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o OF
4=
et B9 (EE B ADE SANAY A A A ] AREE I vk - FA Az E
of 7+ & EE BT ATEES B 29 APEHES 4 Holx I A7 ek 2915

Soluh BIE2 Ao SH WEE o] Abas) ot Ahol7h 1 e ErhR ol Fol At Ae] 2 Aol 2
AAE 5 Atk o] FEOINL ABA FARES ST /12 B9 A U Blom (1958)9] A =
2 S o4 7HA BRI Be] ST o) A Rtk E BALZEClo] TAS o] gl
AF 7hA BEES S ALPAE] ST A RELS £ 8 F o152 Bekshe sk Aurae A5
Stk o] EEAAE o] Yo ZNE PolAt FRE ErE RREY 5o U35 = BRI E T3}
£ AR, o] AkS 7 BEEAG P A F5ho] 3 & ERE WPES £S5 o]

pds tg
-
A BAL EREIA G0 BRSO h e FTA o]5 9t A 8ol £22 F 5 9 Aol

&1 (quantiles) 2} 9] (quantile ranks)= SHA AL} AGA M 2] AR AL QlE}. o529
Asrolt Hlole) AloA] 54 A 7w A4el S Aol e AHE AFUh ol S5l A
4ol 914 SEEE BAA WSS AT ATAEOA v1$ 83T A, 271} EReE
ghRie RS Avhe MR SR Bty ofSHIAdA BE B S5ASE WY
S T ANSE ofE ojelSo) BE HlolA A9 Ex 519l 10%0] EEA1E 23 Ao 3
oh £SEue ZEE ASTE 1029 EulEol} SN W& S Adsen 27t uA AR
3} 2 BII5EL oo} ek

Hlo]El ol thal B4t w2} A TAGA ) AHEE)E A1 (box-and-whisker plon& 2 8
of chrEe] £z Eslojol A F71(1977)9) 23S hinges) TAI0] ARSI 5SS A gtol AR 2
gt 3R = HaAF A S B 3 A g ke 2 E914 3]l o] ARRE AL 9
t} (Koenker™} Bassette, 1978).

T 35 = S (probability plots)& #9595 EHE 2 Hth Q-Q EEx+ AFA 95
9} o] B4 E 57 AT olal, P-P SE R AP A B919) o] B4 E917HY A = olth (M3 A,
2010). FEEoA = A ehs SolEth= B 912 (plotting position) 2= §-o]7} d2] ARg-H Tt o]
Spgol AgAo R Y SheA o w FRE T REEH L I ARSH L 7] wiie] S o]
Sx5ol thsl As] olsi e a7} itk

a8 FA AZEolo] FHH ] e REEHAT AL ES 222 A s 24

1
Aoz A 77 QL FAT AU FE=wEol AAE Je PHEZHA 28sHd 1 o=
L(660-701) A AFA] 435 900, ATt 7|2 AR 7L B AREFRENATL AT, JREA

&t} w4, E-mail: ahnsj@gnu.ac.kr
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0=
pal

]2 Eo]dt} (Langford, 2006; Hyndamen>} Fan, 1996; Joarder®} Firozzaman, 2001). 22 ZI W&
Zre] Apole A gt w2 BEEHSFEolU REEHES AY sk W E 1] Ao)7F Alasia
2 7 2o] 2 F2381A] 9| o] 718 o] 5ol Al Freund 2} Perles (1987)S 122] npx| el Ehol A 2
v FEES Ol gk AL Y] ZH2 Aol 7t 1 ks ETiE o] R A= A9 2 Aol 7HA
< 5 S F =33 Tt o] oyl 1 Ak o] I F st BAE AVE £ e
o, ofd YAFE A G M e 5 B Arb ol o8& = 29 A4t ol 845 7|5 kot
e X9} A& A, Gumbel (1958)2 EFES A& A9 sl7] st A 714 2742 A A8,
Kimbal (1960)-2 Al 7}4] 7]&s AlAI8kITE. Blom (1958)-2 “Blom EFE9) X2}l BE]& B A
£ A o+3} 3L, Chernoff2} Lieberman (1954)} Harter (1984)= 2] & eFE S X &0l t35l] =2] 3}
Hyndman¥} Fan (1996) 3 91571 WA Aok & upghA1 8 oAl 74A] 343 A|A 8L, Hazen
B A7) o] BRE AZS 2E3Thy Husigith. 252 BHEYANES AP Engtewn 7

r

EHRIAE Aolsks el vles € B9 o= Aoskitt. Langford (20060)+ AU &
A 2z ES oA AEH L = BATE Fohe 157HA9 A= o8 HES SR Blasta,

A

SASS] 7] (SAS Method 5)Rho] 2ol thak H a2l Aol (2] )2 wh=girtal B sl

gk, Kim3% Kim (2003)3% Kim -5 (2004)2 £9]ll tieh v 22 4742 o7 3laL, Kima} Oh
(2010)= 295 37242 ol&ste] e Aux F4o] ade FAIT. 12|a Ay} &
A4 (2008)= A Ekd dlolH o] E9E AlLtshs ol #sto] =2l st

8 BT AL FEste], S 712 FAS aAMEL il & TG F A A
AAsEAL ot 54 2ZEQ O E AGS SHeF a9k FAT WA o] F-poll 2 Az E ofolA
A star Qs B A e AFshA ok skaL ol thE AP S 27hskaL Q7= st

FElE v ZollA A Rz ES oo FHFH 0] Sl ZEEAT A ST 222 A Y
HES 2708kl o) & e thSAAE welaxt drt. fEle W TS (tes)S 71 vlolH U J
=2k HlolHE u3stAl = g2 Aotk

T W=

O(p) = F'(p) =inf{xlF(x) 2 p}), O0<p<l, @.1)

F 0(p)e B2 FEREY AYER (X,,...,X,) S EE 4
FAZIE (X1,.... X, SASAFES Xay.. ... X} 2
T p-EAFE Ou(p)E Ve Zojt)h. T2 2950 bis)
9] = t}2-3} 2t} (Langford, 2006).
a1 (BE 295) 22 A p-E95 O(p)= <A dHolgolA 1 gk ol3tel] 100p%e] 4ol S
8o 100(1 — p)%ol/del A= Leg gro g oAt
2EE BE pol Ha] AoHE B4 HETe 18 Aotk webA Tukey (1977)9] 7
Z (hinges) ©] 1} Hoaglin (1983)2] #A7HE (letter-values)2 T EJol|A] A& Aot} (o] &2, AU,
Minitab®] 2213 AA] W (Lvals)T} B|AE B E9] A28 AA] W (Boxplot)ol] 3= o] Th).
3, 3 BZ oA 7k x2] £9] QR(x) = TH3}F Zo] o)

QR(x) = F(x). (2.2)
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FH B QR BE FERHY PR (X,,...,X,)S B2 Alaks = Bz 2o tjgl u)=
4R Ao}

S o 940} Helo] et ol SR N E HE B4} BE B AR WYA Aol
2 %4 ek 5 B 2940 Holoh BE 299 49 ol A= TBAT} 9, o]
£ Ao37) Slsh BeF EASoITh B ATENA o] £ BADe] AL IAH 1 9
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I8 i/nE (—00,00)E X HOE FA= B = B4 A7) wiZoll EFE 9 A
2 uAeA] otk (- 1)/n% 7P 22 S BT 4 gloe B R SRS A 2 vk A 6hA] ofth
o]¥ o]f ol F& ALRE &= EFEY X Blom (1958) 0] Al ekshu} th-2- 7 22 Hef & W)
i—-a
n+1-2a’
A7 et AFEA YN 0 < o < 19 Fro] AT o3 B X = BF thAAS 7t

e o B FAE = P52 v Erh
@® a =0. ol p; =i/(n+ 1)+ 2Fo]E(Weibull) B X2} & Th (Weibull, 1939). o]+ 3+
X] (mean position) S L}ERATH

Di 24

i

E[F(Xu)] = 71 (2.5)

@ a=03. ol uf] p; = (i —0.3)/(n+0.4)= B-B E} 49 x| g} &t} (Benard2} Bos-Levenbach, 1953).
o] Johnson (1951)©] A ket 5914~ 9] X] (median position) o] T g+ E-2 ZAME AlF St}

i-03

_ 2.6
n+04 2.6)

Median[F(X;))] = F (Median[X(;]) =

® a=1/3. ol uf p; = (i~ 1/3)/(n + 1/3)= 77|(Tukey) B9} |2t =&} (Tukey, 1962).

@ a=3/8. olu p; = (i-3/8)/(n+1/4)= EF(Blom) B9 |2} &t} (Blom, 1958). °]& A+t
23] FIEXpDol e F& ZAE Algstes AdExs A of de) AHgdnt
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E 1: Plotting positions and their characteristics

pi 1% Characteristics Name(Softwares)
i/n - empirical cumulative probability Parzen (Minitab: Kaplan-Meier)
i/(n+1) 0 mean position Weibull (Minitab: Herd-Johnson; SAS: VW)
(i—-0.3)/(n+0.4) 0.3 (approximate) median position Benard & Bos-Levenbach (Minitab: Bernard)
(i-1/3)/(n+1/3) 1/3 Tukey (SAS: Tukey)
(= 3/8)/(n+1/4) 38 approxin?ate‘ F(I‘E[X(i)]) for the Blom (Minitab: NORMTEST, NSCORE; SAS:
normal distribution Blom)
(i—-0.5)/n 0.5 Hazen (Minitab: Modified Kaplan-Meier)
(i-1D/(n-1) 1 modal position Gumbel (Excel: PERCENTRANK)
D411 +
P2 +
Pi-14 +
Kii-1) X K+

1= 1: Plot resulting from a plotting-position method

® a = 1/2. o) W] p; = (i—1/2)/n= A (Hazen) EFAL X2} &t} (Hazen, 1914). o)== i/n3}
(i — 1)/ne] 7} $]) %] (midpoint position) S LFERATE.

® a=1. oWl p; = (i — 1)/(n - 1)= ¥ (Gumbel) E}F ] X2} & T} (Gumbel, 1939). o= u]=+9]
NIST7} A7sh= B Xl olth. o]= & ¥ 9] X](modal position)E WEHHATE.

i1
Mode [F (X)] = h 2.7)

olde] A= & 1o 8.5 ot I™ 12 7 g3t o] ol tigH = B Aol tiE A=

o BHY A7 A A3 = SEEY AR S =9 v dtE = &

A, <=3 HlolBlE 7Pkl Sl 228 vlusty] 93k B-ole B A d=o] anA] F
2387 odrt.

A, 54T FAGER HSH = AF(S 5 972 FH6H7] AT Bol= BHESA
2 F(E[X;])7F A& s}t

AR, 543 SA3k HeH = FHAEE(S 54 £9)S 4517 A Bol= B R 3
ﬁ—ﬂf‘]‘% ST A7 A} (42 HAaAF (@I AL AL EHAXRERHI A E AHESt 2
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@ " 1(SAS2] Method 1)
mWp=j+gt T (j: AFFE ¢ AFFEE
01(p) = (1 = X)) + gX(j+1)- (2.8)
@ ™8 2(SASC] Method 2)

(mp = j+get T uj (j: AFRE, g ALRE)

X(j)» g<0.5,
X(j)s g =050]11 j7} B,
Qz(P) — (]) . - (29)
X(j+1)s g=050]1 j7} &,
X(j+1)» g>0.5.
ol WL b e A% ASARLS BeiFETh FHOE DAL ALt AL 2AFAD
= =8k

® 4 3(SASS] Method 3)
(mp=j+getdu (j: ATHE, ¢ AFFEE). (2.10)
@ "y 4(SAS2] Method 4)
(n+Dp=j+get T (j ATFE, ¢ AFHE)
04(p) = (1 = &)x(j) + 8X(j+1)- @2.11)
® " 5(SASE] Method 5)
(mp =j+get T (: BFRE, g AFFE)

X(j) + X(j+1)

Os(p) = { 2 ’

X(j+1)s g>0.

=0, (2.12)

o] W2 SASAtel &3l “EDF with averaging”o]2tal E2]=tl, ¥¥H4 2= CDF(cumulative
distribution function) ¥ ¢|2}21 &t} (Hyndman3} Fan, 1996; Langford, 2006).
® "4 6(Excel method)
(n—Dp+1=j+get @ (j: F5FFE, g AFHE)
Qs(p) = (1 — @)x(j) + 8x(j+1).- (2.13)
@ " 7(Hydrologists’s method)
(mp +0.5=j+get T (j: FFFE, g0 AFHE)
Q1(p) = (1 = &)x(j) + 8X(js1)- (2.14)

o] T E9F WHEL o dlolE el thell S (median) T2 5 L8t Foj T # dnbxgow
ARG B4 ES th2 A ARESit) o) Zkeu] WY 1, 4, 6, 28] 11 72 H 7H (interpolation
H 5= Y (averaging method) 2. 2 E-7F t} (Langford, 2006).
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EH 2: m, [, and y in expression (2.15) corresponding to each of the quantile rank methods and the softwares
adopting that method: the I or A behind the name denotes the interpolation or the averaging, respectively.

Method k (name) m 1 b% Softwares

1 (SAS-1)-1 0 0 g SAS(method 1)
1, if g>0.5

2 (SAS-2) 0 0 2(0.5j-10.55 D), if g=0.5, SAS(method 2)
0, if g <0.5.
1, if g>0, Mathematica(quantiles)

3 (SAS-3)(EDF) 0 0 { 0 if g=0. SAS(method 3)

.. Minitab, SPSS, BMDP, JMP,

4 (SAS-4)(Minitab)-I 0 1 g SAS(method 4)

5 (SAS-5)(CDF)-A 0 0 L %f >0, GLIM, SAS(default: method 5)
1/2, if g=0

6 (Excel)-1 1 -1 g Excel, R

7 (Hydrologists)-I 0.5 0 g Mathematica(Interpolated Quantiles)

223 ZE T HHFEE L

RS
oL
N IR
)
Lo
)
olo
i
[

ok 4238 (2228)00 M ANE £

2 BEF N e F Y CAHBAFES E
j=Llnpl,g =np-j,meR, 1?411 €
<

2 A1 glon the} o] 8P 4 Ut} j =
Re} 312} (3714 | x)e x2 ¥R %= 71 2 A4S Jedth. 288 (-m)/(n+1) <
(j—m+ D)/(n+ Dol thai,

Ou(p) = (1 = X + ¥X(s1)s (2.15)

A v pS) AL jo 850 g0 Tz Tk
2% BA5RE HHE 2 el oSl S H e m, 1y} o 52 AT Y BALzES)
i e Hyndman3} Fan (1996) %1% A 21 wo]) o3t & Q4

Lt
= hH

rok
r\:l

| Hyndman} Fan (1996)2 E}FE 9 X HHES B9+ UHER Zl‘—zr_]'j’— %1‘—/]’ E]' A2 "
7 29 13} 2ol 4 Xyl o3 4915 pE 3 p-29)
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E 3: Quantile rank methods corresponding to each of the quantile methods

Quantile Method & (name) m 1 Quantile Rank Method QR (x) Name of QR (x)
1 (SAS-1) 0 0 % Kaplan-Meier
2 (SAS-2) 0 0 @ Kaplan-Meier
n
r(x) .
3 (SAS-3)(EDF) 0 0 — Kaplan-Meier
n
4 (SAS-4)(Minitab) 0 1 nr(j)l Weibull
-0.5
5 (SAS-5)(CDF) 0 0 L Hazen, Modified Kaplan-Meier
n
6 (Excel) 1 -1 r(x) _1 ! Gumbel, NIST-recommended
n—
-0.5
7 (Hydrologists) 0.5 0 '(x)n Hazen, Modified Kaplan-Meier
B 1,4,6,7-9 49) "B 2915 wpEEe] 9o o

IR (220 0.2 $H515 2453 %

& AL ARAE y =g A 0<g <19 WAS 7Ktk webd y 10] B 5

Qg = 0% ) 00] F 5 & Wolth. ol WO BRI 2 BAS PN gL xe] 2
R

9] QR(x):= T3} Zro] A ATt

[AIE 2] (B o= P = 2915 -5 -9 B) ol Aol g > 00 Hisl y7h1o] 2 = 2=
wor}. wpA o] “F7” B ol A gk x9] £ QR(x)E TR} 2ol Ak

QR(x) = n—_ (2.17)

[AIgh 3] (HSAYOR BRHE 295 Pu-2-9 B9) 7,00 g = 02 We] y9] ghe Uitk
Al T2l 3t xo] 918 0 ERIAL T2 ZF 2915 oA 2 xe] 191 QR(y = e
2ol oAk,

(2.18)

(A1 4] (EDFH2.2 85515 B -3 -9 B9) y00] g = 09 W12] 48] 2 vpepacy o)
2b 28] gk x9] 98 rnE VERRAL 23E ZF 294 el A gk x9] B9) QR T}
Zo] 3Rt
r(x) —m—yg=0
n+l '
E 32 ] ALGES 0|83 EHFERE =E2H BHES Vet 3023 4 294+
i &S O]—rt 9 e 298 5 drt. Excel& 062 ¢4 PERCENTILE( )& 1231 o] 9} &
< ©]FE QReE 34 PERCENTRANK()& WA A o2 Al 3317 YA 9 th2 B4 £AZEF ]S
e EA A ADE TR AA AF3tar A of sk A A ot

QR(x) = (2.19)
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3. &
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ATt 29 A AU A AN A dE] ARRE I Qltk. -] FA Az Egofol FHE o
FEE B9F AATHES B2 29 AHES 2474 Hos A 7HA7F QA S AE %M
o=l AAE Y s HEZHA 185t 1 o+ U5 Bojdrh ETEV B
Aolehs WHE o] Abas| Kol xHol7t I ghs EUE o] Fo| A= AR 2 AolE THAE
Qlt}. o] W o}zl 1 Al o] I A3l el EAE A 7]E 4= 9o, ojE o ALAA Al
A 54 £ A4 o d-$E = 29 Akl ol 875 7|5 s
T2 WA FEEH T 2RO thS Ao E shar, AE A FASES AR 712 B A
H“ﬂﬂr Blom (1958)%] A|¢+S ET| & I3 H oAl 71A] B1E9) %] Wi o] EA T Afo] AL =9 51gich
FALZE A A = L 7HA REEZAST ALPTHES S AHES =9 &
15—% wefehs shuke] dukAlS AAISHATE el o] YN o2 RE dojX = FEAS EYE &
HE ol -5 RREAE ol S Aldsidnh $ele o] Alhe 74 R EEL 4 ol
ALste] g5 BEES PHES =2 th oJd S BEE S FEEA O g 5

o
FA olaf et A8 ol =55 & 5 Us Aotk
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Relationship between the Sample Quantiles and
Sample Quantile Ranks

Sung Jin Ahn!-¢

“Department of Information Statistics, RINS & RICIC, Gyeongsang National University

Abstract

Quantiles and quantile ranks(or plotting positions) are widely used in academia and industry. Sample quan-
tile methods and sample quantile methods implemented in some major statistical software are at least seven,
respectively. Small looking differences between the methods can make big differences in outcomes that result
from decisions based on them. We discussed the characteristics and differences of the basic plotting position
using the empirical cumulative probability and the six plotting positions derived from the suggestion of Blom
(1958). After discussing the characteristics and differences of seven quantile methods used in the some major
statistical software, we suggested a general expression covering all seven quantile methods. Using the insight
obtained from the general expression, we proposed four propositions that make it possible to find the plotting
position method that correspond to each of the seven quantile methods. These correspondences may help us to
understand and apply quantile methodology.

Keywords: Quantile, quantile rank, plotting position.
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