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A NOTE ON THE WEIGHTED q-BERNOULLI

NUMBERS AND THE WEIGHTED q-BERNSTEIN

POLYNOMIALS

D. V. Dolgy and T. Kim

Abstract. Recently, the modified q-Bernoulli numbers and poly-
nomials with weight α are introduced in [3]. In this paper we give
some interesting p-adic integral representation on Zp of the weighted
q-Bernstein polynomials related to the modified q-Bernoulli num-
bers and polynomials with weight α. From those integral represen-
tation on Zp of the weighted q-Bernstein polynomials, we can derive
some identities on the modified q-Bernoulli numbers and polynomi-
als with weight α.

1. Introduction

Let p be a fixed prime number. Throughout this paper, Zp, Qp and Cp
will denote the ring of p-adic rational integers, the field of p-adic rational
numbers, and the completion of algebraic closure of Qp, respectively.
Throughout this paper, we assume that α ∈ Q and q ∈ Cp with |1 −
q|p < p

− 1
p−1 so that qx = exp(x log q). The q-number [x]q is defined by

[x]q = 1−qx
1−q . Let UD(Zp) be the space of uniformly differentiable on Zp

and C(Zp) be the space of continuous functions on Zp. For f ∈ C(Zp),
the weighted q-Bernstein operator of order n for f ∈ Zp is defined by
Kim-Bayad-Kim as follows:

B(α)
n,q(f) =

n∑
k=0

f(
k

n
)

(
n

k

)
[x]kqα [1−x]n−k

q−α =

n∑
k=0

f(
k

n
)B

(α)
k,n(x, q), (see [1,2]).

(1)
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Here,

B
(α)
k,n(x, q) =

(
n

k

)
[x]kqα [1− x]n−k

q−α

is called the weighted q-Bernstein polynomials of degree n (see [1,2,7]).
Recently, several authors have studied weighted q-Bernoulli and Euler
numbers (see [1-10]). For f ∈ UD(Zp), the p-adic q-integral on Zp (q-
Volkenborn integral on Zp) is defined by Kim as follows (see [4]):

Iq(f) =

∫
Zp
f(x)dµq(x) = lim

N→∞

1

[pN ]q

pN−1∑
x=0

f(x)qx. (2)

Recently, Dolgy-Kim-Lee-Rim introduced the modified q-Bernoulli
numbers with weight α as follows:

β̃
(α)
0,q =

q − 1

log q
, and (qαβ̃(α)q + 1)n − β̃(α)n,q =

{ α
[α]q

if n = 1,

0 if n > 1
(3)

with the usual convention about replacing (β̃
(α)
q )n by β̃

(α)
n,q (see [3,10]).

From (3), they also defined the modified q-Bernoulli polynomials with
weight α as follows:

β̃(α)n,q (x) =
n∑
l=0

(
n

l

)
[x]n−lqα qαlxβ̃

(α)
l,q

= ([x]qα + qαxβ̃(α)q )n (see [3]).

(4)

From (3) and (4), we note that

β̃(α)n,q (x) =
α

(1− q)n[α]nq

n∑
l=0

(
n

l

)
(−1)lqαlx

l

[αl]q
. (5)

By (2), we easily see that∫
Zp
f(x+ n)q−xdµq(x) =

∫
Zp
f(x)q−xdµq(x) +

q − 1

log q

n−1∑
l=0

f ′(l). (6)

By (3),(4),(5), and (6), we get

β̃(α)n,q (x) =

∫
Zp

[x+ y]nqαq
−ydµq(y)

=
α

(1− q)n[α]nq

n∑
l=0

(
n

l

)
(−1)lqαlx

l

[αl]q
.

(7)
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The equation (7) is important to derive the main purpose of this
paper. In this paper we give a p-adic q-integral representation on Zp
of the weighted q-Bernstein polynomials of order n associated with the
modified q-Bernoulli numbers and polynomials with weight α. From
those interval representation on Zp, we derive some interesting identities
on the modified q-Bernoulli numbers and polynomials with weight α.

2. Identities on the weighted q- Bernstein polynomials and
the weighted q-Bernoulli numbers.

For n, k ∈ Z+, by (1), we get

B
(α)
k,n(x, q) = B

(α)
n−k,n(1− x, 1

q
).

From (7), we note that

β̃
(α)
n,q−1(1− x) =

∫
Zp

[1− x+ x1]
n
q−αq

xdµq−1(x1)

= qαn−1(−1)nβ̃(α)n,q (x).

(8)

By (2), (6), and (7), we see that

1

q

∫
Zp

[1− x]nq−αq
−xdµq(x) = (−1)nqαn−1

∫
Zp

[x− 1]nqαdµq(x)

= (−1)nqαn−1β̃(α)n,q (−1).

(9)

From (7) and (8), we can derive the following equation:

1

q

∫
Zp

[1− x]nq−αq
−xdµq(x) = (−1)nqαn−1β̃(α)n,q (−1) = β̃

(α)
n,q−1(2). (10)

By (3) and (4), we get

β̃(α)n,q (2) = (q2αβ̃(α)q + [2]qα)n = (qα(qαβ̃(α)q + 1) + 1)n

=

n∑
l=0

(
n

l

)
qαl(qαβ̃(α)q + 1)l

= β̃
(α)
0,q + nqα(

α

[α]q
+ β̃

(α)
1,q ) +

n∑
l=2

(
n

l

)
qαlβ̃

(α)
l,q

= nqα
α

[α]q
+

n∑
l=0

(
n

l

)
qαlβ̃

(α)
l,q .

(11)
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For n ∈ N with n ≥ 2, by (3) and (11), we get

β̃(α)n,q (2)− nqα α

[α]q
= β̃(α)n,q . (12)

From (10) and (12), we have

1

q

∫
Zp

[1−x]nq−αq
−xdµq(x) = β̃

(α)
n,q−1(2) =

n

q

α

[α]q
+ β̃

(α)
n,q−1 if n ≥ 2. (13)

Let us take the p-adic q-integral on Zp for one weighted q-Bernstein
polynomials as follows:

∫
Zp
B

(α)
k,n(x, q)q−xdµq(x) =

(
n

k

)∫
Zp

[x]kqα [1− x]n−k
q−α q

−xdµq(x)

=

(
n

k

) n−k∑
l=0

(
n− k
l

)
(−1)l

∫
Zp

[x]k+lqα q−xdµq(x)

=

(
n

k

) n−k∑
l=0

(
n− k
l

)
(−1)lβ̃

(α)
k+l,q.

(14)
By the symmetry of the weighted q-Bernstein polynomials, we get

∫
Zp
B

(α)
k,n(x, q)q−xdµq(x) =

∫
Zp
B

(α)
n−k,n(1− x, 1

q
)q−xdµq(x)

=

(
n

k

) k∑
l=0

(
k

l

)
(−1)k+l

∫
Zp

[1− x]n−lq−αq
−xdµq(x)

= q

(
n

k

) k∑
l=0

(
k

l

)
(−1)k+l(

1

q

∫
Zp

[1− x]n−lq−αq
−xdµq(x))

= q

(
n

k

) k∑
l=0

(
k

l

)
(−1)k+l(

n− l
q

α

[α]q
+ β̃

(α)
n−l,q−1)

if n− k > 1.

(15)

Therefore, by (15), we obtain the following theorem.
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Theorem 1. For n, k ∈ Z+ with n− k > 1, we have

∫
Zp
B

(α)
k,n(x, q)q−xdµq(x) =



n α
[α]q

+ qβ̃
(α)
n,q−1 if k = 0,

n( α
[α]q
− qβ̃(α)

n,q−1 + qβ̃
(α)
n−1,q−1) if k = 1,

q
(
n
k

) k∑
l=0

(
k

l

)
(−1)k+lβ̃

(α)
n−l,q−1 if k ≥ 2.

From (14) and Theorem 1, we can derive the following corollary.

Corollary 2. For n, k ∈ Z+ with n− k > 1, we have

n−k∑
l=0

(
n− k
l

)
(−1)lβ̃

(α)
k+l,q = q

k∑
l=0

(
k

l

)
(−1)k+lβ̃

(α)
n−l,q−1 if k ≥ 2.

In particular, when k = 0 and k = 1, one has

n−k∑
l=0

(
n− k
l

)
(−1)lβ̃

(α)
k+l,q =

 n α
[α]q

+ qβ̃
(α)
n,q−1 if k = 0,

α
[α]q
− qβ̃(α)

n,q−1 + qβ̃
(α)
n−1,q−1 if k = 1.

Let m,n, k ∈ Z+ with m+ n− 2k > 1. Then we get∫
Zp
B

(α)
k,n(x, q)B

(α)
k,m(x, q)q−xdµq(x)

=

(
n

k

)(
m

k

)∫
Zp

[x]2kqα [1− x]n+m−2k
q−α q−xdµq(x)

=

(
n

k

)(
m

k

) 2k∑
l=0

(
2k

l

)
(−1)l+2k

∫
Zp

[1− x]n+m−l
q−α q−xdµq(x)

= q

(
n

k

)(
m

k

) 2k∑
l=0

(
2k

l

)
(−1)l+2k(

1

q

∫
Zp

[1− x]n+m−l
q−α q−xdµq(x)).

(16)
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By (13) and (16), we get∫
Zp
B

(α)
k,n(x, q)B

(α)
k,m(x, q)q−xdµq(x)

= q

(
n

k

)(
m

k

) 2k∑
l=0

(
2k

l

)
(−1)l+2k(

(n+m− l)α
q[α]q

+ β̃
(α)
n+m−l,q−1)

=


(n+m) α

[α]q
+ qβ̃

(α)
n+m,q−1 if k = 0,

q
(
n
k

)(
m
k

) 2k∑
l=0

(
2k

l

)
(−1)l+2kβ̃

(α)
n+m−l,q−1 if k > 0.

(17)

Therefore, by (17), we obtain the following theorem.

Theorem 3. For m,n, k ∈ Z+ with m+ n− 2k > 1, we have∫
Zp
B

(α)
k,n(x, q)B

(α)
k,m(x, q)q−xdµq(x)

=


(n+m) α

[α]q
+ qβ̃

(α)
n+m,q−1 if k = 0,

q
(
n
k

)(
m
k

) 2k∑
l=0

(
2k

l

)
(−1)l+2kβ̃

(α)
n+m−l,q−1 if k > 0.

For m,n, k ∈ Z+, it is easy to show that∫
Zp
B

(α)
k,n(x, q)B

(α)
k,m(x,q)q−xdµq(x)

=

(
n

k

)(
m

k

)∫
Zp

[x]2kqα [1− x]n+m−2k
q−α q−xdµq(x)

=

(
n

k

)(
m

k

) n+m−2k∑
l=0

(
n+m− 2k

l

)
(−1)l∫

Zp
[x]2k+lqα q−xdµq(x)

=

(
n

k

)(
m

k

) n+m−2k∑
l=0

(
n+m− 2k

l

)
(−1)lβ̃

(α)
2k+l,q.

(18)

By comparing the coefficients on the both sides of Theorem 3 and (18),
we obtain the following corollary.



A Note on the weighted q-Bernoulli numbers 525

Corollary 4. For m,n, k ∈ Z+ with m+ n− 2k > 1, we have

n+m∑
l=0

(
n+m

l

)
(−1)lβ̃

(α)
2k+l,q = (n+m)

α

[α]q
+ qβ̃

(α)
n+m,q−1 .

In particular, if k > 0, then we get

n+m−2k∑
l=0

(
n+m− 2k

l

)
(−1)lβ̃

(α)
2k+l,q = q

2k∑
l=0

(
2k

l

)
(−1)l+2kβ̃

(α)
n+m−l,q−1 .

By induction hypothesis, we obtain the following theorem.

Theorem 5. For s ∈ N and k, n1, n2, · · · , ns ∈ Z+ with n1 + n2 +
· · ·+ ns − sk > 1, we have∫

Zp
(

s∏
i=1

B
(α)
k,ni

(x, q))q−xdµq(x)

=


(n1+n2+···+ns)α

[α]q
+ qβ̃

(α)
n1+n2+···+ns,q−1 if k = 0,

q(
∏s
i=1

(
ni
k

)
)

sk∑
l=0

(
sk

l

)
(−1)l+skβ̃

(α)∑s
i=1 ni−l,q−1 if k > 0.

For s ∈ N and k, n1, n2, · · · , ns ∈ Z+ with n1 + n2 + · · · + ns − sk > 1,
By simple calculation, we easily get∫

Zp
(

s∏
i=1

B
(α)
k,ni

(x, q))q−xdµq(x)

= (

s∏
i=1

(
ni
k

)
)

n1+···+ns−sk∑
l=0

(
n1 + · · ·+ ns − sk

l

)
(−1)lβ̃

(α)
l+sk,q.

(19)

By comparing the coefficients on the both sides of Theorem 5 and (19),
we obtain the following corollary.

Corollary 6. For s ∈ N and k, n1, · · · , ns ∈ Z+ with n1 + · · ·+ ns −
sk > 1,we have

q

sk∑
l=0

(
sk

l

)
(−1)l+skβ̃

(α)
n1+···+ns−l,q−1

=

∑s
i=1 ni−sk∑
l=0

(∑s
i=1 ni − sk

l

)
(−1)lβ̃

(α)
l+sk,q if k > 0.
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In particular, k = 0, we get

∑s
i=1 ni∑
l=0

(∑s
i=1 ni
l

)
(−1)lβ̃

(α)
l,q =

(n1 + n2 + · · ·+ ns)α

[α]q
+qβ̃

(α)
n1+n2+···+ns,q−1 .
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