · · , Xp).

The connections D, D∗ ∈ CE naturally induce connections, denoted by
the same symbols, in End(E) (:= E ⊗ E∗). Then, a straightforward
argument shows that D, D∗ ∈ CEnd(E) are conjugate connections. The

following curvature property is immediate (cf. [2])
(2.3) h(RD(X,Y )s, t) = −h(s,RD∗

(X,Y )t), for s, t ∈ Γ(E) and X,Y ∈ X(M).

Specially in E = TM over a closed Riemannian manifold (M, g), we
easily find from (1.3) and (2.2) that D ∈ CE is a Yang-Mills connection
if and only if

(δDR
D)(X)Y = −

n∑
i=1

(D∗eiR
D)(ei, X)Y

= −
n∑
i=1

{(D∗eiR
D)(ei, X)Y −RD(∇eiei, X)Y

−RD(ei,∇eiX)Y −RD(ei, X)D∗eiY }
= 0,

(2.4)

where X ∈ X(M) and Y ∈ Γ(TM). Moreover, RD ∈ Γ(
∧2 TM∗ ⊗

End(TM)).

2.2. In this subsection, we introduce some well known facts on a Weyl
structure (D, g, ω) on a closed (compact and connected) Riemannian
manifold (M, g).

Let (D, g, ω) be a Weyl structure in the tangent bundle TM over a
closed Riemannian manifold (M.g), i.e.,

(2.5) Dg = ω ⊗ g, and TD = 0 (torsion free),

for some 1-form on M . Then, we have for X,Y ∈ X(M) and Z ∈ Γ(TM)
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(2.6) D∗XZ = DXZ + ω(X)Z,

RD(X,Y )−R∇(X,Y ) = [∇X , αY ] + [αX ,∇Y ] + [αX , αY ]− α[X,Y ]

where α := D − ∇ ∈ Γ(TM∗ ⊗ End(TM)). From (2.4) and (2.6), we
have for Y ∈ X(M) and Z ∈ Γ(TM)

(δDR
D)(Y )Z = −

n∑
i=1

(D∗Xi
RD)(Xi, Y )Z

=−
n∑
i=1

{DXi(R
D(Xi, Y )Z)−RD(∇XiXi, Y )Z

−RD(Xi,∇XiY )Z −RD(Xi, Y )DXiZ},

(2.7)

where {Xi}ni=1 is an (locally defined) orthonormal frame on (M, g). For
an (locally defined) orthonormal frame {Xi}ni=1, let {θj}nj=1 be the local

orthonormal coframe on (M, g). For the frames {Xi}ni=1 and {θj}nj=1,

we introduce Γij
l := θl(∇XiXj). Then, we have

(2.8) DXiXj =
n∑
l=1

Γij
lXl, and DXiθ

j = −
n∑
i=1

Γil
jθl.

By virtue of the fact Dg = ω ⊗ g, we have

(2.9) Γij
j = −1

2
ω(Xi) for each j, Γij

k = −Γik
j (j 6= k).

Moreover we have for X,Y ∈ X(M)

(2.10) αXY := DXY −∇XY = αYX,

since the connections are torision free. Using (2.10) and fundamental
properties of a connection, we get (cf. [15])

(2.11) αXY =
1

2
{g(X,Y )ω# − ω(X)Y − ω(Y )X},

where ω# :=
∑n

l=1 ω(Xi)Xi.

§3. Yang-Mills Levi-Civita connection on (G/H, g)

3.1. Let G be an n-dimensional compact connected semisimple Lie
group and H a closed subgroup of G. Let g be the Lie algebra (the set
of all left invariant vector filelds on G) of the group G, h the Lie algebra
of H, and B the Killing form of g.
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We denote −B =:< , >. Then, the inner product < , > is an
Ad(G)-invariant inner product on g, and there exists the subspace m
of g such that m ⊕ h = g and < m, h >= 0, where Ad(G) denotes the
adjoint representation of G in g. We denote by po the point represented
by the coset H in the homogeneous space G/H. Then, the subspace
m of g is identified with the tangent space TpoG/H at po. Let g be
the invarient Riemannian metric on the homogeneous manifold G/H
which is induced from < , > |m×m. Then, the homogeneous Riemannian
manifold (G/H, g) is a normal homogeneous manifold (cf. [1, p. 3]).

Let {Xi}ni=1 be an orthonormal base on (g, < , >) such that the first
m elements span m and the last n−m elements span h. For the calculus,
we define X∗, X ∈ m = TPo(G/H), on a some proper neighborhood
U = π(expV ), (0 ∈ V ⊂ m ⊂ g), of po in G/H by

X∗xH := (τx)∗X ∈ TxH(G/H), x ∈ expV ⊂ G (cf. [9, p. 42]).

Here, τx denotes the transformation of G/H which is induced by x ∈ G.
Then, {X∗i }ni=1 is an orthonormal frame on the neighbourhood U of po
in G/H. Let {θj∗}mj=1 be a system of 1-forms on U which is dual to

{X∗i }ni=1. The Levi-Civita connection ∇ for the metric g is given by (cf.
[9, p. 52])

(3.1) ∇XY ∗ = 1
2 [X,Y ]m, (X,Y ∈ m), at po = {H} ∈ G/H,

where Xm denotes the m-component of the element X ∈ g = m ⊕ h.
Moreover by virtue of (3.1) the curvature tensor field R∇ at po is given
by (cf. [9, p. 47])

R∇(X,Y )Z := ([∇X∗ ,∇Y ∗ ]Z∗)po −∇[X,Y ]Z
∗

=
1

4
{ [X, [Y,Z]m]m − [Y, [X,Z]m]m}

− 1

2
[[X,Y ]m, Z]m − [[X,Y ]h, Z], (X,Y, Z ∈ m).

(3.2)

From now on in this paper, the indices i, j, k, l, s, t, · · · run over the
range {1, 2, 3, · · · ,m}, and the indices a, b, c, · · · run over the range {m+
1,m+2, · · · , n}, (m = dim m, n = dim g), without further specification.
We denote

(3.3) [Xi, Xj ] =
∑

k Cij
kXk +

∑
aCij

aXa

By virture of (3.1) and (3.3), we have

(3.4) (∇X∗
i
X∗j )

po
= 1

2

∑
k Cij

kXk.
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We get from (3.2) and (3.3)

R∇(Xi, Xj)Xk =
∑
l,t

1

4
(Cjk

tCit
l − CiktCjtl − 2Cij

tCtk
l)Xl

−
∑
l

∑
a

Cij
aCak

lXl.
(3.5)

By the help of (3.3), < [Xi, Xj ], Xk >= − < Xj , [Xi, Xk] >, and

< [Xi, Xj ], Xa >= −B([Xi, Xj ], Xa) = B(Xj , [Xi, Xa]) = − < Xj , [Xi, Xa] >,

we have

(3.6) Cij
a = −Ciaj = −Cjia, Cij

k = −Cikj = −Cjik.

From (3.6), [h,m] ⊂ m, [h, h] ⊂ h, and the facts

< Xi, Xj > = −B(Xi, Xj) = −Tr(adXiadXj) = δi,j ,

< Xi, Xa > = −B(Xi, Xa) = −Tr(adXiadXa) = 0,

we obtain

(3.7)
∑

l,tClt
iClt

j + 2
∑

l

∑
aCla

iCla
j = δij ,

∑
l,tCtl

aCtl
i = 0.

The Ricci tensor Ric∇ for the Levi-Civita connection ∇ is defined by

(3.8) Ric∇(Y,Z) = Tr{X 7−→ R∇(X,Y )Z}.

We obtain from (3.5), (3.6), (3.7) and (3.8)

(3.9) Ric∇(Xj , Xk) = 1
4(δjk + 2

∑
i

∑
aCia

jCia
k).

By virtue of (3.9), the scalar curvature S(g) on the normal homogeneous
space (G/H, g) is given as follows;

(3.10) S(g) = 1
4(m+ 2

∑
it

∑
aCia

tCia
t).

3.2. In this subsection, we retain the notation as in 3.1. We obtain
Proposition 3.1. A necessary and sufficient condition for the Levi

-Civita connection ∇ on the normal homogeneous Riemannian manifold
(G/H, g) to be a Yang-Mills connection is

(3.11)

2
∑
i,t

∑
a

(Cij
tCtk

aCis
a + Cij

aCak
tCis

t − CijaCaitCkst)

=
∑
i,t

∑
a

(Cis
aCai

tCkj
t + Cik

aCai
tCsj

t),
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that is,

2
∑
i

(< [[Xi, Xj ]m, Xk]h + [[Xi, Xj ]h, Xk]m, [Xi, Xs] >

− < [[Xi, Xj ]h, Xi], [Xk, Xs] >) =
∑
i

(< [[Xi, Xs]h, Xi], [Xk, Xj ] >

+ < [[Xi, Xk]h, Xi], [Xs, Xj ] >).

In order to prove this proposition, let’s calculus (δ∇R
∇)(Xj)Xk. From

(2.4) and (3.1), we have

(3.12)

(δ∇R
∇)(Xj)Xk

= −
∑
i

(∇XiR
∇)(Xi, Xj)Xk

= −
∑
i

{∇Xi(R
∇(X∗i , X

∗
j )X∗k)−R∇(Xi,∇XiX

∗
j )Xk

−R∇(Xi, Xj)∇XiX
∗
k}.

In order to analyze (3.12), we obtain from (3.5), (3.6) and (3.7)

Lemma 3.2. The terms appeared in (3.12) are changed as follows ;

(a)
∑
i

∇Xi(R
∇(X∗i , X

∗
j )X∗k)

=
1

8

∑
s

{−Cjks − 3
∑
i,l,t

Cik
tCjt

lCil
s

+ 2
∑
i,l

∑
a

(Cjk
lCia

lCia
s − 2Cij

aCak
lCil

s)}Xs,

(b)
∑
i

R∇(Xi,∇XiX
∗
j )Xk

=
1

4

∑
s

(Cjk
s +

∑
i,t,l

Cik
tCjt

lCil
s − 2

∑
i,t

∑
a

Cia
jCia

tCtk
s)Xs,

(c)
∑
i

R∇(Xi, Xj)∇XiX
∗
k

=
1

8

∑
s

{Cjks + 3
∑
i,l,t

Cik
tCjt

lCil
s

− 2
∑
i,l

∑
a

(Cia
kCia

lCjl
s + 2Cik

lCij
aCal

s)}Xs.
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By virtue of (3.12) and Lemma 3.2, we obtain

(3.13)

(δ∇R
∇)(Xj)Xk

=
1

4

∑
s

{2Cjks + 4
∑
i,l,t

Cik
tCjt

lCil
s

+
∑
i,l

∑
a

(2Cij
aCak

lCil
s − 2Cik

lCij
aCal

s

− 2Cia
jCia

lClk
s − CialCiasCjkl − CiakCialCjls)}Xs.

In order to analyze (3.13), we get

Lemma 3.3

2
∑
i,l,t

Cik
tCjt

lCil
s = −Cjks +

∑
i,l

∑
a

(Cij
lClk

aCai
s + Cjk

lCia
lCia

s

+ 2Cij
aCak

lCli
s − CkilCljaCasi).

Proof. By virtue of (3.3), (3.6), (3,7) and [h,m] ⊂ m, we get

∑
i,l,t

Cik
tCjt

lCil
s

=
∑
i

< [Xi, [Xj , [Xi, Xk]]], Xs > −
∑
i,l

∑
a

(Cik
aCja

lCil
s + Cik

lCjl
aCia

s)

= −
∑
i

< [Xj , [Xi, Xk]], [Xi, Xs] > −
∑
i,l

∑
a

(Cik
aCja

lCil
s + Cik

lCjl
aCia

s)

=
∑
i

< [Xi, [Xk, Xj ]] + [Xk, [Xj , Xi]], [Xi, Xs] >

−
∑
i,l

∑
a

(Cik
aCja

lCil
s + Cik

lCjl
aCia

s)

= −
∑
i,l,t

Cik
tCjt

lCil
s − Cjk

s

+
∑
i,l

∑
a

(Cij
lClk

aCai
s + Cjk

lCia
lCia

s + 2Cij
aCak

lCli
s − Cki

lClj
aCas

i).

Hence, the proof of this Lemma is completed.
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By the help of (3.13) and Lemma 3.3, we obtain

(3.14)

(δ∇R
∇)(Xj)Xk =

1

4

∑
i,l,s

∑
a

(2Cij
aCak

lCis
l − 2Cia

jCia
lClk

s

+ 2Cij
lClk

aCai
s + Cjk

lCia
lCia

s

− CiakCialCjls)Xs.

By virtue of (3.6) and (3.14), we obtain Proposition 3.1.

3.3. In this subsection, we retain the notations as in 3.1 and 3.2. We
obtain

Theorem 3.4. Assume the normal homogeneous Riemannian mani-
fold (G/H, g) is Einstein. Then, a necessary and sufficient condition for
the Levi-Civita connection ∇ on (G/H, g) to be a Yang-Mills connection
is
(3.15)

∑
i,l

∑
aCia

lCia
lCkj

s = m
∑

i,l

∑
a(Cji

aCak
lCis

l + Cji
lClk

aCis
a),

that is,∑
i

∑
a

< [Xi, Xa], [Xi, Xa] >< [Xk, Xj ], Xs >

= m
∑
i

< [[Xj , Xi]h, Xk] + [[Xj , Xi]m, Xk]h, [Xi, Xs] >,

where m =dim G/H.

Proof. By the assumption Ric∇ = cg, so c = S(g)
m . By the help

of this fact and (3.10), we have

(3.16) c = 1
4m(m+ 2

∑
i,l

∑
aCia

lCia
l).

By virtue of the fact Ric∇ = cg, (3.9) and (3.16), we get

(3.17)
∑

i

∑
aCia

jCia
k = 1

m

∑
i,l

∑
aCia

lCia
lδjk.

From (3.14) and (3.17), we have

(3.18)

(δ∇R
∇)(Xj)Xk =

1

2

∑
i,l,s

∑
a

(Cij
aCak

lCis
l + Cij

lClk
aCai

s

− 1

m
Cia

lCia
lCjk

s)Xs.

By virtue of (3.6) and (3.18), the proof of this theorem is completed.
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§4. Invariant Yang-Mills connections in normal homogeneous
spaces

In this section, we retain the notations as in §3.

4.1. In this subsection, we show that the 1-form ω in the Weyl
structure (D, g, ω) related to an invariant affine connection D on the
space (G/H, g) is invariant on G/H.

The following Lemma is well known (cf. [9, Theorem 8.1])
Lemma 4.1. In the normal homoreneous space (G/H, g), there exists

a one-to-one correspondence between the set of all invariant affine con-
nections on (G/H) and the set of all bilinear functions β on m×m with
values in m which are invariant by Ad(H), that is, Ad(h) β(X,Y ) =
β(Ad(h)X,Ad(h)Y ) for X,Y ∈ m and h ∈ H. The correspondence is
given by

(4.1) β(X,Y ) = (DX∗Y ∗)po .

For the sake of simplicity, we call such a bilinear function β on m ×
m a connection function on m × m. Each invariant affine connection
D on G/H naturally induces an invariant connection, in terms of the
connection function β, in various product vector bundles generated by
the tangent bundle and the cotangent bundle over G/H. By virtue of
(2.10), (2.11) and Lemma 4.1, we have

Lemma 4.2. Let D be an invariant affine connection on the normal
homogeneous space (G/H, g) which admits a Weyl structure (D, g, ω),
i.e., Dg = ω ⊗ g and TD = 0 where ω is a 1-form on the space G/H.
Then, ω is invariant, that is, τ∗xω = ω (x ∈ G).

4.2. In this subsection, we prove the following main result in this paper.

Theorem 4.3. Let D be an invariant affine connection with Weyl
structure (D, g, ω) in the tangent bundle over the normal homogeneous
space (G/H, g), dim G/H = m ≥ 3. Assume the connection D is projec-
tively flat. Then, a necessary and sufficient condition for the connection
D to be a Yang-Mills connection is ω = 0.

In order to prove the above main theorem, assume dω = 0. This
condition dω = 0 is a necessary condition for the connection D to be a
Yang-Mills connection (cf. Theorem 1.2). Then, we have

(4.2)
∑m

k=1 ωkCij
k = 0,

where each ωk := ω(Xk
∗) for the orthonormal frame {Xi

∗}mi=1 on
the neighborhod U := π(expV ) of po. In fact, from (3.3) we have
(dω(Xi

∗, Xj
∗))po = (Xi

∗ω(Xj
∗)−Xj

∗ω(Xi
∗)−dω([Xi

∗, Xj
∗]))po = −

∑
k Cij

kωk

= 0, since ω(Xi
∗) is constant on U by the help of Lemma 4.2. Using
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Dg = ω ⊗ g, TD = 0 and fundamental properties of a connection, we
get
(4.3) (αXi

∗Xk
∗)po

= (DXi

∗Xk
∗ −∇Xi

∗Xk
∗)po

= 1
2 (δikω

] − ωiXk − ωkXi).

By virtue of (2.8), (3.1), and Lemma 4.1, we have at the point po

(4.4)

(δDR
D)(Xj)Xk = −

m∑
i=1

{β(Xi, R
D(Xi, Xj)Xk)

− 1

2

m∑
l=1

Cij
lRD(Xi, Xl)Xk −RD(Xi, Xj)β(Xi, Xk)}.

From (3.1), (3.3), (3.6) and (4.3), we obtain
(4.5)Γik

l = 1
2 (Cik

l + δikωl − ωiδk
l − ωkδi

l),
∑m

i=1 β(Xi, Xj) = 1
2 (m− 2)ω],

where θl∗(DXi
∗Xk

∗) =: Γik
l = θl(β(Xi, Xj)) on the neighbourhood

U = π(expV ) of po, (0 ∈ V ⊂ m). Moreover, we obtain the following ex-
pression for the value at po of the curvature tensor field for the invariant
connection D (cf. [9, 16])
(4.6)RD(Xi, Xj)Xk =

∑
l{
∑

t(Γjk
tΓit

l − Γik
tΓjt

l − Cij
tΓtk

l)−
∑

a Cij
aCak

l}Xl.

Using (4.2), (4.5) and (4.6), we get the following

Lemma 4.4. Let D be an invariant affine connection with Weyl
structure (D, g, ω) in the tangent bundle over the normal homogeneous
space (G/H, g). Assume dω = 0. Then we have

(4.7)

RD(Xi, Xj)Xk

=
1

4

∑
l

{
∑
t

(Cjk
tCit

l − Cik
tCjt

l − 2Cij
tCtk

l)− 4
∑
a

Cij
aCak

l}Xl

+
1

4
{(ωjωk − δjk||ω||2g)Xi + (δik||ω||2g − ωiωk)Xj + (δjkωi − δikωj)ω

]}.

The Ricci tenser RicD for the connection D is defined by

(4.8) RicD(Y,Z) = trace{X 7→ RD(X,Y )Z}.

By virtue of (3.7),(4.2) and (4.7), we get

(4.9)

RicD(Xj , Xk) = RicD(Xk, Xj)

=
1

4
{δjk + (m− 2)(ωjωk − δjk||ω||2g) + 2(

∑
i

∑
a

Cia
jCia

k}.
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Since the connection D is projectively flat by the assumption of the
main theorem,

(4.10) RD(X,Y )Z = 1
(m−1){Ric

D(Y, Z)X −RicD(X,Z)Y }.

From (4.9)and (4.10), we obtain

(4.11)

RD(Xi, Xj)Xk =
1

4(m− 1)
[δjk{1 + (2−m)||ω||2g}

+ (m− 2)ωjωk + 2
∑
t

∑
a

Cta
jCta

k]Xi

− 1

4(m− 1)
[δik{1 + (2−m)||ω||2g}

+ (m− 2)ωiωk + 2
∑
t

∑
a

Cta
iCta

k]Xj .

Since dim(G/H) = m ≥ 3 by the assumption, comparing coefficients of
vector Xi in (4.7) and (4.11) for indices i, j, k (i 6= j, j 6= k, i 6= k), we
obtain from (3.6) and (3.7)

Lemma 4.5. Under the same situation as in Lemma 4.4, if the
connection D is projectively flat and dω = 0, then for indices j, k, (j 6= k)

(4.12) 2
∑

l

∑
aCla

jCla
k = −

∑
l,tClt

jClt
k = (2−m)ωjωk.

Using (3.6), (4.4), (4.5) and (4.10), we have

(4.13)

(δDR
D)(Xj)Xk =

(2−m)

2(m− 1)
RicD(Xj , Xk)ω

]

+
1

(m− 1)

∑
i,l

{RicD(Xi, Xk)(Γij
l − Cij l)

+RicD(Xj , Xi)Γlk
i}Xl

− 1

(m− 1)

∑
i,t

RicD(Xi, Xt)Γik
tXj .

From (3.6), we have

(4.14)
∑

s

∑
aCsa

iCsa
tCit

k = 0.

In order to analyze (4.13), we obtain from (3.6), (4.2), (4.5), (4.9) and
(4.14)
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Lemma 4.6. Under the same situation and assumption as in Lemma
4.4,

(a) 4 RicD(Xj , Xk)ω] = {δjk + (m− 2)(ωjωk − δjk||ω||2g)

+ 2
∑
i

∑
a

(Cia
jCia

k}ω],

(b) 8
∑
i,l

RicD(Xi, Xk)(Γij
l − Cij

l)Xl

=
∑
l

[{1 + (2−m)||ω||2g}Cjk
l − 2

∑
i,t

∑
a

(Cta
iCta

kCij
l + ωjCta

kCta
l)]Xl

+ [{1 + (2−m)||ω||2g}δjk + 2
∑
t

∑
a

Cta
jCta

k]ω]

− {ωk + 2
∑
s,t

∑
a

ωtCsa
tCsa

k}Xj − {ωj + (2−m)ωj ||ω||2g}Xk,

(c) 8
∑
i,l

RicD(Xj , Xi)Γlk
iXl

=
∑
l

[{1 + (2−m)||ω||2g}Clk
j − 2

∑
t

∑
a

(ωkCta
jCta

l

+
∑
i

Cta
jCta

iCta
l)]Xl

− [{1 + (2−m)||ω||2g}δkj + 2(m− 2)ωjωk + 2
∑
t

∑
a

Cta
jCta

k]ω]

+ {(m− 2)||ω||2g − 1}ωkXj + (ωj + 2
∑
i,t

∑
a

ωiCta
jCta

i)Xk,

(d) 8
∑
i,t

RicD(Xi, Xt)Γik
tXj

= {(m− 1)(m− 2)ωk||ω||2g −mωk − 2
∑
s,t

∑
a

ωkCsa
tCsa

t}Xj .

By virtue of (4.13) and Lemma 4.6, we get

Lemma 4.7. Under the same situation and assumption as in Lemma 4.4

(4.15)

8(m− 1)(δDR
D)(Xj)Xk

=
∑
l

[(2−m)δjkωl +m(2−m)ωjωkωl + (2−m)2δjkωl||ω||2g

+ 2
∑
i

∑
a

{(2−m)ωlCia
jCia

k − ωjCia
kCia

l − ωkCia
jCia

l}

− 2
∑
i,t

∑
a

(Cta
jCta

iCik
l + Cta

kCta
iCij

l)]Xl
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+ {(m− 2)ωk − (m− 2)2ωk||ω||2g + 2
∑
i,t

∑
a

(ωkCia
tCia

t

− ωiCta
iCta

k)}Xj

+ {(m− 2)ωj ||ω||2g + 2
∑
i,t

∑
a

ωiCta
jCta

i}Xk.

By virtue of Lemma 4.5, the coefficient of vector Xk appeared in (4.15)
can be changed as follows;
(4.16)(m− 2)ωj ||ω||2g + 2

∑
i,t

∑
a ωiCta

jCta
i = (m− 2)ω3

j + 2
∑

t

∑
a ωjCta

jCta
j .

Now, we assume δDR
D = 0. Then, the coefficient of vector Xl ap-

peared in (4.15) is 0, since dimG/H = m ≥ 3. And then, the coefficients
of vectors Xj and Xk appeared in (4.15) are 0. So, using (4.15), (4.16)
and δDR

D = 0, we have

(4.17) (m− 2)ω2
j + 2

∑
t

∑
aCta

jCta
j = 0 for each j.

Summing over j at (4.17), we get

(4.18) (m− 2)||ω||2g + 2
∑

j,t

∑
aCta

jCta
j = 0.

From (4.18) and the fact m ≥ 3, we obtain ω = 0. Hence we have

Proposition 4.8. Let (D, g, ω) be the Weyl structure related to an in-
variant affine connection D on the normal homogeneous space (G/H, g).
If the connection D is a projective flat Yang-Mills connection , then
ω = 0.

Conversely, assume ω = 0. Then, the connection D is a metric
connection. Hence D coincides with the Levi-Civita connection ∇ on
(G/H, g), since D is torsion free and metric. On the other hand, the
following facts are well known, in general:

(i) the Levi-Civita connection on a Riemannian manifold is projec-
tively flat if and only if the the Riemannian manifold is a space of con-
stant curvature.

(ii) if a Riemannian manifold is a space of constant curvature, then
the Levi-Civita connection is a Yang-Mills connection.

By the help of the above facts, we obtain

Proposition 4.9. Let (D, g, ω) be the Weyl structure related to an in-
variant affine connection D on the normal homogeneous space (G/H, g).
Assume D is projectively flat. Then if ω = 0, D is a Yang-Mills con-
nection.

Thus, by virtue of Theorem 1.2, Propositions 4.8 and 4.9, we obtain
Theorem 4.3.
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Finally, we get from Theorem 4.3

Corollary 4.10. Let D be an invariant affine connection with Weyl
structure (D, g, ω) in the tangent bundle over the mormal homogeneous
space (G/H, g), dimG/H = m ≥ 3. Assume the connection D is projec-
tively flat. Then, D is a Yang-Mills connection if and only if D is the
Levi-Civita connection on the space (G/H, g).
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