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ON THE STABILITY OF THE PEXIDER EQUATION IN
SCHWARTZ DISTRIBUTIONS VIA HEAT KERNEL

JAEYOUNG CHUNG AND JEONGWOOK CHANG™*

Abstract. We consider the Hyers-Ulam-Rassias stability problem
[uoA—voPr—wo Pl <e(lz]” + |yl”)

for the Schwartz distributions wu, v, w, which is a distributional ver-
sion of the Pexider generalization of the Hyers-Ulam-Rassias stabil-
ity problem

[f(@+y) —g(@) — ) <e(lz]” + yl"), =,y €R",
for the functions f,g,h: R" — C.

1. Introduction

Generalizing the well known stability theorem of D. H. Hyers[12]
which was motivated by S. M. Ulam[19], Th. M. Rassias[16] and Z.
Gajdal9] showed the following stability theorem for the Cauchy equation:

Theorem 1.1. [16, 9] Let f be a mapping from a normed linear
space V to a Banach space X satisfying the inequality

(L) lf @ +y) = fl) = FWIl < e(ll” +[lylP), p#1,
forallz, y € V(r #0 and y # 0 if p < 0). Then there exists a unique
function g : V. — X satisfying

9(x +y) —g(x) —g(y) =0

such that
2e

2P — 2|

1f () — g(2)]| <
forallz € V(x #0ifp<0).

l[”

Received August 17, 2011. Accepted October 11, 2011.

2000 Mathematics Subject Classification. 39B82, 46F99.

Key words and phrases. Stability, Gauss transforms, heat kernel, distributions,
tempered distribution, Cauchy equation, Pexider equation.

*Corresponding author.



468 Jaeyoung Chung and Jeongwook Chang

The result was further generalized by Y. H. Lee and K. W. Jun[13]
for the Hyers-Ulam-Rassias stability theorem for the Pexider equation:

Theorem 1.2. [13] Let f,g,h be mappings from a normed linear
space V' to a Banach space X satisfying the inequality

(12)  f(@+y) —g(@) —h@) < e(lzl”+ lyl"), p#1,

for all xz, y € V '\ {0}. Then there exists a unique function g : V" — X
satisfying

gz +y) —g(x) —g(y) =0
such that

4e(3 + 3P)
[f(x) = g(@)]| < m

for all x € X \ {0}.

(i

In this paper, we consider the above stability theorems in the spaces
of generalized functions such as the spaces 8’ and D’ of tempered distri-
butions and distributions of L. Schwartz for even integers p > 2. Note
that the above inequalities (1.2) makes no sense if f is a tempered dis-
tributions or distribution. Making use of the pullbacks of generalized
function we extend the inequality (1.2) to distributions u,v,w as fol-
lows:

(1.3) luoA—voPy—wo P <e(|zP + |yP)

where A(z,y) = =z +y, Pi(z,y) = z, Py(z,y) = y, z,y € R", and
uo A, vo P, and wo P, are the pullbacks of u,v,w by A, P, and P,
respectively. Also | - | denotes the Euclidean norm and the inequality
||l <(z,y) in (1.3) means that |-, p)| < ||l for all test functions
o(z,y) defined on R?".

As the main result, we prove the following: Let u,v,w € D’ satisfy
the inequality (1.3) for some even integer p > 2. Then, for p > 2, there
exist a unique a € C" and complex constants cq, ca, cg such that

4e
— . — p
Hu a-x ClH Szp_Q‘x| ’
e(2P +2)
||U—a-$—CQH SWD?V),
2P 42
Hw_a.x_czH <w‘x’p’

- 2r -2



On the stability of the Pexider equation in Schwartz Distributions 469

and for p = 2, there exist a unique a € C" and complex constants
1, co, c3 such that

lu—a-z—¢c] < 10€|ZE|2,
lv—a-x—caf < 116|ZL‘|2,

|lw—a-z—cs|| < 1le|z|?.

2. Schwartz distributions

We briefly introduce the space D'(R™) of distributions and the space
S'(R™) of tempered distributions. Here we use the multi-index nota-

tions, |a| = a1 + -+ ap, al = aq!-aqp!, 2 = 2T 28 and
Q
0% = o7t --- 09, for x = (z1,...,25) € R", a = (a1,...,0p) € N{,
where Ny is the set of non-negative integers and 9; = %. We also
J

denote by C2°(R™) the set of all infinitely differentiable functions on R”
with compact supports.

Definition 2.1. A distribution u is a linear form on CZ°(R™) such
that for every compact set K C R"™ there exist constants C' > 0 and
k € Ny such that

[(u, )] <C Y sup |0
lal<k
for all p € C°(R™) with supports contained in K. The set of all distri-
butions is denoted by D’'(R™).

Definition 2.2. We denote by S or S(R™) the Schwartz space of all
infinitely differentiable functions ¢ in R™ such that

(2.1) Illa,5 = sup [270% ¢ ()] < o0
x

for all o, B € Nj, equipped with the topology defined by the seminorms
| - lla,3- The elements of S are called rapidly decreasing functions and
the elements of the dual space S’ are called tempered distributions.

We denote by €); open subsets of R for j = 1,2, with ny > ns.

Definition 2.3. Let u; € D'(Q;) and X : Q1 — Qs a smooth function
such that for each x € Qy the derivative X' (x) is surjective, that is,
the Jacobian matrix VA of A has rank no. Then there exists a unique
continuous linear map \* : D'(Q2) — D'(21) such that A*u = uo\ when
u is a continuous function. We call A*u the pullback of u by \ and often
denoted by u o .
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In particular if ) is a diffeomorphism (a bijection with A, A~! smooth
functions) the pullback u o A can be written as follows:

(2.2) (wo X, @) = (u, (o X7H)(@) (VAT (2)]).

As a matter of fact, the pullbacks uo A,uo P, uo P can be written
in a transparent way as

(2.3) (wo A, p(z.y)) = (u, / @ —y,y) dy),
(2.4) (wo Py, p(z,y)) = {u, / (@, y) dy),
(2.5) (wo Py, o(z,y)) = (u, / o(z,y) de)

for all test functions ¢ € S(R?").
For more details of distributions we refer the reader to [11, 17].

3. Stability in &’

We consider the inequality (1.3) in the space S’ of Schwartz tempered
distributions. We employ the n-dimensional heat kernel Ey(x) given by

(3.1) Ey(z) = (4mt) ™2 exp(—|z|?/4t), = € R", t > 0.

It is easy to see that the heat kernel Ei(-) belongs to the Schwartz
space S(R™) for each ¢t > 0. Let uw € §’. Then its Gauss transform

w(z,t) = (ux By)(x) = (uy, Be(v —y)), xeR" t>0,
is well defined. As a matter of fact the following result holds[10]:

Lemma 3.1. [14] Let u € 8'(R™). Then its Gauss transform u(x,t)
is a C'*°—solution of the heat equation satisfying:
(i) There exist positive constants C, M, N and ¢ such that

(3.2) fi(x,t)] < Ct M1+ |z)V in R™ x (0, 6),

(ii) @(z,t) — w as t — 0" in the sense that for every ¢ € S,

(u, ) = lim [ a(z,t)e(x)de.
t—0+t
Conversely, every C*—solution U(z,t) of the heat equation satisfying
the estimate (3.2) can be uniquely expressed as U(x,t) = u(z,t) for
some u € S'.
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We refer the reader to ([11], chapter VI) for pullbacks of distributions
and to [10, 13] for more details of distributions and tempered distribu-
tions.

It is well known that the weak semigroup property of the heat kernel
(3.3) (Ep * Es)(x) = Epys(z)

holds for convolution. This semigroup property will be very useful later.
Throughout the paper, we denote by Hs, the heat polynomial of

degree 2y € N{j which is given by

t|a|x2772a

(34)  Hay(x,t) = [T % By (O)](x) = 27)! D al(2y = 2a)!

0<a<y

Note that if |y| = 1 we have
Ho(x,t) = 2™ + 2t = 2% + 21
where j-th coordinate of vy equals 1, and for |y| =1,2,...

Hay (2,0) = 2%7,  Ha,(0,t) = W
We first prove the following stability theorem.
Lemma 3.2. Let f, g, h: R" x (0,00) — C be continuous functions
satisfying the inequality
(35)  |flx+yt+s)—g(x,t)—hly,s)| < e(Ho(z,t) + Hoy(y, 5))

for all x,y € R", t,s > 0 and |y| > 1. Then, for || > 1, there exist a
unique a € C", a unique b € C and complex constants ¢y, co and c3 such
that

[f(@,t) —a -2 —bt —a1| <ery(a,t),
lg(z,t) —a-x = bt —co| < epo,(w,t),
|h(z,t) —a-z—bt —c3| < eo,(x,t),
for all t € R™, t > 0, where
olal+24|a . 2v—2a
(21291 — 2lal+1)a1 (2 — 2a)!

wlﬁ(xut) = (27)' Z

0<a<y

(2\27| + 2|a\+1)t\a|x2fy—2a
(2] — 2l 1) al(2y — 2a)!”

wQ,’Y(xvt) = (27)! Z

0<a<y



472 Jaeyoung Chung and Jeongwook Chang

and for |y| = 1, there exist a unique a € C", ¢1, ca,c3 € C and ri,79 :
(0,00) — [0,00) with ri(t), r2(t) — 0 as t — 0" such that

|f(z,t) —a -z — 1| < 10ex® +ri(t),
lg(z,t) —a -z — co| < 1lex® + ro(t),
\h(z,t) —a -z — c3| < 1lex® + ro(t),

for all x € R™, t > 0.

Proof. Let © = y = 0 in (3.5). Then by the triangle inequality we
have

(3.6) 19(0,8)] < 6(277!)! (tlﬂ + s\vl) F1F(0,£ 4+ 5) — h(0, 5)],
(3.7) 1h(0, 5)| < 6(2’;;)! (tW‘ + 5M> +|£(0,t + s) — g(0,)],

for all ¢, s > 0. Thus it follows from (3.6), (3.7) and the continuity of f

co :=limsup g(0,t), c3:= limsup h(0,s)
t—0+ s—0t

exist. Choose a sequence s,, n = 1,2,..., of positive numbers which
tends to 0 as n — oo such that h(0,s,) — c3 as n — oco. Putting
y =0, s =s, and letting n — oo we have

(3-8) [f (1) = g(,1) — 3| < eHay(x,1)

for all x € R™, ¢ > 0. Similarly we have

(3.9) £ (y,8) = h(y, s) = 2| < eHay(y, s)

for all y € R™, s > 0. From (3.5), (3.8), (3.9) and the triangle inequality
we have

(3.10) |F(z 4y, t+s)— F(z,t) — F(y,s)| < 2e(Hay(z,t) + Hay(y, s))

for all z,y € R", t,s > 0, where F(z,t) = f(z,t) — ca — c3.

We first prove for |y| > 1. For this case, we can follow the same
approach as in [16, 9]. Indeed, replacing both = and y by 7, both ¢ and
s by £ in (3.10) we have

|F(z,t) — 2F (27 2, 27 1)| < de Hoy (272,27 11)
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for all x € R™, t > 0. Making use of the induction argument and triangle
inequality we have

m
(3.11) |F(x,t) — 2™F (2 ™z, 27 ™) <2¢ Y 27 Hpy (277w, 2771)
j=1

foralln € N, z € R, t > 0, where a,,, o = 211 (1—2(al=Ryl+1)m)y /ol
2\a|+1).

Replacing z, t by 27"z, 27"™¢, respectively in (3.11) and multiplying
2™ in the result it follows from |y| > 1 that
Ap(z,t) :=2MF(27 Mz, 27™)
is a Cauchy sequence which converges locally uniformly. Now let

Az, t) = liin Ap(z,t).

Letting n — oo in (3.11) we have
t|a|x2772a

(3.12) [Fat) = Al )] <220} 37 om0,

0<a<y
for all z,y € R", t,s > 0, where a, = 21¢/T1/(212] — glal+1),
Replacing x, y, t, s by 2™z, 27™y, 2™t 27™s in (3.10), respec-
tively, multiplying 2 and letting m — oo it follows immediately from
the fact |y| > 1 that

(3.13) Alx +y,t+s) — A(z,t) — A(y,s) =0

for all z,y € R™, t,s > 0. To prove the uniqueness of A(x,t), let B(x,t)
be another function satisfying (3.12) and (3.13). Then it follows from
(3.12), (3.13) and the triangle inequality that for all n € N,

(3.14)  |A(2,t) — B(w, 1) < n|A (2 ;) _B <x t) |

t|a\ 72720

1 < 4e (2y)!nt=h .
(3.15) < de(2)in Z “ al(2y — 2a)!

for all z € R™, ¢t > 0. Letting n — oo, we have A(z,t) = B(xz,t) for all
xz € R™, t > 0. This proves the uniqueness.
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Now it is well known that every continuous solution A(x,t) of the
Cauchy equation (3.13) has the form
A(z,t) =a-xz+ bt
for some a € C*,b € C. Thus we have

t\a|x2'y 2a
(3.16) |f(z,t) —a-z —bt —cyg — c3| < 2e(2)! Z Gg———

| —
o2z, a0z~ 20)

for all z € R™, t > 0. Now it follows from (3.8),(3.9), (3.16) and the
triangle inequality that

1+ 2a, tlal 27—2c
(317) |g(@.t) —a-z—bt—eof e(2)! > (1 +2a0)ta

i, al(2y — 2a)!
(1 + 2a, )t 272
(3.18) |h(x,t) —a-x — bt — c3| < €(29)!
| 0<a§:<7 al(2y —2a)!

for all x € R™, ¢ > 0, which gives the results for |y| > 1.

We now prove for |y| = 1. It follows from the inequality (3.10) and
the continuity of F' that

U(z) := limsup F(x,t)

t—0t

exists. From now on, we denote by
@(1’, Y, ta S) = QE(HQW(x7 t) + HQV(y7 3))
n (3.10), letting y = 0 and ¢t — 0T so that F(z,t) — U(z) we have

(3.19) |F(x,s) —U(x) — F(0,s)| < ®(x,0,0,s).
From the inequality (3.10) and (3.19) we have
(3.20)

U(z+y) = Ulz) = Uy)| <[F(z+y,t+s) - F(a,t) = F(y,s)]
+|=Flz+yt+s)+Ux+y)+ FO,t+9)
+|F(z,t) — U(z) — F(0,t)]
+|F(y,s) = Uly) — F(0,s)|
+|—=F(0,t+s)+ F(0,t) + F(0,s)
<P(z,y,t,s) + P(z+v,0,0,t+s)
+ ®(z,0,0,t) + ®(y,0,0,5) + (0,0,¢,5)
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for all x,y € R™, t,s > 0. Since the left hand side of (3.20) is indepen-
dent of t and s we have

(3.21)
|U(z+vy) —U(z) —U(y)| <®(z,y,0,0) + ®(z +y,0,0,0)
+ ®(x,0,0,0) + &(y, 0,0,0) + &(0,0,0,0)
=2¢(22%7 4+ 2y°7 + (z + y)?)

for all z,y € R™. Following the same approach as in [9, 10] we obtain
that there exists a unique function L : R® — C such that

(3.22) L@ +y) - L(z) - L(y) =,
(3.23) |U(x) — L(x)| < 8ex®

for all z,y € R™. Also L(x) is given by

(3.24) L(x) = Tignoo 2MmU (2 M)

locally uniformly. It follows from (3.24) and the continuity of f(x,t) that
L is continuous. Thus the solutions of (3.22) are given by L(z) = a - x.
From (3.19), (3.23) we have

3.25

( |f(a)v,t) —a-x —cy—c3| < 10ex® + det + |F(0,1)| := 10ex® + 71 (t)
for all x € R™, t > 0. Now from (3.8), (3.9) and (3.25) we have
(3.26)

l9(z,t) — a2 — co| < 11ex® + 6et + |[F(0,1)] := 1lex® + ro(t),
(3.27)

\h(z,t) —a-x — c3] < 1lex® + 6et + |F(0,1)] := 11ex™ + ro(t)
for all z € R, t > 0. Now it remain to show that lim,_,o+ |F(0,¢)| = 0.
Putting z = y = 0 in (3.10) and using the triangle inequality we have
(3.28) |F(0,8)] < |F(0,t+s) — F(0,s)| + 4e(t + s)
for all ¢, s > 0. By the continuity of F' we have

limsup |F(0,t)] < 4es
t—0t

for all s > 0, which implies that lim;_,o+ |F'(0,¢)| = 0. This completes
the proof. ]

Now, for p =1,2,..., we denote by
Hop(, 1) = [[€17 % E()](w,1).
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Since |z|? = > hyl=p %x% we have

!
Hop(a,t) = Y %H%(x,t).
yl=p

Now, in view of the proof of Lemma 3.2 we also obtain the following.

Lemma 3.3. Let f, g, h: R" x (0,00) — C be continuous functions
satisfying the inequality

(329)  |f(z+yt+s)—glx,t) = h(y,s)| < e(Hap(,t) + Hap(y, s))

for all x,y € R™, t,s > 0. Then, for p > 2, there exist a unique a € C",
a unique b € C and complex constants c1, co and c3 such that

!
!ﬂ%ﬂ—ﬂ-x—w—cﬂéeEZ%ﬂm%%w,

[vl=p
p!
‘g(l’,t) —a-x— bt — 62| S € Z *'@Z}Q,'y(fat),
v=p
|
h(z,t) —a-z—bt—cs) <€y %zpm(x,t),
lyl=p "

where 1,12, are given in Lemma 3.2, and for p = 1, there exist
a unique a € C", ¢y, ca,c3 € C and s1,s2 : (0,00) — [0,00) with
s1(t), s2(t) — 0 ast — 0T such that

@t — a2 < 10 + 1),
lg(z,t) —a -z — co| < 11e|z|? + so(t),
|h(z,t) —a-x — 3| < 1le|x|> + so(t),

for all x € R™, t > 0.

Theorem 3.4. Let u,v,w € 8 satisfy the inequality

(3.30) luoA—voP,—wo Py SE(QUQV‘F?JZV)
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for some |y| > 1. Then for |y| > 2, there exist a unique a € C" and
complex constants ci, co, c3 such that

4e
lu—a-z—c gwx%,
4l 49
|w_a4;cﬂ_lggilﬁ@
4l —2
Al 49
Hw —a-xr — C2H wa%?
4l —2
and for |y| = 1, there exist a unique a € C™ and complex constants

c1, Co, c3 such that

lu—a-z—c| < 10ex®
|lv—a-z—cyl < 1lex®
|w—a-x—c3) < 1lex™
Proof. Convolving in each side of (3.30) the tensor product Ey(z)Es(y)

(
of n-dimensional heat kernels we have in view of (2.3), (2.4), (2.5) and
the semigroup property (3.3),

(wo 4) x (BO Bz, ) = (e, [ Bl €+ m)Euly — ) dn)

= (ug, (Eyx Es)(z +y — )
=au(r +y,t+s).

Similarly we have

[(vo Pr)* (Ey(§)Es(n))|(x, y) = v(z, 1),
[(wo Po) * (Ey(§)Es(n)](z, y) = w(y, s),

where u(z,t),0(x,t),w(z,t) are the Gauss transform of u, v, w, respec-
tively.

Thus the inequality (3.30) is converted to the stability problem of
quadratic—additive type functional equation:

a(x +y,t+5) = 0(x,t) —w(y,s)| < e(Hay(2,) + Hay(y, 8))

for x, y € R™, t,s > 0.
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By Lemma 3.2 for |y| > 1, there exist a unique a € C™, a unique
b € C and complex constants ¢, co and c3 such that

(3.31) li(x,t) —a-x—bt —c1| < ey (2, ),
(3.32) |0(z,t) —a-x— bt — ca| < ehoy(2,t),
(3.33) |W(z,t) —a-x—bt —c3| < e (x,t).

Multiplying the test functions ¢ € S in (3.31), (3.32) and (3.33), inte-

grating the result and letting ¢ — 07 we get the result for |y| > 2.
Using Lemma 3.2 for |y| = 1, there exist a unique a € C", ¢1, c9,c3 €

C and rq,72 : (0,00) — [0,00) with 71(t), ro(t) — 0 as t — 0" such that

(z,t) —a-x —c1| < 10ex® +71(t),

(z,t) —a -z — co| < 1lex® +ry(t),

(z,t) —a -z — c3] < 1lex® +ro(t),

for all z € R™, ¢t > 0. Similarly as in the proof for |y| > 1, letting ¢t — 0%

in the above inequalities we get the results for |y| = 1. This completes

the proof.
O

Theorem 3.5. Let u,v,w € S satisfy the inequality
(3.34) |luoA—voP, —wo P <e(|z|? + |y*)

for some integer p > 1. Then, for p > 2, there exist a unique a € C"
and complex constants cy, co, cg such that

4e

. — 2p
lu—a-z— el < —lal™,
(4P +2) o
||’U—CL-$—02H§ 4p_2 ‘$| Y
4P +2), o
—a.-T — < AT T2 P
lw—a-z = eof <=2 e,

and for p = 1, there exist a unique a € C"™ and complex constants
c1,Ca, c3 such that

lu—a-z—c| < 10e|z|?,
|lv—a-z—c < 1le|z|?,

|lw—a-z—cs|| < 1le|z|?.
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Proof. Convolving in each side of (3.34) the tensor product E(z)Es(y)
of n-dimensional heat kernels as a function of z, y the inequality (3.34)
is converted to the following inequality

a(z +y,t+5) = 0(x, 1) —w(y,s)| < e(Hap(w, 1) + Hp(y, 5))

for all x,y € R™, t, s > 0.

By Lemma 3.3 for p > 2, there exist a unique a € C”, a unique b € C
and complex constants ci, ca and cg such that

|
(3.35) (e t) —a-z—bt—er] <€ %zpm(x,t),
=p "
|
(3.36) (e, t) —a-z—bt—cal e Y %ngyv(x,t),
[vI=p
|
(3.37) [@(,t) —a-x bt —cs| <€ Y Doy, (1),
lyl=p "

Letting ¢t — 07 in (3.35)~ (3.37) we have

4e 4e
lu—a-z—c] <) <4 >:4p_2|$2p»
Ivl—p
(4 +2) (4 +2)
lv—a-x—cof < Z ( AR — 27) = W’$|2p7
= =

! 4l 49 4P 4+ 9
”w —a-xr — CZH < g (E(—i_)x2'7> — 6(4])"‘2)’$|2p

Finally, by Lemma 3.3 for p = 1, there exist a unique a € C", ¢1, ca,c3 €
C and s1, 52 : (0,00) — [0,00) with s1(t), s2(t) — 0 as t — 07 such that

(3.38) li(x,t) —a -z — 1] < 10€|z|?® + 51(1),
(3.39) 10(x,t) — a -z — co| < 11e|z|?® + sa(t),
(3.40) [(z,t) — a2 — c3| < 1le|lz|? + sa(t),

for all z € R™, ¢ > 0. Letting ¢t — 07 in (3.38)~ (3.40) we have the
result for p = 1. This completes the proof.

O]
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4. Stability in D’

In this section, we prove that all the previous results hold for the
case of distributions. It is well known that the following topological
inclusions hold:

Cr =S, S —7D.
We denote by d(z) the function on R",

5(x) = Aexl’(—\/llm» o] < 1

0, | =2 1,

A= ( [ e (ﬁ) d)

It is easy to see that d(z) an infinitely differentiable function with
support {z : |z| < 1}. In the space of distributions the function
d¢(z) == t7"(z/t), t > 0, acts a similar role as the heat kernel Ei(x)
employed in the space of tempered distributions. To prove the previous
results in the space of distributions it suffices to show the following.

where

Theorem 4.1. Let u,v,w € D' satisfy the inequality
(4.1) luoA—voP—wo Py < e(|z*? + |y[*)
for some integer p > 1. Then u,v,w € S'.

Proof. We denote by

U(z,y,t,8) = (€)% * 8,(€))(x) + e(|n* + 65(n)) (y)-
Convolving 0;(z)ds(y) in each side of (4.1) the inequality (4.1) is con-
verted to the following stability problem
(42)  [(ux b 0s)(z +y) — (v 0p)(x) — (wx05)(y)| < U(x,y,t,5)
for z, y € R™, t,s > 0. From (4.2) it is easy to see that

g(x) = limsup(v * §;)(z),
t—0t

h(x) := limsup(w * d;)(x)
t—0+
exist. In (4.2), letting y = 0 and s — 07" so that (w x d5)(0) — h(0) we

have

(4.3) |(u* 6¢)(z) — (v*d¢)(x) — h(0)] < ¥(x,0,t,07).
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Similarly we have

(4.4) |(wx 05)(y) — (w = 85)(y) — 9(0)] < T(0,y,07,5).

From (4.2), (4.3) and (4.4) we have

(4.5)

(w0 % 6) (2 +y) — (u* 6¢)(x) — (u* ds)(y) + 9(0) + h(0)] < ¥(z,y,t,5)
+ U(x,0,t,0%")
+0(0,y,07", s).

In (4.5), putting y = 0 we have

(4.6)

|(u* 8¢ % 85)(x) — (u = 6)(x) — (uxds)(0) + g(0) + h(0)] < ¥(x,0,t,s)
+ U(x,0,t,0")
+(0,0,0%, 5).

It follows from (4.6) that

f(x) :=limsup(u * &) ()

t—0+

exists. In (4.6), letting ¢t — 0T so that (u* &;)(z) — f(z) we have

(4.7) |(u*ds)(x) — f(x) = (u*85)(0) + g(0) + h(0)| <¥(x,0,0%,5)
+W(z,0,07,07)
+¥(0,0,0T, 5).

Letting s — 01 in (4.7) so that (u * d5)(0) — f(0) we have
(4.8) lu— f(x) = f(0) + g(0) + R(0)|| < 2e[a|*
On the other hand, let

D(z,y,t,8) = (w0 0s)(x +y) — (ux0r)(2) — (uxd5)(y) + 9(0) + h(0).
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Then we have

(4.9)

[f@+y) = f(@) = f(y) +9(0) + h(0)] < |D(x,y,t,5)| + | = D(x + y,0,t,5)
+| = D(z +y,0,0%,¢)]|
+|D(z,0,0%,¢)| + |D(y,0,07, 5)|

<U(z,y,t,s) + ¥(z,0,£,07) + ¥(0,y,0",s)
+U(z +y,0,t,8) + ¥(x+1v,0,¢,0")
+¥(0,0,0",5) + ¥(z +y,0,0", 1)
+W(x+y,0,07,07) + ¥(0,0,0,¢)
+ ¥(z,0,0",¢) + ¥(z,0,0",0")
+(0,0,0%,¢) + ¥(y,0,0", 5)
+¥(y,0,0",0") + ¥(0,0,0%, 5)

for all z,y € R", t,s > 0. Letting t,s — 07 in the above inequality we
have

(4.10) |f(z+y) = f(z) = F(y)+9(0)+h(0)] < de(ja P +[y[*+|z+y[*).

By the results in [9, 10], there exists a unique function A satisfying

(4.11) A(x +y) = A(x) + A(y)
such that
(112) (@) - Alx) - g(0) — h()] < U E D

It is easy to see that A is a Lebesegue measurable function. Thus the
solution A of the Cauchy functional equation (4.10) has the form A(z) =
a -z for some a € C". Now, from (4.8) and (4.11) we have

(4.13) lu—a-a— fO)]| < K|z|*

where K = %. It follows from (4.12) that u is a locally integrable

function satisfying
u(2)| < |a- 2|+ |f(0)] + K|z[*.

Thus v € S and that v,w € & in view of (4.3). This completes the
proof. O

As a consequence of the Theorem 3.5 and Theorem 4.1, we have the
following.
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Theorem 4.2. Let u,v,w € D’ satisfy the inequality
(4.14) |luoA—voP —wo P <e(|z|*” + |y|*)

for some integer p > 1. Then, for p > 2, there exist a unique a € C"
and complex constants cy, ce, cg such that

4e
HU —Qa--Tr — C]_” §m|x|2p,

(4P +2) o

lv—a-z— el <=7——"lal7,
(4P +2) o

Ca-T— <8 T2 2
lw=a-z—cof| <= 7—"=f",

and for p = 1, there exist a unique a € C" and complex constants
c1, co, c3 such that

lu—a-z—c|| < 10€|z|?,
|lv—a-z—c < 1le|z|?,

|lw—a-z—cs|| < 1le|z)?.

Since every locally integrable function f(z) can be view as a distri-
bution via the equation

<ﬁ@=/&@wuwm

we have the following stability theorem for locally integrable functions
in almost everywhere sense.

Theorem 4.3. Let Qq, Qo C R™ such that m(R™ \ Q1) = m(R™\
Q2) =0 and let f,g,h : R™ — C locally integrable functions satisfying
the inequality

(4.15) |z +y) — g(x) = hy)| < e(|2* + [y[*)

for all x € Q1,y € Q9. Then there exist a unique a € C", complex
constants cy, ¢z, cg and @ C R™ with m(R™\ Q) = 0 such that for p > 2,

4e
@) -z —er] <o,
e4P+2) ,
ey — <S\F T A2
o)~z — o <0 D g,
4P 4+ 2
|h(z) —a-x — cof gw\xﬁp,

4pr — 2
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and for p =1,
lu—a-z—c|| < 10€|z|?,
lv—a-z—c < 1le|z|?,
|lw—a-z—cs)| < 1le|z|?,
for all x € €.
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