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INTERVAL-VALUED FUZZY SUBGROUPS AND
HOMOMORPHISMS

HeEe WoN KANG

Abstract. We obtain the interval-valued fuzzy subgroups gener-
ated by interval-valued fuzzy sets and some properties preserved by
a ring homomorphism. Furthermore, we introduce the concepts of
interval-valued fuzzy coset and study some of it’s properties.

1. Introduction

In 1975, Zadeh[8] introduced the concept of interval-valued fuzzy sets
as a generalization of fuzzy sets introduced by himself[7]. After then,
Biswas[1] applied the notion of interval-valued fuzzy sets to group the-
ory. Moreover, Gorzalczany[3] applied it to a method of inference in
approximate reasoning, and Montal and Samantal[6] applied it to topol-
ogy. Recently, Hur et al.[4] introduced the concept of an interval-valued
fuzzy relations and obtained some of it’s properties . Also, Choi et al.[2]
applied it to topology in the sense of Sostak, Kang and Hur [5] applied
it to algebra.

In this paper, we introduce the notion of interval-valued fuzzy cosets
and investigate some of it’s properties. Furthermore we obtain the
interval-valued fuzzy subgroups generated by interval-valued fuzzy sets
and study some properties preserved by a ring homomorphism.

2. Preliminaries

We will list some concepts and two results needed in the later sections.
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Let D(I) be the set of all closed subintervals of the unit interval
I =10,1]. The elements of D(I) are generally denoted by capital letters
M, N,- -, and note that M = [M* MY], where M’ and MY are the
lower and the upper end points respectively. Especially, we denoted , 0
=[0,0], 1 = [1,1], and a=[a, a] for every a € (0, 1), We also note that

(i) (VM,N € D(I)) (M = N < M* = NE, MY = NY),
(ii) (YM,N € D(I)) (M < N & MF < NL MYV < NY).

For every M € D(I), the complement of M, denoted by M€, is defined
by M¢=1—M = [1 - MY,1— M¥](See[6)).

Definition 2.1[3,8]. A mapping A : X — D([) is called an interval-
valued fuzzy set (in short, IVFS) in X, denoted by A = [Al, AY], if
AE AU € X such that ALY < AU je., AF(z) < AY(z) for each
r € X, where AF(z)[resp. AY(x)] is called the lower[resp. upper]
end point of x to A. For any [a,b] € D(I), the interval-valued fuzzy
set A in X defined by A(z) = [A¥(x), AY(z)] = [a,b] for each x € X is
denoted by [a,b] and if a = b, then the IVFS [a, b] is denoted by simply
. In particular, 0 and 1 denote the interval-valued fuzzy empty set and
the interval-valued fuzzy whole set in X, respectively.

We will denote the set of all IVFSs in X as D(I)*. It is clear that
set A =[AL AY] € D(I)X for each A € I,

Definition 2.2[6]. AnIVFS A is called an interval-valued fuzzy point(in
short, IVFP) in X with the support z € X and the value [a,b] € D(I)
with b > 0, denoted by A = x4y, if for each y € X,

| [a,b] fy=ux,
Aly) = { 0 otherwise.

In particular, if b = a, then z[, 3 is denoted by xa.

We will denote the set of all IVFPs in X as IVFp(X) .
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Definition 2.3[6]. Let A, B € D(I)X and let {A, }oer € D(I)*. Then:
(i) Ac Biff A¥ < BY and AY < BY.
(11)A Biff AC Band B C A.
(iii) A°=[1—AY,1 - AL].
(iv) AuB = [Al'v B, AV v BY).
(iv)

iv) | J Ao =1V 4%,V 45

ael acl’ ael’
(v) AN B = [A¥ A BE AY A BY.

(V)/ ﬂ Ag = [/\ Aév /\ Ag]

acl acl’ a€el’

Result 2.A[6, Theorem 1]. Let A, B,C € D(I)* and let {A,}aer C
D(I)X. Then:
(a)0C AcT.
(b)) AUB=BUA,ANB=BNA.
(c) AU(BUC)=(AUB)UC ,ANn(BNC)=(AnB)nC.
(d) ABCAUB,ANBCA,B.
(

e) An(|J4a) = (AN A4,).

acl a€el
) AU([) 4a) = [ (AU AL).
ael’ acel
(2) (0)°=1, (1) =0.
(h) (A9)° = A.
() (4= (45, ([ 40 = [ 45
acl acl acl’ acl

Definition 2.4[7]. Let A € D(I)X and let 23, € IVFp(X). Then:

(i) The set {z € X : AY(x) > 0} is called the support of A and is
denoted by S(A).

(ii) xps said to belong to A, denoted by zps € A, if ML < AL(:C)
and MY < AY(z) for each z € X.

It is obvious that A = U xpyr and xp € A if and only if 1 € AL
Ty EA
and z v € AY.
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Definition 2.5[6]. Let f : X — Y be a mapping, let A = [AF, AY]
€ D(I)X and let B = [BY, BY] € D(I)¥. Then

(a) the image of A under f, denoted by f(A), is an IVFS in YV
defined as follows: For each y € Y,

FIADY(y) { Ve A () if f7H(y) # 2,
y =

0 otherwise.
and

FAY)(y) = {

(b) the preimage of B under f, denoted by f~1(B), is an IVFS
in Y defined as follows: For each y € Y,

fHB")(y) = (B o f)(z) = B"(f(x))

and

FHBY)(y) = (BY o f)(z) = BY(f(x)).

It can be easily seen that f(A) = [f(AY), f(AY)] and f~Y(B) =
[F=H(BY), FH(BY)].

Vy:f(x) AU(J:) if f_l(y) 7& 9,

0 otherwise.

Result 2.B[6, Theorem 2]. Let f : X — Y be a mapping and
g:Y — Z be a mapping. Then
~1(B) = (f1(B))*, VB € D(I)".
( )e C f(AC) VA e D(I)Y.
) 1C By = f~ (Bl) C f_ ( 2), where By, By € D(I)Y.
) Al C Ay = f(Al) C f(AQ) where Al,AQ S D(I)X.
) f(f~ ())CBVBED(I)
YA C f(f~Y(A)), VA € D(I)Y.
) (go f)~HC) = fHg1(()), YVC € D(I)?.
) (| Ba) = | £ Ba, where {Ba}aer € D(I)Y.
h) f~

Ud'_‘

a€el ael
Y(() Ba) = ) f ' Ba, where {Ba}acr € D(I)Y.
ael’ ael’
Definition 2.6[5]. An interval-valued fuzzy set A in G is called an

interval-valued fuzzy subgroupoid(in short, IVGP) in G if
AL (zy) > AF(z) A AL(y) and AY (zy) > AY(2) A AY(y), Yo,y € G.

It is clear that 0,1 € IVGP(G). We will denote the IVGPs in G as
IVGP(G).
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3. Interval-valued fuzzy subgroup generated by an interval-
valued fuzzy set

Definition 3.1[5]. Let A be an IVFS in a set X and let [\, u] € D(I).
Then the set AN = {z € X : AX(z) > X and AY(x) > u} is called a
[\, u]-level subset of A.

The following is the immediate result of Definition 3.1.

Proposition 3.2. Let A be an IVFS in a set X and let [A\1, p1], [A2, po] €
Im(A). If \; < A\g and py < pig, then APv#] 5 Al2pa],

Definition 3.3[5]. Let G be a group and let A € D(I)®. Then A is
called an interval-valued fuzzy subgroup (in short, IVG) of G if it satis-
fies the following conditions :

(i) A € IVGP(QG), ie., AX(zy) > AX(x) A AL(y) and AY(zy) >
AY(z) A AY(y),Vz,y € G.
(i) A¥(z=1) > Al(2) and AY(z~1) > AY(z),Vz,y € G.

We will denote the set of all IVGs of G as IVG (G).

Result 3.A[1, Proposition 3.1]. Let A be an IVG of a group G.
Then A(z~!) = A(z) and Al(x) < AF(e),AY(z) < AY(e) for each
x € G, where e is the identity element of G.

Result 3.B[5, Proposition 4.16 and 4.17]. Let A be an IVFS in a
group G. Then A € IVG(G) if and only if AP is a subgroup of G for
each [\, pu] € Im(A).

Definition 3.4. Let A be an IVG of a group G and [\, ] € Im(A).
Then the subgroup AN is called a [\, u]-level subgroup of A.

Lemma 3.5. Let A be any IVFS of a set X. Then AX(2) =\/{\: 7z €
APHY and
AY(z) = \/{p: x € AP} where z € X and [\, u] € D(I).

Proof. Let a = \/{\ : z € AP} et B = \/{u : 2 € AP}
and let € > 0 be arbitrary. Then a —e < V{\ : z € APM#} and
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B—e< \{p:zec AP} Thus there exist [\, u] € D(I) such that
ze AP o —e < Xand f— € < p. Since z € AMH AL(z) > X and
AY(x) > p. Thus AY(z) > a — e and AY(x) > 8 — €. Since € > 0 is ar-
bitrary, A*(x) > o and AY(x) > 3. We now show that A*(z) < a and
AY(x) < B. Suppose A(z) = t; and AY(z) = t3. Then [t1,t5] € Im(A).
Thus = € Alt2l Soty € {N: 2z € AN} and ty € {\: 2z € AMH]}. So
t1 =V{\:z e AP} and ty = \/{p: z € APH} ie. AM(z) < a and
AY(z) < B. This completes the proof. [J

We shall denote by (A) the IVG generated by the IVFS A in G. We
shall use the same notation (AM#) for the ordinary subgroup of the
group G generated by the level subset A,

Theorem 3.6. Let G be group and let A € D(I)%. Let A* € D(I)¢ be
defined as follows: For each x € G,

(A1) (@) = V{A 2 € (AP} and (A7) () = V{pu:x € (AN},
where [A\,u] € D(I). Then A* € IVG(G) such that A* = ({B €
IVG(G): A C B}. In this case, A* is called the interval-valued fuzzy
subgroup generated by A in G and will be denoted by (A).

Proof. Let [t1,t2] € Im (A*) and o = t; — 2 and v = t, — L, where n is
t1,t2]

any sufficiently large positive integer. Let x € G. Suppose x € A+
Then (A*)%(x) > t; and (A*)Y(x) > to. Thus there exist [\, u] € D(I)
such that A > o, g > B and z € AP, Since [o, 8] < [\, p] and
[, B] € D(I), by Proposition 3.2, Al ¢ Al*Fl So 2z € Al*Fl je.,
z € (Al*F). Now suppose = € (AMH). Then a € {\: z € (AM#)} and
Be{u:ze (AP Thus o < V{A:z € (AP} and g < \/{u :
e (AP} Sotp — 1 < (A)L(2) and to — 2 < (A)Y (), Le, t1 <
(A*)E(z) and ty < (A*)V (). Hence z € A*™™ je., (A*7) c 412
Therefore A*"? = (A*[a’m). Since (A*[a’m) is a subgroup of G, A*""?
is a subgroup of G. By Result 3.B, A* € IVG(G).

Now, we show that A € A*. Let x € G. Then, by Lemma 3.5,
(Al (z) = V{X -z € APHY and (A9)Y(z) = \/{p : z € APH}. Thus
(A (z) < V{A: 2 € (AP} and (A49)Y(2) < V{p: 2 € (AM)}. So
A C A*. Finally, let B be any IVG of G such that A C B. We show
that A* C B. Let z € G and A*(z) = [t1,t2]. Then Al (AlBly,
where a = t1 — %,B = t9 — %, and n is any sufficiently large positive
integer. Thus = € (A[O"ﬁ]). So x = aias - - - am, where a; or al-_l belongs
to AlAlGi=1,-.-,m).
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On the other hand,

BL(m) = BL(a1a2 Ce )
> BYa) ABY(az) A A BE(an)
> Al(a) A AF(ag) A A Al(ay)
1
2 a = tl - —.
n

By the similar arguments, we have that BY(z) > 8 = t, — L. Since
n is sufficiently large positive integer, B¥(z) > t; and BY(x) > t5. So
A* C B. Hence A* = N{B €IVG(G): A C B}. This completes the
proof. [J

It is possible that card Im (A*) be less than card Im (A). Moreover,
Im (A*) need not be contained in Im (A) as shown in the following ex-
amples.

Example 3.7. let G = {e,a,b,c} be the Klein four -group, where
a? = b®> = e and ab = ba. Define an IVFS A of G by: A(e) =
[0.5,0.5], A(a) = [0.2,0.8], A(b) = [0.3,0.7], A(ab) = [0.4,0.6]. Then
AO208] — rqy 40807 — f4 p) 40406 — {4 b gb)} and AL505] — .
Thus (AL298)) = {e a} and (A0397) = G. Moreover, by definition,
we have A*(e) = A*(a) =[0.2,0.8] and A*(b) = A*(ab) = [0.3,0.7]. O

Now an attempt is made to obtain a necessary and sufficient condi-
tion for a p-group to be cyclic.

Lemma 3.8. Let G be a finite group. Suppose there exists A € IVG(G)
satisfying the following conditions: For any z,y € G,

(i) A(z) = A(y) = (2) = ()

(ii) AF(z) > AL(y) and AY(z) > AY(y) = (z) C (y).
Then G is cyclic.

Proof. Suppose A is constant on G. Then A(z) = A(y) for any z,y €
G. By the condition (i), () = (y). So G = (z). Now suppose A is
not constant on G. Let Im (A) = {[to, so], [t1,51]," - *, [tn, Sn]}, Where
to >t >--->1t, and sg > s; > -+ > s,. Then, by Proposition 3.2
and Result 3.B, we obtain the chain of level subgroups of A:
Alto,sol — Altnsi] — ..o Altnosn] = .

Let z € G— Altr-15n-1] We show that G = (z). Let g € G— Altn-1sn-1],
Since tg > t1 > -+ > t, and s9 > s1 > -+ > s, A(g) = A(z) =
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Altn—1:5n1] By the condition (i), (¢) = (z). Thus G — Altn-1sn-1]  (z).
Now let g € Altn-tsn—1l Then AL(g) > t,_y > t, = Al(z) and
AY(g) > sp_1 > s, = AY(z). By the condition (ii), (¢) = (). Thus
Altn=15n-1] © (2). So G = (z). Hence, in either cases, G is cyclic. [

Lemma 3.9. Let G be a cyclic group of order p", where p is prime.
Then there exists A € IVG(G) satisfying the following conditions: For
any z,y € G,

(i) A(z) = A(y) = (z) = (y)-

(ii) AF(z) > AL(y) and AY(z) > AY(y) = (z) C (y).

Proof. Consider the following chain of subgroups of G:
(e)=GoC Gy C---CGp1 CGy =G,

where G; is the subgroup of G generated by an element of order p’,
1=20,1,---,n and e is the identity of G. We define a mapping 4 : G —
D(I) as follows: For each x € G, A(e) = [to, so] and A(z) = [t;,s;] if
x € Gj — Gij—q for any i = 1,2,- - - n, where [t;,s;] € D(I) such that
to >ty >--->1t, and s9 > s1 > --- > S,. Then we can easily check
that A € IVG(G) satisfying the conditions (i) and (ii). O

From Lemmas 3.8 and 3.9, we obtain the following.

Theorem 3.10. Let G be a group of order p™. Then G is cyclic if and
only if there exists A € IVG(G) satisfying the following conditions: For
any z,y € G,

(i) A(z) = A(y) = (z) = (y).

(ii) AF(z) > AL(y) and AY(z) > AY(y) = (z) C (y).

4. Interval-valued fuzzy ideals and homomorphisms

Definition 4.1[5]. Let (R, +,) be a ring and let 0 # A € D(I)®. Then
A is called an interval- valued fuzzy subring (in short, IVR) in R if it
satisfies the following conditions:

(i) Ais an IVG in R with respect to the operation “+”(in the sense
of Definition 3.3).

(ii) A is an IVGP in R with respect to the operation - ”(in the sense
of Definition 2.6).
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It is clear that subrings of R are IVRs of R. We will denote the set
of all IVRs of R as IVR(R).

Definition 4.2[5]. Let R be a ring and let 0 # A € D(I)®. Then A is
called an interval- valued fuzzy ideal (in short, IVI) of R if it satisfies
the following conditions:

(i) Ais an IVR of R.

(i) A% (zy) > A¥(2), AY(zy) > AY(x) and A" (zy) > AM(y), AY (zvy) >
AY(y) for any z,y € R.

We will denote the set of all IVIs of R as IVI(R).
Result 4.A[5, Proposition 6.5]. Let R be a ring and let 0 # A €
D(I)E. Then A € IVR(R) if and only if for any =,y € R,
(A (z —y) > AP (z) A AR (y) and AY(z —y) > AY(x) A A (y).
(ii) AL (zy) > AL(z) A AL(y) and AV (zy) > A (z) A A (y).

It is clear that if A is an IVI(R), then A(—z) = A(x) < A(0) for each
x € R, where 0 is the identity in R with respect to 74".

Proposition 4.3. Let A be an IVFS in a ring R. Then A € IVI(R) if
and only if AP is an ideal of R for each [\, u] € Im(A).

Proof. (=) : Suppose A € IVI(R). For each [\, u] € Im(A), let =,y €

AP Then AM(z) > X\ AY(z) > p and AL(y) > X\, AY(y) > pu. By
Result 4.A (i), Al(x —y) > AL(x) A AF(y) and AY(x —y) > AV(z) A
AY(y). Thus Al(z —y) > X and AV(z —y) > p. So z —y e APH

A € IVI(R), by Result 4.A (ii), A¥(xy) > AY(x) A AL (y) and AY (zy) >
AY(z) A AY(y). Thus AL(zy) > X and AY(zy) > p. So xy € AN,
Similarly, we have yz € AP, Hence AP is an ideal of R.

(<) : Suppose the necessary holds. For any z,y € R, let A(z) =
[t1,51] and A(y) = [t2,s2]. Then clearly z € A1 and y € Alt2s2],
Since A1l is an ideal of R, x —y € Altvs1]. Then AF(z —y) > t1 >
t1 Atg = AX(x) AN AE(y) and AY (x —y) > s1 > 51 Ase = AY(z) A AY ().
Thus A satisfies the condition (i) of Result 4.A. Now for each = € R, let
A(z) = [\, p]. Then clearly z € AMH. Let y € R. Since AP is an ideal
of R, zy € AMH yz € AMH. Then Al(zy) > X\ = Al(z), AV (zy) > p =
AY(z) and AL (yx) > A = AL(y), AY(yx) > u = AY(y). Thus A satisfies
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the condition (ii) of Definition 4.2. Hence A is an IVI of R. O

Example 4.4. Let R denote the ring of real numbers under the usual
operations of addition and multiplication. We define a mapping A : R —
D(I) as follows: For each x € R,

[t,s] if x is rational,
Ax) =

[t',s'] if x is irrational
where [t,s],[t',s'] € D(I) such that ¢t > ' and s > s’. Then we can see
that A € IVR(R) but A ¢ IVI(R). O

Definition 4.5[5]. Let X and Y be sets, let f : X — Y be a map-
ping and let A € D(I)*. Then A is said to be interval-valued fuzzy
invariant(in short, IVF-invariant) if f(z) = f(y) implies A(z) = A(y),
ie., Al(x) = Al(y) and AY(z) = AY(y).

It is clear that if A is IVF-invariant, then f~1(f(A)) = A.
Definition 4.6[5]. Let (X,0) be a groupoid and let A, B € D(I)¥.

Then the interval-valued fuzzy product of A and B, Ao B, is defined as
follow : For each x € X,

\/ A"y AB(2)) if x=yz,
(A ° B)L(az) — (y,2)eXxX
0 otherwise
and
\/ AP ABY(2) if x=yz,
(A ° B)U(:L’) _ (y,2)eX xX
0 otherwise.

Similarly, we have the following definition.

Definition 4.7. Let A and B be any two IVIs of a ring R. Then the
interval-valued fuzzy sum of A and B, A+ B, is defined as follow : For
each z € X,

V@) AB2) ity
(A4 B)L(z) = { W2eXxX

0 otherwise
and
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\/ APy ABY(2) if x=y+z,
(A+ B)V(z) = WeXxX

0 otherwise
This section reflects the effect of a homomorphism on the sum, product
and intersection of any two IVIs of a ring.

Proposition 4.8. Let f: R — R’ be a ring epimorphism. If A and B
are IVIs of R, then

(a) fF(A+ B) = f(A) + f(B),

(b) f(AeB) = f(A)o f(B),

(c) f(ANB) = f(A) N f(B), with equality if at least one of A or B
is IVF-invariant.

Proof. (a) Let y € R' and let € > 0 be arbitrary. Let [a, o] = f(A +
B)(y) and let [8, 8] = (f(A) + f(B))(v).

Then
a = f(A+B)"y) = \/ (A+B)(),
z€f~(y)
o = fA+BY@y= \/ A+B)Y()
z€f~1(y)
and

B o= (fA+fB) W)=\ (A=) A B ),
y=z+2z'

o= (W+rB)w =\ A= AFB)YE)).

y=z+2z'

Thus a — e < \/Zef,l(y)(A—l—B)L(z) and o —e < \/Zef,l(y)(A—l—B)U(z).
So there exist 2,2, € R with f(z) = y and f(zy) = y such that
a—€< (A+ B)!(z) and a — € < (A + B)Y(z,). By the definition of
sum,

a—€ <V, _app(AL(a) ABE(D) and o — € < Vo
BH(v)).
Then there exist ag, by € R with zg = ag-+bg such that a—e < (A¥(ag) A
B(by)) and there exist ay, by, € R with z5 = ay + by such that o' — e <
(A" (ag) A BY (by)).

(AL(a') A
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On the other hand,

B = f(A"(f(ao)) A F(B)*(f(bo))
= ( BY(f(ao)) A F(BY)(f(bo))
= [HFAR)(a0) A FTHF(BY)) (bo)
> AL(ao) BE(by).

Similarly, we have 8° > AV (ag) A BV (by). So > a—eand f > a —e.
Since € is arbitrary, § > « and B8 > a'. Hence

[f(A) + f(B)(y) > f(A+ B)“(y) for each y € R'. (4.1)
Now we will show that 8 < a and 8 < a'. Clearly,

B—e< Vo (F(A ) A F(BE)

and
B=e<Vyorw (F(AY () A F(B)Y(2)).

Then there exist zp, le € R withy = 2 + zll such that
B—e < F(A =) = Voey(y) AL (a)

and
p—e< f(B)L(Zl) = \/xef—l(zll) AL(m)
Hence there exist zg, zé € R’ with Yy =z+ ZE) such that

B—e< f(A)7(20) = Naes1(:0) A” (@)

and
B—c < F(BY () = Apeyr) BY (@),

Thus there exist 1,2; € R with f(z1) = 21, f(2]) = 2 such that
B—e< AL(z1),8 — € < BY(z))

and
there exist z9, z, € R with f(x0) = 2o, f(z,) = 2y such that
B—e< fUxg),B —e< BY(xp). So

B-c < AMa) AB &) < (A+ B) (a1 +ay)
<V A+Bra@) = f(A+B) )
zef~1(y)

and
B —e < AY(z0) A BY(xg) < (A+ B)Y (w0 + )

V A+ B)Y ()= f(A+B)(y).
zef~(y)

IN
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H/ence /B —e<aand B —e<a'. Since e > 0 is arbitrary, § < « and
68 <a.So

(f(A) + F(B)(y) < f(A+ B)(y) for cach y € R'. (4.2)
Therefore, by (4.1) and (4.2), f(A) + f(B) = f(A + B).

(b) Let y € R and let € > 0 be arbitrary. Let [o,a'] = f(A o B)(y)
and [3, 8] = (f(A) o f(B))(y). Then

a = fAeB)y =\ (AoB)(2),
z€f~1(y)
o = f(AeB)(y) =\ (4eB)(z) (43)

z€f~1(y)

and

B = (FWofBN W=\ (A" () AFB) (),

Y=y1Y2

Bo= (fA)ofB)W W=\ (FAYw)AFB)Y (1) (4.4)

Y=y1y2

In (43), a —e < vZGf’l(ly)(A o B)l(z) and o' — € < Vieep-1((Ao
B)Y(z). Thus there exist x, 2" € f~!(y) such that a—e < (AoB)*(z) and
o —e < (AoB)Y(x). Since (AoB)X(z) = Ve (AL (2)AB*(25)) and
(AoB)Y (") = vx,:a:llzlz(AU(x;_)/\BU(l'/Q)), there exist @1, 9, 2;, Ty € R
with = z125 and ©° = x|z, such that o — e < AF(z1) A B¥(22) and
o —e < AV(x)) A BY(xy). Since A € f~(f(A)), by Result 2.B(f),
AL < 71 f(A)L and AY < f71(f(A))Y. On the other hand,

FTHAANE = FHAAE) = fH(F(AD)

and

IN LA

I
—~
—
—~ <
&

(@]
~
—~
3
=
—~
NS
~—

I
=
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By the similar arguments, we have that a —e< < (f(A)of(B ))U(y) =4.

Since € > 0 is arbitrary, a < 8 and o < §'. In (4.4),
B—e <\ (A W) A F(B) (y2)(w2)
y=y192
= V( V AV BY=)
y=y1y2  zef1(y1) z2€f71(y2)

and

B—c <\ (FAW7 ) AFB)Y (12)

=V (V A%@)naC \ BY=).
Y=Y19y2  zief~(y1) z2€f 1 (y2)

Thus there exist y1,y2 € R’ with y = y1y2 such that

B—e < (\/ Afapnr( /) BY=)
z1€f (1) z2€f 7 (y2)
=V \/  (A%(z1) A BH(z))
z1€f~1(y1) 22€f 7 (y2)
and
g-e < (\V ACoaC V BY%=)
z€f~ (1) z2€f 7 (y2)
= \/ \/ (AY(z1) A BY(2)).
z1€f 7 (y1) 22€ " (y2)
So there exist 21 € f~(y1) and z2 € f~!(y2) such that B—e < A (x1)A
Bl(x3) and 8 — e < AY(z1) A BY (7).
Let x = x1x9. Since f is a ring homomorphism, y = y1y2 = f(x122) =
f(z). Thus
Ab(@) AB (@) < \/ (A%(m1) A B (22))
T=T1%2
= (AoB)'< \/ (4oB)(x)
zef~1y)
= f(AoB)'(y)=a
By the similar arguments, we have that AY(x1) A BY(z2) < f(Ao

B)Y(y)=a'.Sof—e< aand f —e < a'. Since € > 0 is arbitrary, § < a
and 8 < o'. Hence [, 8] = [, 8']. Therefore f(Ao B) = f(A) o f(B).



Interval-Valued Fuzzy Subgroups and Homomorphisms 513

(c) Clearly, ANB C Aand ANB C B. By Result 2.B(d), f(ANB) C
f(B). So f(ANB) C f(A)N f(B). Suppose B is IVF-invariant. Then
clearly, f~'(f(B)) = B. Let y € R and let € > 0 is arbitrary. Let
[, 8] = (F(A) N f(B))(y) and let [, 8] = (f(A) N f(B))(y). Then

da = (F(AN BN W) = Vaer10) A" (@) A F(B)H(y)

B=(FA)NFB) () = Vaes11) A" (@) A F(B) (1),

Thus a—e < (Ve p-1() AL (2))Af(B)(y) and B—e < (Vaesr-1() AY(2))A
F(B)Y(y). So there exists an z € f~!(y) such that
a—e< Ab(z),a—e < f(B)(y)

and

B—e< AY(w), a—e< f(B )Y (y).
Since B is IVF-invariant,f~!(f(B)) = B. Then

B ) = [(B)F(f(2) = [THS(B)) (@) = f7H{F(B)(2) =
B*(x)
and

FB)(y) = [(B)Y(f(2)) = [TH(f(B))(2) = FH(F(BY)(2) =
BY ().

Thus a — e < AX(2),a — e < BF(z) and B — e < AY(z), 8 — e < BY(x).
Soa—e< A¥(z) ABE(z) = (ANB)*(z) and B —e < AY(2) ABY(z) =
(AN B)!(x).
Hence

a—e<Vyep 1) (ANB)H @) = (f(ANB)F)(y) =a
and

a—e<Vpep1,)(ANB)Y () = (F(ANB)Y)(y) = B Since e > 0 is
arbitrary, « < ' and 8 < . Thus f(A)N f(B) C f(AN B). Therefore
fLANf(B) = f(ANB). O

’

5. Interval-valued fuzzy cosets

Definition 5.1. Let A be any IVI of a ring R and let x € R. Then
A, € D(I)f is called the interval-valued fuzzy coset determined by x
and A if A,(r) = A(r — x) for each r € R.

Proposition 5.2. Let R be any IVI of a ring R and let R/A the set of
all interval-valued fuzzy cosets of A in R. Then R/A is a ring under the
following operations:

Ay +Ay=Apy and Az Ay = Ayy for any =,y € R.
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Proof. For any a,b,c,d € R, suppose A, = Ay and A. = Ay. Then
A(r —a) = A(r —b) for each r € R (5.1)
and
A(r — c¢) = A(r — d) for each r € R. (5.2)
Let r=a+c—din (5.1),r=cin (5.2) and r = a in (5.1). Then
Ala+c—d—a)=Ala+c—d—b) = A(c—d),
A(c—c¢) = A(c—d) = A(0) (5.3)
and
A(a—a) = A(a —b) = A(0). (5.4) On the other hand,
(A + A)(r) = Agy(r)=A"(r—a—c)
= A¥(r—b—d)—(a+c—b—d))
> Af(r—b—d)AAY(a+c—b—d)
= AF(r—b—d) A AL(0) By (5.3))
= A¥(r—b-a)
= Af(r) = (A + A" (r).
By the similar arguments, we have that (A, + A.)Y (r) = (4p+ A4)Y (r).

Thus A, + Ag C A, + A.. Similarly, we have A, + A. C Ay + Ag. So
A, + A. = Ap + Ay. Hence addition is well-defined. Also,

(AaAC)L(T)

Il
h>
h

= Al (r — ac)
( — bd) — (ac — bd))
r — bd) A AL (ac — bd)
AL(r — bd) A AE((a — b)c —b(d—c¢)) (By (5.3) and (5.4))
r—bd) AN Al (a — b)AT(d - ¢))
)
) =

v
B
SEGE

v
s
h

AL(r —bd) A AE(0)AL(0) (By (5.4) and (5.5))

= AL(r —bd) = AL (r) = AFAL(r).

By the similar arguments, we have that (A, 4.)Y (r) = (A,A4)Y (r). Thus
ApAyg C A A.. Similarly, we have A,A. C ApAy. So ApAgq = ALA..
Hence multiplication is well-defined. Clearly, Ag(= A) acts as the ad-
ditive identity, A, as the multiplicative identity (where e is the multi-
plicative identity of R) and A_, as additive inverse of A,. It is now a
purely routine matter to verify the other properties. This completes the
proof. [J
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Lemma 5.3. Let A be any IVR or an IVI of a ring R. If there
exist z,y € R such that Al(x) < AZ(y) and AY(z) < AY(y), then
Alx —y) = A(z) = Ay — 2).

Proof. Since A is an IVG of R with respect to 7+”, by Result 4.A,
A(z —y) = A(y — ). Thus it is sufficient to show that A(x —y) = A(x).
Since Al(x) < AL(y), AV(z) < AY(y) and A is an IVR or an IVI of R,
Al(z—y) > AV(z) A AL(y) = AL(z) and AV (z—y) > AV () A AU (y) =
AY(z). On the other hand, AX(x) = A*(z —y+y) > Al(x —y) A AL(y)
and AY (z) = AY(z—y+y) > AV (z—y)AAY (y). Thus AL (z) > AL (z—y)
and AY(z) > AY(z —y). So AY(x —y) = A(x). This completes the
proof. [J

Lemma 5.4. If A is any IVI of a ring R, then A(x) = A(0) if and only
if A, = Ag, where x € R.

Proof. (=) : Suppose A(z) = A(0). Since A is an IVG of R with
respect to 7", A(r) < A(0) = A(r), i.e., AF(r) < A%(0) = AX(r) and
AY(r) < AY(0) = AY(r) for each r € R.

Case (i): Suppose A(r) < A(z). Then, by Lemma 5.3, A(r — z) =
A(z). Thus A, (r) = Ao(r) for each r € R.

Case (ii): Suppose A(r) = A(z). Then z,r € AP where [\, u] =
A(0). Since A is an IVG of R, AN is a subgroup of R. Thus z —r €
AN Thus Al(z — ) < A = AX(0) and AY(z —r) > pu = AY(0).
Since A¥(xz —r) < AY(0) and AY(z —r) < AY(0),A"(z —r) = A%(0)
and AY(z —r) = AY(0). Thus A(z —r) = A(0) = A(z) = A(r),
i.e.,Az(r) = Ao(r) for each r € R. In either case, A(r) = Ao(r) for
each r € R. Hence A, = Ag for each r € R.

(<) : It is straightforward. OJ

Proposition 5.5. Let A be any IVI of a ring R and let A(0) = [\, u.
Then R/APMH = R/A.

Proof. Define a mapping f : R — R/A by f(z) = A, for each r € R.
Then it is easy to check that f is a ring epimorphism. By Lemma 5.4,
Kerf = {x€R:f(x)=Ay}={x€R: A, = Ao}

= {zeR:Ax)= Ay} = AMH,
Hence R/AMH = R/A. O
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Proposition 5.6. Let f: R — R’ be a ring epimorphism and let A be
an IVI of R such that AN C Kerf, where [\, u] = A(0). Then there
exists a unique epimorphism f : R/A — R’ such that f = f o g, where
g(x) = A, for each r € R.

Proof. Define a mapping f : R4 — R' by f(As) = f(x) for each
r € R. Suppose A, = Ay. Then A,_, = Ay = A, = Ay. By Lemma
54, A(x —y) = A(x). Then z —y € AN, Since AN c Kerf,
r—y € Kerf. Thus f(z) = f(y), i.e., f(4z) = f(4,). So f is well-
defined. Furthermore, since f is surjective, f is also surjective. More-
over, it is easy to see that f is a homomorphism.

Consider the following diagram:

R f - R

R/A
Let z € R. Then f(x) = f(Az) = f(g(z)) = (f o g)(x). Thus the above
diagram commutes, i.e., f = f o g.

Suppose there exists an epimorphism h : R/A — R’ such that f =
hog. Let x € R. Then f(A;) = f(z) = (hog)(z) = h(g(x)) = h(As).
Thus f = h. So f is unique. This completes the proof. O

Corollary 5.6. The induced homomorphism f is an isomorphism if
and only if A is IVF-invariant.

Proof. (=) : Suppose f is an isomorphism, i.e., f is injective. For any
z,y € R, let f(x) = f(y). Then f(A;) = f(A ) Since f is injective,
Ay = Ay. Thus A,y = Ap. By Lemma 5.4, A(x —y) = A(0). By
Proposition 4.7 in [5], A(z) = A(y). So A is IVF-invariant.

(<) : Suppose A is IVF-invariant and f(A;) = f(A4,). Then f(z) =
£(0). Since A is IVF-invariant, A(xz) = A(0). By Lemma 5.4, A, = Ay.
So f is injective. This completes the proof. O



Interval-Valued Fuzzy Subgroups and Homomorphisms 517

Proposition 5.7. Let f: R — R be a ring epimorphism and let A be
an IVF-invariant IVI of R. Then R/A = R'/f(A).

Proof. Since A is IVF-invariant, Kerf c AN where [\, u] = A(0).
Consider f(A)(0") = [f(A%)(0"), f(AV)(0")], where 0" denotes the addi-
tive identity in R. Then

fAn ) =\ Al@)and f(AY)0)= \/  AY@)
zef-1(0") zef~1(0")
Since f(0) = 0 and A(x) < A(0), i.e., AX(z) < AL(0), AY(z) < AY(0)

<
for each z € R, AF(z) = AL(0) and AY(z) = AY(0), i.e., f(A)(0) =
A(0) = [A, u]. Now,

f(@) € [FAIM & fA)P(f(X)) = Aand f(A)Y(f(X)) =
& ( F)(f(@)) = X and f(AY)(f()) > p
& AN (@) 2 A and fTHF(AD)) (@) 2 1
& AL( ) > X and AY(z) > p (by Result 4.B)
& xe AP
& fz) e f(AMH) (Since Kerf c AP,
So [f(A)M = f(AP#H), By Proposition 5.5, R/A = R/AMH and
R'/f(A) = R/[f(A)])M4. Hence R/A = R'/f(A). This completes the
proof. [J
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