J. Korean Math. Soc. 48 (2011), No. 1, pp. 49-61
DOI 10.4134/JKMS.2011.48.1.049

*-NOETHERIAN DOMAINS AND THE RING D[X]n,, IT

GyYUu WHAN CHANG

ABSTRACT. Let D be an integral domain with quotient field K, X be
a nonempty set of indeterminates over D, x be a star operation on D,
N, = {f € D[X]|c(f)* = D}, *w be the star operation on D defined by
I*v = ID[X]n, N K, and [#] be the star operation on D[X] canonically
associated to * as in Theorem 2.1. Let A9 (resp., A*9, A[*]g) be the global
(resp., x-global, [#]-global) transform of a ring A. We show that D is a
s-Noetherian domain if and only if D[X] is a [*]-Noetherian domain.
We prove that D*9[X]y, = (D[X]n,)? = (D[X])*19; hence if D is a
*-Noetherian domain, then each ring between D[X]y, and D*9[X]n,
is a Noetherian domain. Let D = N{Dp|P € %,-Max(D) and htP > 2}.
We show that D C D C D*9 and study some properties of D and D*9.

0. Introduction

Let D be an integral domain with quotient field K, X be a nonempty set of
indeterminates over D, and D[X] be the polynomial ring over D. The content of
a polynomial f € K[X], denoted by ¢(f), is the fractional ideal of D generated
by the coefficients of f. An overring of D means a ring between D and K. Let
* be a star operation on D and DY (resp., D*9) be the global (resp., *-global)
transform of D (Relevant definitions and notations are reviewed in Section 1).

Matijevic proved that if D is a Noetherian domain, then each overring R of
D with R C D9 is a Noetherian domain [14, Corollary]. If D is a Noetherian
domain with dim(D) = 1, then D9 = K, and hence Matijevic’s result can
be considered as a generalization of the Krull-Akizuki theorem that if D is a
Noetherian domain with dim(D) = 1, then each overring R of D is Noetherian
and dim(R) < 1 [13, Theorem 39]. Park generalized Matijevic’s result as
follows:

Theorem ([17, Theorem 1.5] or [3, Theorem 3.4(1)]). If R is a t-linked overring
of an SM domain D such that R C D", then R is an SM domain.
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Let R be a x-linked overring of D, and let *xp be the star operation on R
induced by * as in Lemma 1.2. Chang extended Park’s result to an arbitrary
star operation x on D as follows: If D is a *-Noetherian domain and if R is
a *-linked overring of D with R C D*9, then R is a *p-Noetherian domain [4,
Theorem 3.6(1)].

Let D be a Noetherian domain and T = N{D;|M is a maximal ideal of
D and htM > 2}. Wadsworth proved that each ring between D and T is
Noetherian [18, Theorem 8]. However, in [1, Proposition 1], Anderson showed
that T'C DY and if T = DY, then every maximal ideal of D of graded one has
height one. Hence Wadsworth’s result is a corollary of Matijevic’s result and
the ring T is a nontrivial example of overrings of D which are contained in DY.

Let N, = {f € D[X]le(f)* = D}, A = {P € *p-Max(D)| htP > 2},
and D = NpeaDp. In this paper, we study a star operation [*] on D[X]
canonically associated to *, the *-global transforms and the ring D. More
precisely, in Section 1, we review basic facts and some recent results on star
operations, Nagata rings, *-Noetherian domains, and *-global transforms. In
Section 2, we introduce a star operation [] on D[X] such that (ID[X])[ =
I*»[X] for all nonzero fractional ideals I of D. Then we prove that D is a
*,-INoetherian domain if and only if D[X] is a [*]-Noetherian domain. We
prove that D*9[X]y, = (D[X]n.)? = (D[X]))9. As a corollary, we have
that if D is a #,-Noetherian domain, then each ring between D[X]y, and
D*9[X]p, is a Noetherian domain; in particular, each t-linked overring of D[X]
that is contained in D™9[X]y, is an SM-domain. Assume that D is a s,,-
Noetherian domain. We show that D is #-linked over D and D C D*9. Also,
we show that if %, = w, then D = D"9 if and only if t-dim(D) = 1; t-
Max(D) = {PDp N D|P € A}; if A # 0, then t-dim(D) = t-dim(D); and
D[X] = D[X]n, = D[X]y,. Finally, we study an overring R of an SM-domain
D such that each t-linked overring T of D with T'C R is an SM-domain.

1. Review of star operations, Nagata rings and related topics

Let D be an integral domain with quotient field K, X be a nonempty set
of indeterminates over D, and D[X] be the polynomial ring over D. In this
section, we review basic facts on star operations, *-Noetherian domains, Nagata
rings and #-global transforms. Let F(D) be the set of nonzero fractional ideals
of D. A star operation * on D is a mapping I — I* from F(D) into F(D) which
satisfies the following three conditions for all 0 # a € K and all I, J € F(D):

(1) (aD)* = aD and (al)* = al*,

(2) I CI*, and if I C J, then I* C J* and

3) (") =1
Given a star operation * on D, we can use * to construct two new star operations
«7 and %, on D. The x;-operation is defined by I*/ = U{(a1,...,a,)*|(0) #
(a1,...,an) C I} and the x,-operation is defined by I** = {z € K|zJ C I
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for J a nonzero finitely generated ideal of D with J* = D} for all I € F(D).
Clearly, (xf)f = *f, (*w)f = *w = (xf)w. An I € F(D) is called a x-ideal
if I* = I. A xideal I is said to be of finite type if I = (a1,...,a,)* for
some a; € I. A x-ideal is called a mazimal x-ideal if it is maximal among
proper integral *-ideals of D. Let *-Max(D) denote the set of maximal *-
ideals of D and Max(D) be the set of maximal ideals of D. It is known that
xp-Max(D) # 0 if D is not a field, each maximal *¢-ideal is a prime ideal, a
prime ideal minimal over a #¢-ideal is a *¢-ideal, and each integral x*g-ideal
is contained in a maximal *s-ideal. An I € F(D) is said to be x-invertible
if (II7Y* = D, where I™! = {z € K|zI C D}, while D is a Priifer x-
multiplication domain (PxMD) if each nonzero finitely generated ideal of D is
* p-invertible. It is well known that I € F(D) is *p-invertible if and only if I*/
is of finite type and IDp is principal for all P € *y-Max(D) [12, Proposition
2.6]. Also, we know that D is a PxMD if and only if Dp is a valuation domain
for all P € #¢-Max(D) [11, Theorem 1.1].

The simplest example of star operations is the d-operation. Other well-
known examples of star operations are the v-, ¢t-, and w-operations. The d-
operation is just the identity function on F(D), i.e., I = I for all I € F(D);
so d = dy = dy. The v-operation is defined by IV = (I™!)~!, whereas t = vy
and w = vy, i.e., I' = I and I*¥ = [Y» for all I € F(D). If x; and %5 are star
operations on D, then we mean by %1 < xo that I** C I*2 for all I € F(D).
It is clear that %, < *y < x and d < * < v for any star operation *. Also,
if %1 < %9, then (%1)y, < (%2)w and (*1)r < (*2)y; hence d < %, < w and
d<x; <t

Let % be a star operation on D. Put N, = {f € D[X]|c(f)* = D}; then
N. = Ni;, = N,, and N. = D[X] — Upe,,Max(p)P[X]. Hence D[X]y, =
{£|f € D[X] and g € N.,}, called the (x—)Nagata ring of D, is an overring
of D[X]. The ring D[X]y, has many interesting ring-theoretic properties. For
example, each invertible ideal of D[X]p, is principal [12, Theorem 2.14]; D is
a P«MD if and only if D[X]y, is a Priifer domain, if and only if D[X]y, is a
Bezout domain [5, Theorem 2.2]; and D is a Krull domain if and only if D[X]x,
is a Dedekind domain, if and only if D[X]y, is a principal ideal domain [15].

Lemma 1.1. (1) Max(D[X]n,) = {P[X]n.
(2) *y-Max(D) = *¢-Max(D).
(3) I"* = Npes;-Max(p)[Dp = ID[X]|n, N K for all I € F(D).

P € x;-Max(D)}.

Proof. (1) [12, Proposition 2.1]. (2) [2, Theorem 2.16]. (3) [4, Lemma 2.3]. O

Asin [4], we say that an overring R of D is *-linked over D if R[X|n,NK = R.
It is known that R is x-linked over D if and only if (QND)*/ C D for each prime
t-ideal @ of R, if and only if I* = D implies (IR)” = R for each nonzero finitely
generated ideal I of D [4, Proposition 3.2]. Next, we use the star operation x*
on D to construct a new star operation *p on a x-linked overring R of D.
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Lemma 1.2 ([4, Lemma 3.1]). Let R be a *-linked overring of D, X be an
indeterminate over D, and put I*P = IR[X]|y, N K for I € F(R). Then the
map *p : F(R) — F(R), given by I — I*P, is a star operation on R and
(*D)w = *p.

We say that D is a x-Noetherian domain if D satisfies the ascending chain
condition on integral x-ideals of D; equivalently, if each %-ideal of D is of finite
type. Hence Noetherian domains are just the d-Noetherian domains. A wv-
Noetherian domain is a Mori domain, while a w-Noetherian domain is a strong
Mori domain (SM-domain). It is clear that if #; < *q are star operations, then
x1-Noetherian domains are x5-Noetherian domains; hence Noetherian domains
= SM-domains = Mori domains. Also, since *,, < w, a *,-Noetherian domain
is an SM-domain. Note that I**Dp = IDp by Lemma 1.1(3); hence if D is
a *,-Noetherian domain, then Dp is Noetherian for all P € %y-Max(D). The
global transform of D is defined by D9 = {a € Kl|aM;--- M, C D where
each M, is a maximal ideal of D}. As in [4], the x-global transform of D is
the ring D* = {x € K|zP;--- P, C D for some P; € xs-Max(D)}. Clearly,
D*9 = D)9 = D)9 and the global transform DY of D is just the d-global
transform.

Lemma 1.3. Let D be a x-Noetherian domain.

(1) (DX]y.)! N K =D,

(2) D*9 is x-linked over D.

(3) D = D*s if and only if each mazimal *;-ideal of D is not a t-ideal. In
particular, D C D™9.

(4) Let R be a x-linked overring of a *.,-Noetherian domain D, and let xp
be the star operation on R as in Lemma 1.2. If R C D*9, then R is a
xp-Noetherian domain, and hence R is an SM-domain.

(5) If %1 < %o are star operations on D, then D19 € DE2)9 - Iy particu-
lar, D9 C D*9 C D"9.

Proof. (1) [4, Lemma 3.5]. (2) By (1), D*[X]n, € (D[X]n,)?. Hence D*9 C
D*9[X]y, N K C (D[X]n,)! N K = D*9, and thus D*[X]|y, N K = D*9. Thus
D*9 is «-linked over D. (3) Assume to the contrary that there is a maximal * ;-
ideal P of D with P! = P;so D C P! because P is of finite type. But, since
P71P C D, we have P~' C D*9. Thus D C D*9. Conversely, assume that
each maximal *¢-ideal of D is not a t-ideal, and let x € D*9. Then there exist
some maximal *s-ideals Pi,..., P, of D (not necessarily distinct) such that
xPy--P, CD;ysox €xzD=x(P...P,)' = (xP,---P,)" C D' = D. Hence
D*9 C D, and thus D = D*9. (4) [4, Theorem 3.6(1)]. (5) This follows because
if P € (¥1)-Max(D), then either P*2)7 = D or P € (%3) -Max(D). O

Let X be an indetermainate over D and N, = {f € D[X]|c(f)” = D}. Let
Dl = {x € K|zI* C I for some nonzero finitely generated ideal I of D}.
Then D!, called the w-integral closure of D, is an integrally closed overring of
D. Tt is known that DI*! is t-linked over D [8, Lemma 1.2]; if D is the integral
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closure of D, then DI*] = D[X]y, N K = ﬂpet_Max(D)DD\p [8, Theorem 1.3];
and D[*] is the smallest integrally closed t-linked overring of D [9, Proposition
2.13(b)].

A prime ideal P of D is said to be strongly prime if xy € P and z,y € K
imply « € P ory € P. The D is called a pseudo valuation domain (PVD)
if each prime ideal of D is strongly prime; equivalently, if D is a quasi-local
domain whose maximal ideal is strongly prime. Also, D is called a locally PVD
(LPVD) if Dy is a PVD for each M € Max(D), while D is a t-locally PVD
(t-LPVD) if Dp is a PVD for all P € t-Max(D). Clearly, the notion of PVDs
is a generalization of valuation domains. Hence the notions of LPVDs and
t-LPVDs can be considered as generalizations of Priifer domains and PvMDs.
Chang proved that D[X]y, is an LPVD if and only if D is a t-LPVD and D[]
is a PoMD, if and only D[X] is a t-LPVD [6, Theorem 3.8] and that D[X]y, is
an LPVD if and only if D is an LPVD and D is a Priifer domain [6, Corollary
3.9].

2. x-Noetherian domains and x-global transforms

Throughout D denotes an integral domain with quotient field K, * is a star
operation on D, X is a nonempty set of indeterminates over D, and N, = {f €
DIX]e(f)* = D}.

Our first result gives a star operation [*] on D[X], which is an extension of
the *,, to D[X] in the sense that (I[X])*) N K = I*» for each I € F(D). This
extension was first studied for |X| = 1 by Chang and Fontana [7] in a more
general setting of semistar operations. The proof of Theorem 2.1 is basically
the same as that of [7, Theorem 2.3], and hence we omit the proof.

Theorem 2.1. Let XU{Y} be a nonempty set of indeterminates over D, and
let

A ={Q € Spec(D[X]) | QND=(0) with htQ =1
or @ =(QND)X] and (QND)*F C D}.

Set S = DIX][Y]\ (U{Q[Y] | Q € A}) and define
A = A[Y)s N K(X)  for all A € F(D[X]).

(1) The mapping [*] : F(D[X]) — F(D[X]), given by A — Al is a star
operation on D[X] such that [x] = [*]5 = [*]w

(2) [¥] = [xf] = [xw]-

(3) IDX)H N K = I*v for all I € F(D).

(4) (ID[X]))¥) = 1*» D[X] for all I € F(D).

(5) [#]-Max(D[X]) ={Q | @ € Spec(D[X]) such that QND = (0), ht@Q =1,

and (3_,cq c(9))” = D} U{P[X] | P € xy-Max(D)}.
(6) [v] is the w-operation on D[X].
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Corollary 2.2. Let [«] be the star operation on D[X] canonically associated to
* as in Theorem 2.1. If Q is a prime ideal of D[X] such that Q = fK[X]ND[X]
for some 0 # f € K[X], then Q is a mazimal [*]-ideal if and only if there exists
a polynomial € Q such that ¢(f)*f = D.

Proof. Suppose that @ is a maximal []-ideal of D[X]. Then (Egecg c(g))*F =
D by Theorem 2.1(5), and hence there are some gq,...,g, € @ such that
(c(g1) + -+~ +¢c(gn))*™ = D. Let

=g+ goXxdeslontt 4y g xdeslg)t+tdeglgn_1)+n—1

where X € X. Then f € @ and ¢(f)*f = D. For the converse, note that @ N

D =(0), htQ =1, and D = c(f)*7 C (3_5eq (9))" € D or (3o,eqc(9)™ =
D. Thus @ is a maximal [x]-ideal by Theorem 2.1(5). O

Let @ be a prime ideal of D[X]. It is clear that (3 .o c(9))*" = D if and
only if @ ¢ P[X] for all P € *y-Max(D). Also, if X; is a nonempty subset
of X, then AD[X] = A[X — Xj] for all ideals A of D[X;]. In the proof of
Corollary 2.3, we use these facts without comments.

Corollary 2.3. Let X be a nonempty subset of X, x1 and x be the extensions
of x to D[X4] and D[X], respectively, as in Theorem 2.1. If [x1] is the star
operation on D[X] canonically associated to x1 as in Theorem 2.1, then x = [x1].

Proof. By Theorem 2.1(1) and Lemma 1.1(3), it suffices to show that
*Max(D[X]) = [*1]-Max(D[X]).

(C) Let Q € x-Max(D[X]); so either @ND = (0), htQ = Land (3_ c, c(9))" =
D or Q = P[X] for some P € *p-Max(D). If Q = P[X], then P[X;] € *1-
Max(D[X;]) and P[X] = P[X;][X — X;]. Thus @ € [x1]-Max(D[X]).

Next, assume that QN D = (0). If QN D[X;] # (0), then, since ht@Q = 1, we
have @ = (Q N D[X;])D[X] and ht(Q N D[X4]) = 1. Also, since Q@ ¢ P[X] for
all P € xp-Max(D), QN D[X;] € P[X;]. Hence Q N D[X;] € x1-Max(D[X;]),
and thus @ € [x]-Max(D[X]). If @ N D[X;] = (0), then, clearly, Q@ € Qo[X]
for all Qo € *x1-Max(D[X;]). Thus Q € [*1]-Max(D[X]).

(D) Let M € [x]-Max(D[X]). If M N D[X;] # (0), then M = (M N
D[X;])D[X] and MND[X;] € [*1]-Max(D[X]); so either (MND[X;1])ND € *-
Max(D) or (MND[X4])ND = (0), ht(MND[X4]) = Land (3 crrnpx,) €(9))*f
= D. Hence M = (M ND)D[X] and M ND € xp-Max(D) or M ND = (0),
htM =1 and (3 ¢ c(9))” = D. Thus M € x-Max(D[X]).

Next, assume that M N D[X;] = (0). Then M N D = (0), htM = 1, and
M ¢ P[X] for all P € *p-Max(D); so (3 ;cprc(f))*F = D. Thus M € x-
Max(D[X]). O

We next prove that D is a #,-Noetherian domain if and only if D[X] is a

[¥]-Noetherian domain, which was proved for |X| = 1 by Chang and Fontana
[7, Corollary 2.5] in a more general setting of semistar operations. This also
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recovers Park’s result that D is an SM-domain (if and) only if D[X] is an
SM-domain [16, Theorem 4.7] by Theorem 2.1(2) and (6).

Corollary 2.4. Let [«] be the star operation on D[X] canonically associated to
x as in Theorem 2.1. Then the following statements are equivalent.

(1) D is a *-Noetherian domain.

(2) Each prime *,-ideal of D is of finite type.
(3) D[X]n, is a Noetherian domain.

(4) D[X] is a [*]-Noetherian domain.

Proof. (1) & (2) < (3) [4, Theorem 2.6].

(3) = (4) Note that [#],, = [*] by Theorem 2.1(1); so by the equivalence
of (1) and (2), it suffices to show that each prime []-ideal of D[X] is of finite
type. Let @ be a prime [*]-ideal of D[X].

Case 1. (3_,cgc(9))* = D. Then @ is a maximal [x]-ideal and htQ =1 by
Theorem 2.1(5) and there exists an f € Q such that ¢(f)*f = D by Corollary
2.2. Also, note that QK[X] = hK[X] for some h € Q. Hence if we set
A = (f,h)D[X], then Qp = Ay for all M € [¥]-Max(D[X]). Thus Q = Al
by Lemma 1.1(3).

Case 2. (3, cc(9))™ & D. Then QD[X]n, & D[X]n,, and hence by (3),

there exists a finitely generated ideal B of D[X] such that QD[X]y, = BD[X]x,
Let Q = {M € [%]-Max(D[X])|M N D = (0)}, and note that if M € Q, then
ht M = 1; so the intersection NaseqD[X]as has finite character (note that K[X]
is a UFD). Also, since @ € M for all M € €, we can choose some a,b € @ such
that (a,b) ¢ M for all M € Q. Replacing B with (B,a,b), we may assume
that B ¢_ M or QD[X}M = D[X]M = BD[X}]M for all M € €. Thus Q =
Npess-Max(D)QD[X] pix) N (Marea@D[X]ar) = QD[X]n, N (Nuea@D[X]ar) =
BD[X]n. N(NmeaBD[X]r) = Npex;Max(p) BD[X] px) N (NMueaBD[X] ) =
Bl by Lemma 1.1(1) and (3).

(4) = (1) Let I be a #,-ideal of D; then (I[X])!*] = I[X] by Theorem 2.1(4).
Hence there are some fi,..., f, € I[X] such that I[X] = ((f1,..., fn)D[X])*.
Put J = ¢(f1) + ---c(fn); then J C I is finitely generated and I[X] =
(JXDH = J*v[X]. Thus I = I[[X]N K = J*[X]N K = J*v. O

g

Recall that if f,g € K[X], then there exists a positive integer m = m(f,
such that c(f)™*le(g) = c(f)™c(fg) [10, Corollary 28.3]; so if ¢(f)* = D,
then ¢(g)* = ¢(fg)*. In particular, if fi,..., f, € D[X], then ¢(f;)* = D for
t=1,...,nif and only if ¢(f1 --- fn)* = D.

Theorem 2.5. Let [¥] be the star operation on D[X] canonically associated to
% as in Theorem 2.1. Then (D[X]|y.)9 = D*9[X]y, = (D[X])[*ls.
Proof. Proof of (D[X]n,)? C D*[X]n,.

We first show that (D[X]y,)? N K[X] C D*[X]y,. Let g € (D[X]n,)? N
K[X]. Then there are maximal *-ideals P, ..., P, of D such that gP; --- P, C
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gPi[X]n, - Pu[X]n, € D[X]n, by Lemma 1.1(1). Soif 0 # a € Py Py,
then ag = % or afg = h for some h € D[X] and f € N,; hence a(c(g)) C
a(e(g)*) = ale(f)e(g)* = ale(fg)*) = c¢(h)* € D. Since a is an arbitrary
element of P, --- P,, we have ¢(g)P;--- P, C D, and hence ¢(g) C D*9. Thus
g€ D*[X] C D9[]y,

Next, let u € (D[X]n,)?. Then there are maximal *s-ideals Py, ..., P/ of
D such that uP[[X]--- P/[[X] C wP|[X]n, --- P,[X]n, € D[X]n. by Lemma

L1(1). So for any 0 # b € P[--- P, we have ub = 1 € D[X]y

hy € D[X] and f; € N,. Hence u = % € K[X]y, and fiu = fi Iffllh1 _
b=thy € K[X] N (D[X]n,)?. By the above paragraph, fiu € D*9[X]y,, and
since f1 € Ny, we have u € D*9[X]y,. Thus (D[X]y,)? C D*9[X]n, .

Proof of D*9[X]y, C (D[X])Fs.

where

* )

Note that if P is a maximal  y-ideal of D, then P[X] is a maximal [*]-ideal of
D[X] by Theorem 2.1(5). So D*9 C (D[X])*9, and hence D*9[X] C (D[X])!*ls.
Hence it suffices to show that if f € N,, then % € (D[X])ls.

Since K[X] is a UFD, we can write f = ff*--- f&*, where each f; € K[X],
each e; is a positive integer and f; K[X] is a prime ideal of K[X] such that
fiK[X] # f;K[X] for i # j. If g € K[X] such that fg € D[X], then ¢(g) C
o)~ (el ~ c(Js)" € DIX] 30 g € DIX). Honce KX] DI €
fD[X], and thus fK[X]N D[X] = fD[X]. Also, fD[X] = fK[X]N DX }
(fI*KX]NDIX])n---n (fe" K[X]N DX]) € f;K[X]N DX ] X] fori=1,.
Since ¢(f)* = D, each f;K[X] N D[X] is a maximal [«]-ideal of D[X]
Corollary 2.2. Also, since (f;K[X] N D[X])* C (f;K[X] N D[X])° K[X]
DIX] = 77 K[X] 1 DIX], we have (7K [X] 1 DIX) -+ (7 K[X] 1 DIX])*
(AK[X]NDX)ern--- N (fiK[X] N D[X])* C fD[X]. Hence 7(f1 [X]
D[X])* -+ (fe K[X] N DIX])* C $fD[X] = D[X], and thus } € (D[X])[*]g.

P?‘

:)lﬁ:)g

Proof of (D[X])*9 C (D[X]n,)9.

Let u € (D[X])*l9. Recall that if Q is a maximal []-ideal of D[X] with
QN D # (0), then @ N D is a maximal #-ideal of D and Q = (Q N D)[X]
by Theorem 2.1(5). Hence u@; --- Qi Pi[X] - P,[X] € D[X] for some max-
imal [+]-ideals @1, ..., Qx of D[X] with @; N D = (0) and maximal *-ideals
Py, ..., P, of D. Also, by Corollary 2.2, there exists a polynomial h; € Q; such
that ¢(h;)* = D. Let h = hy -+ hy; then ¢(h)* = D, and hence h € N,. So
uhPy[X] - P[X] € D[X] or uPy[X]- - P,[X] C +D[X] C D[X]y,. Hence
uP1[X]n, - Pn[X]n, € D[X]n,, and since each P;[X]y, is a maximal ideal
of D[X]n, by Lemma 1.1(1), we have u € (D[X]n,)9. O

Recall that each maximal ideal of D[X]y, is a t-ideal [12, Corollary 2.3];
hence (D[X]n,)"9 = (D[X]n,)?. Also, [w] = w on D[X] by Theorem 2.1(2)
and (6). Thus the next result is the d- and w-operation versions of Theorem
2.5.
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Corollary 2.6. (1) DIX]y, = (D[X])M9 = (D[X]n, )’
(2) D¥[X]n, = (DX])*? = (D[X]n,)? = (D[X]n,)"?.

It is well known that if D is a Noetherian domain, then each ring between
D and DY is a Noetherian domain [14, Corollary]. Thus by Corollary 2.4 and
Theorem 2.5, we have:

Corollary 2.7. If D is a *,-Noetherian domain, then each ring between
D[X]y, and D*9[X]y, is a Noetherian domain.

The *-dimension of D, denoted by #-dim(D), is the number of prime *-ideals
in a longest chain of prime *-ideals of D, or infinity if there is no such longest
chain. If D is a rank one non-discrete valuation domain, then v-dim(D) = 0.
However, if D is not a field, then *;-dim(D) > 1; in particular, *;-dim(D) =1
if and only if each prime *s-ideal of D is a maximal *s-ideal.

Let A = {P € xy-Max(D)| htP > 2}, and let D= NpeaDp. Hence A = ()
if and only if *¢-dim(D) = 1 (in this case, D = K). It is known that if D
is a Noetherian domain, then R := N{Dy|M € Max(D) and htM > 2} is a
ring such that D C R C D9 [1, Proposition 1]. We next study the relationship
between D, E, and D*9.

Proposition 2.8. Let D be a *,,-Noetherian domain, A = {P € z-Max(D)|
htP > 2}, and D = NpepDp.

(1) D is *-linked over D.

(2) D C D*9. Hence if xp is the star operation on D as in Lemma 1.2,

then D is a *p-Noetherian domain.

D C D*9 if and only if there is P € A such that P is a t-ideal.

DC D if and only if there is a mazimal * p-ideal P of D with htP = 1.

D C D = D*9 if and only if there is a maximal x¢-ideal P of D with

htP =1 and each Q € A is not a t-ideal.

If #;-dim(D) = 1, then D = D*9 = K.

If %, = w, then D = Dw¢ if and only if t-dim(D) = 1.

(8) If % = w and A # 0, then t-Max(D) = {PDp N D|P € A} and
t-dim(D) = ¢-dim(D).

~ o~~~
Tt o W
= D =

—~
~N
NN

Proof. (1) Clearly, if P € A, then Dp is *-linked over D; so Dp[X|n, N K =
Dp. Hence D C D[X]|n. N K C Npea(Dp[X]n, N K) = NpeaDp = D or
D[X]n, N K = D. Thus D is s-linked over D.

(2) Let € D. Since D C D*9, we may assume z ¢ D, and so (D : z) =
{a € D|ax € D} € D. Note that (D : z)” = (z(D : z))” C D" = D; hence
(D :2)? C(D:z), and thus (D : z)" = (D : x). Note also that, since D is a
s,-Noetherian domain, (D : x) has a primary decomposition [4, Corollary 2.7].

Let (D :z) = Q1 N---NQk be a primary decomposition of (D : z) such
that \/Q; # \/Q; for i # j. Since (D : z) is a *,-ideal, we may assume
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that each @Q; is a *,-ideal. Then, since x € D C Dp for all P € A, we have
Dp =(Dp:2Dp)=(D:2)Dp =@Q1DpN---NQrDp. Hence each /Q; is a
maximal * s-ideal and ht(1/Q;) = 1. Put /Q; = P;. Since D is a *,,-Noetherian
domain, P; is of finite type, i.e., P, = (c1,...,¢n)* for some ¢; € D. Also,
since \/Q; = P, there exists a positive integer e; such that P’ C (P{)*» C Q;.
So Pit---PF CQiN---NQk = (D :x), and hence xPy* --- P.* C D. Thus
z €D, N N

Moreover, since D is #-linked over D by (1), D is a *p-Noetherian domain
by Lemma 1.3(4).

(3) Suppose that D C D*, and choose z € D*9 — D. Then there exist
some maximal *s-ideals Pi,..., P, of D (not necessarily distinct) such that
xPy--- P, CD. Since z ¢ D and (xPy --- P,)t C D, we may assume that each
P; is a t-ideal. If htP; = 1 for ¢ = 1,...,n, then (P;---P,)Dp = Dp, and
hence x € xDp = (xPy--- P,)Dp C Dp for all P € A; s0 © € NpepaDp = lN), a
contradiction. Thus at least one of the P;’s is a t-ideal of height > 2.

For the converse, let P be a maximal *¢-ideal of D such that htP > 2
and P* = P. Then, since D is a *,-Noetherian domain, we have P’ = P or
D C P~1. Choose an z € P~1 — D, and note that P C D and P is a maximal
t-ideal; so x € D*9 and P = (D : z). Hence (Dp : 2Dp) = (D : z)Dp =
PDp C Dp, and thus ¢ Dp. Note that DCDp;sox o4 D. Thus D C D9
by (2). _ N

(4) Assume that D C D, and choose z € D — D. Then x € Dp, and hence
(D:xz) ¢ Pforall P € A. But,sincez ¢ Dand (D : 2)* = (D : )" = (D : z),
there is a maximal *y-ideal @ of D such that (D : ) C Q. Then, clearly,
ht@ = 1. Conversely, assume that there is a maximal *;-ideal @ of D with
htQ = 1. Then, since D is a ,,-Noetherian domain, Q" = Q. So D C Q~!, and
we can choose z € Q~'—D. Then zQ C D, and hencex € xDp = zQDp C Dp
for all P € A. Thus x € NpeaDp = D.

(5) This is an immediate consequence of (3) and (4).

(6) This follows directly from (5) and the definition of D.

(7) This is an immediate consequence of (5) and (6) and Lemma 1.3(3).

(8) For each P € A, let P = PDp N D. Then Dy = Dp, PD5 = PDp and
htP = htP > 2. Next, note that D C P!, and hence if z € P~! — D, then
P =2"'DND;so PDp =2 'Dp N Dp, and thus PDp is a t-ideal. Hence
PDzN D is a t-ideal of D [12, Lemma 3.17]. Note also that, since D is an
SM domain, the intersection D=n peaDp has finite character [3, Theorem
2.2(3)]. Let % be the star operation on D defined by I* = NpealDp [10,
Theorem 32.5]. Let Q € t-Max(D). If Q ¢ PDpnN D for all P € A, then, since
the intersection D = N peaDp has finite character, there are some a, b € @) such
that (a,b) ¢ PDpN D for all P € A. Hence D = (a,b)* C (a,b)’ C Q" C D, a
contradiction. Hence Q = PDpND for some P € A. Thus t-Max(D) = {P|P €
A} (or see [20, Theorem 1]). Moreover, note that if D; is an SM-domain, then
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t-dim(D;) = sup{t-dim((D1)q)| @ € t-Max(D1)}. Thus t-dim(D) = sup{t-
dim(Dp)|P € A} = sup{t-dim(Dp)|P € A} = t-dim(D). O

Let A be an integral domain, and let x be a star operation on A. In the
next proposition, we denote by I'*/(A) the ring N{Ap|P € x¢-Max(A) and
htP > 2}. The proof of Proposition 2.8(1) shows that I'*/(A) is *-linked over
A.

Proposition 2.9. Let D be a *,,-Noetherian domain, [*] be the star operation
on D[X] as in Theorem 2.1, R =T*f(D), xp be the star operation on R as in
Lemma 1.2, and N,,(R) = {f € R[X]|(c(f)R)*P> = R}.
(1) RX]n, = RX]n.,(r) € TYD[X]n,) = TH(D[X]).
(2) If x» = w and N,(R) = {f € R[X]|(c(f)R)" = R}, then R[X]|n, =
R[X]n,(r) = T"(D[X]y,) = T'(DIX]).

v

Proof. Let A = {P € %y-Max(D)| htP > 2}; so R = NpeaDp, Dp = Rpppnr
and D[X]px] = R[X](pp,nr)x] for each P € A.

(1) Let P be a maximal #¢-ideal of D. Then Dp is Noetherian, and hence
ht(P[X]) = ht(PDp[X]) = ht(PDp) = htP < oo [3, Lemma 1.2].

Claim 1. R[X]N*D(R) - Fd(D[X]N*)
(Proof. Note that I'*(D[X]y,) = NpeaD[X]px] by Lemma 1.1(1). So R C
I'Y(D[X]y,) N K. Thus R[X] C T'Y(D[X]y,). Next, let f € N,,(R). Then
(¢(f)R)*? = R, and hence ¢(f)R[X] N N, # (). But, since PDp[X]N N, = 0,
we have f € PDp[X] for all P € A. Thus % € NpeaD[X]px) = T*(D[X]n,).)

Claim 2. R[X]N* = R[X]N*D(R)-
(Proof. Clearly, N. € N.,(R), and thus R[X]y, C R[X]n, (r). For the
reverse containment, it suffices to show that if f € N, ,(R), then % € RX]n,-
First, note that R[X]y, (r) C I'‘YD[X]n,) € (D[X]n,)? = D*[X]y, by

Claim 1, Proposition 2.8(2) and Theorem 2.5. Hence % € D*9[X]y,, and so

% = g for some h € D*9[X] and g € N,.. So g = fh, and since R is *-linked
over D by Proposition 2.8(1) and (¢(f)R)*? = R, we have c¢(h) C (¢(h)R)" =
(c(fR)R)" = (c(g9)R)” = R. Hence h € R[X], and thus % € R[X]n,.)

Claim 3. T%(D[X]y,) = I'¥(R[X]).
(Proof. Let @ be a maximal [«]-ideal of D[X]. Then either @ N D = (0) with
htQ =1 or QN D is a maximal *¢-ideal of D and Q = (Q N D)[X] by Theorem
2.1(5). Thus the equality follows directly from Lemma 1.1(1).)

(2) By Proposition 2.8(8), t-Max(R) = {PDp N R|P € A}, and thus by
Lemma 1.1(1), Max(R[X]y, (r)) = {(PDp N R)[X]n,r)|P € A}. Thus

R[X]n,(r) = NpreaD[X]px) = TYD[X]n, ).

Also, the proof of Claim 3 of (1) above shows that R[X]y, = R[X]n,(r). This
completes the proof by (1). O
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Let R be an overring of D. Following Wadsworth [18], we say that (D, R)
is a Noetherian pair if every domain A with D C A C R is Noetherian. So
if D is a Noetherian domain, then (D, DY) is a Noetherian pair. Also, if D
is a #,-Noetherian domain, then (D[X]n,,D*?[X]y,) is a Noetherian pair by
Corollary 2.7. As a generalization of the concept of an Noetherian pair, we will
say that (D, R) is an SM domain pair if each t-linked overring T of D with
T C R is an SM domain. Clearly, a Noetherian pair is an SM domain pair
and if D is an SM domain, then (D, D"9) is an SM domain pair. Also, if each
maximal ideal of D is a t-ideal, then each overring of D is t-linked over D.
Hence, in this case, an SM domain pair is a Noetherian pair.

Proposition 2.10. Let R be an overring of D and S a multiplicative subset
of D.
(1) If (D, R) is an SM domain pair, then (Dg, Rg) is an SM domain pair.
(2) If D is an SM-domain, then (D[X], D¥9[X]y,) is an SM domain pair.
(3) If (D[X], R[X]) is an SM domain pair, then (D, R) is an SM domain
pair.
(4) If (D[X]n,,R[X]n,) is an SM domain pair, then (D,R) is an SM
domain pair.

Proof. (1) Let A be a t-linked overring of Dg such that A C Rg. Then A is
t-linked over D (for if I is a nonzero finitely generated ideal of D, then I=! = D
= (IDg)~! = Dg (cf. [9, Proposition 2.2(d)]) = (IA)~! = ((IDs)A)~! = A),
and hence ANR is t-linked over D [9, Proposition 2.2(b)]. Since D C ANR C R,
AN R is an SM domain by assumption. Also, note that (AN R)s C Ag = A
and S C AC Rg;so (ANR)s = A. Thus A is an SM domain [19, Proposition
4.7).

(2) Note that D[X] is an SM domain by Theorem 2.1(2) and (6) and Corol-
lary 2.4 and (D[X])"9 = D¥9[X]y, by Corollary 2.6. Thus (D[X], D"9[X]n,)
is an SM domain pair.

(3) Let A be a t-linked overring of D such that A C R. Then A[X] is t-linked
over D[X] [8, Lemma 1.6] and A[X] C R[X]. Hence A[X] is an SM domain
by assumption, and thus A is an SM domain by Theorem 2.1(6) and Corollary
2.4. Thus (D, R) is an SM domain pair.

(4) Let T be a t-linked overring of D such that 7' C R; then D[X]y, C
TX]n, € R[X]n,. Note that each maximal ideal of D[X]y, is a t-ideal;
so T[X]y, is t-linked over D[X]y,, and hence T[X]y, is an SM domain by
assumption. Let N,(T) = {g € T[X]|(c(¢9)T)" = T}, then N, C N,(T) since
T is t-linked over D, and so T'[X]n, () = (T[X]n,)n,(r). Hence T[X]y, (1) is
an SM domain [19, Proposition 4.7], and thus T is an SM domain [3, Theorem
2.2]. O
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