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A NOTE ON THE WEIGHTED ¢-BERNOULLI
NUMBERS AND THE WEIGHTED ¢-BERNSTEIN
POLYNOMIALS

D. V. DoLcYy anD T. Kim

Abstract. Recently, the modified g-Bernoulli numbers and poly-
nomials with weight « are introduced in [3]. In this paper we give
some interesting p-adic integral representation on Z,, of the weighted
g-Bernstein polynomials related to the modified g-Bernoulli num-
bers and polynomials with weight a. From those integral represen-
tation on Z, of the weighted g-Bernstein polynomials, we can derive
some identities on the modified ¢-Bernoulli numbers and polynomi-
als with weight a.

1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C,
will denote the ring of p-adic rational integers, the field of p-adic rational
numbers, and the completion of algebraic closure of Q,, respectively.
Throughout this paper, we assume that a € Q and ¢ € C, with |1 —

qlp < p_zﬁ so that ¢* = exp(zlogq). The ¢g-number [z], is defined by
[x]q = %. Let UD(Z,) be the space of uniformly differentiable on Z,

and C(Zp) be the space of continuous functions on Z,. For f € C(Z,),
the weighted g-Bernstein operator of order n for f € Z, is defined by
Kim-Bayad-Kim as follows:

B = 3 1) (1)l -l = 3 1B, (s 12)
- - )
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Here,
B)(w.q) = (Z)[ a1 — 2o

is called the weighted ¢-Bernstein polynomials of degree n (see [1,2,7]).
Recently, several authors have studied weighted g-Bernoulli and Euler
numbers (see [1-10]). For f € UD(Z,), the p-adic g-integral on Z, (g-
Volkenborn integral on Z,) is defined by Kim as follows (see [4]):

L0 = | f@dnge) = Jim = 3 f@e

Recently, Dolgy-Kim-Lee-Rim introduced the modified g-Bernoulli
numbers with weight a as follows:

pla) _ 94— 1 ap(a) n _ ala) _ [a]q ! ’
= , and +1)" =60 = 3
Bo,q log q (a & ) Pra 0 if n>1 )

with the usual convention about replacing (Béa))" by Bflaq) (see [3,10]).
From (3), they also defined the modified g-Bernoulli polynomials with
weight « as follows:

B =3 () ) el

1=0 (4)
= ([2lgo +a™B)" (see [3]).
From (3) and (4), we note that
2(a) _ o — (n 1\ alzi.
B = ey 2o () V' ®)

4 =0

By (2), we easily see that

f@+n)g " dug(z / f(@)q " dpg(x

Zp

By (3),(4),(5), and (6), we get
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The equation (7) is important to derive the main purpose of this
paper. In this paper we give a p-adic g-integral representation on Z,
of the weighted g-Bernstein polynomials of order n associated with the
modified ¢-Bernoulli numbers and polynomials with weight «. From
those interval representation on Z,, we derive some interesting identities
on the modified ¢g-Bernoulli numbers and polynomials with weight a.

2. Identities on the weighted ¢- Bernstein polynomials and
the weighted ¢-Bernoulli numbers.

For n,k € Z4, by (1), we get
1
Bszg (z,q) = sza—)k,n(l - 5)'
From (7), we note that
B0 = [ 1)
El Zp

= ) ).
By (2), (6), and (7), we see that

1 -

[ = alag dng(e) = (170 [ o= i@

q Jz, Zyp (9)
= (=1)"¢"" B (1),

From (7) and (8), we can derive the following equation:

el o) = (P A = B ). (0

By (3) and (4), we get
B@) = (B + maw:wwﬁﬁ+n+w"

Qe

ola « [e% . n al Hla (11)
b (543 (e
[a]q —2 l ’

n n .
=0

L=}
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For n € N with n > 2, by (3) and (11), we get

2(a a @ 2(a
B'I(L,q)(z) —ngq W = /B'I(‘L,q)' (12)
q
From (10) and (12), we have
1 . ~(a n « ~(a .
q/Z (1=l (@) = A0 (D) = SE B iz 2 (1)
P q

Let us take the p-adic g-integral on Z, for one weighted g¢-Bernstein
polynomials as follows:

/Zp B (2, q)q dpy(z) = (Z) /z,, [alfalL — b " dug(e)
() (7 e

=0
QB (e,
(14)

By the symmetry of the weighted ¢-Bernstein polynomials, we get

o —z « 1 —x
| B0 ) = / B, (1=, D) "0

D P

(% e -t

P

~o(1) S () [ et

— (" BN =l o s
_q<k>;<l)( e
if n—k>1.

Therefore, by (15), we obtain the following theorem.
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Theorem 1. For n,k € Z+ withn — k > 1, we have

a 5(a) : _
N + an,q,l if k=0,

! 5(a) () .
- 4+ _ f k=1,

k
n k .
a(}) ZZ <l>( DR i k> 2

=0

From (14) and Theorem 1, we can derive the following corollary.

Corollary 2. For n,k € Z, withn —k > 1, we have

n—k ke k
Z<nz > VB = QZ(> DEHB, i k> 2.

I= I=

In particular, when k = 0 and k = 1, one has
gy = nﬁ + QB(OZ)A if k=0,
Z ( ) ) Bty = (@) .
= ol QB -1t QBn_l’q—l if k=1

Let m,n, k € Z, with m +n — 2k > 1. Then we get

/Z B (,0) B, (2, )~ diug()

p = (1) () [ e = a2t
I e e
DR Lo

' (16)
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By (13) and (16), we get

/ B’(favz (z, q)Bl(c(,lr?@(xv q)q " dpg()

Zyp
A E )

qlalq
(n+m)g +aB%, if k=0,
= 2k
RIS ) [ N
=0 (17)

Therefore, by (17), we obtain the following theorem.

Theorem 3. For m,n,k € Z, with m +n — 2k > 1, we have

/ By (2, q) By, (2, 0)a ™ “dpiq ()

P

(n+m) 5 + B if k=0,

n+m,q—1
= 2k

2k (o .
DS () A, i ko

=0

For m,n, k € Z, it is easy to show that

/ By (2, ) By (2,0)a " dpig (x)

Zp 7
_ (Z) (’Z) /Z @21 — o] g dpy ()

_ (Z) (7]’;) n+g2k (” e Qk) (-1)! (18)

[ @)

n+m—2k _ ok i
) E (e,
=0

By comparing the coefficients on the both sides of Theorem 3 and (18),
we obtain the following corollary.
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Corollary 4. For m,n,k € Z with m +n — 2k > 1, we have

nin(n—;m>( )B2k+lq (”+m)7+Qﬂ

prd [Oé] n+m,q— —1-

In particular, if £ > 0, then we get
n+m—2k

n+m — 2k 2k )42k 3
Z < l )( 2k+lq_q2( ) " ﬁner l,g—1
=0

By induction hypothesis, we obtain the following theorem.

Theorem 5. For s € N and k,ni,ng,---
-+ ng — sk > 1, we have

/Z HBkn x q Id/’bq(m)

,Ns € Z4 with ny +ng +

P =1
(n1t+no++ns)a o
% T q’Bn1+n2+ “+ns,q” it k=0,
- s (ng sk sk 3 .
q(Hizl(k))Z N 1CS Vs I Y 0
1=0

For s € N and k,ni,ng, -+ ,ns € Z4 withny +no + -+ +ng — sk > 1,
By simple calculation, we easily get

/HB;M ,q))q" " dpq(z)

Zp j—1
s N\ nitedne—sk -
~a(p oy (e,
i=1

1=0

(19)
By comparing the coefficients on the both sides of Theorem 5 and (19)
we obtain the following corollary.

Corollary 6. For s € N and k,nq,---

,Ns € Z4 withny + -+ +ng —
sk > 1,we have

sk sk 3
=0
iy ni—sk
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In particular, k£ = 0, we get

2=

1=

1]

8]

[9]

(10]

1M

Zj:l U 1 5() (nl +ng+ -+ ns)a >(a)
( (_1) ﬁLq - [Oz]q +qﬁn1+n2+"-+ns,q_l ’
0
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