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SINGULAR CASE OF GENERALIZED FIBONACCI AND
LUCAS MATRICES

MARKO MILADINOVIC AND PREDRAG STANIMIROVIC

ABSTRACT. The notion of the generalized Fibonacci matrix .F,(la’b’s) of
type s, whose nonzero elements are generalized Fibonacci numbers, is
introduced in the paper [23]. Regular case s = 0 is investigated in [23].
In the present article we consider singular case s = —1. Pseudoinverse

71)

of the generalized Fibonacci matrix J:T(La’b’ is derived. Correlations

between the matrix J:T(La’b’fl) and the Pascal matrices are considered.

Some combinatorial identities involving generalized Fibonacci numbers
are derived. A class of test matrices for computing the Moore-Penrose
inverse is presented in the last section.

1. Introduction

Let C be the set of complex numbers, C™*" the set of m X n complex
matrices, and C**™ a subset of C"™*" consisting matrices of rank r: C"*" =
{X € C™*"| rank(X)=r}. By AT we denote the Moore-Penrose inverse of A,
i.e., the unique matrix A" satisfying [4]

AATA = A, ATAAT = AT, (AAT)* = AAT, (ATA)* = ATA,
where the superscript * denotes conjugate and transpose: A* = ZT.

There are well known various methods for computing the Moore-Penrose
inverse (see for example [4], [26]). The most commonly implemented method
in programming languages is the Singular Value Decomposition (SVD) method,
that is implemented, for example, in the “pinv” function from Matlab, as well as
in the standard MATHEMATICA function “Pseudolnverse” [8], [28]. This method
is very accurate, but time consuming when the matrix is large [4], [8]. Other
well-known methods are Greville’s algorithm, the full rank QR factorization
by Gram-Schmidt orthonormalization (GSO), and iterative methods of various
orders [4].
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Grevile in [11] proposed a recursive algorithm which relates the Moore-
Penrose pseudoinverse of a matrix R augmented by an appropriate vector r
with the pseudoinverse RT of R. A generalization of this statement, which is
applicable to rational matrices and its implementation in the package MATHE-
MATICA is presented in [24]. In the present paper we use this implementation
in the pseudoinverse computation.

The Fibonacci numbers {F, }5°, are the terms of the sequence 0,1,1,2,3,5,
..., where each term is the sum of the two preceding terms, and we get things
started with 0 and 1 as F and Fj. You cannot go very far in the lore of
Fibonacci numbers without encountering the companion sequence of Lucas
numbers {L,,}52,, which follows the same recursive pattern as the Fibonacci
numbers, but begins with Ly = 2 and L; = 1. The sequence of Lucas numbers

is therefore 2,1,3,4,7,.... We also observe so-called generalized Fibonacci
numbers, {F,Sa’b) 122, which satisfy the same recursive formula Ffli’g) = Frgi’l{) +
F,S“’b), n = 0,1,..., but starting with arbitrary initial values Féa’b) = a and

Fl(a’b) = b, (see for example [18], [16], [25], [19, Chapter 7]).
The nxn Fibonacci matrix F, =[f; ;] (,j=1,...,n) is defined by [20]:

) Fijta,
(1.1) ﬁd‘{a i—j+1<0.

The inverse and Cholesky factorization of the Fibonacci matrix are given in
[20]. The relations between the Pascal matrix and the Fibonacci matrix are
studied in [21].

As an analogy of the Fibonacci matrix, the n x n Lucas matrix £, =
(i;] (3,5 =1,...,n) is defined in [32]:

_ Li*j+1> i _J > 03
(1.2) lij = { 0, i—j<O.
In the paper [22] the author investigated the inverse and Cholesky factor-
ization of the matrix U,, with entries

o _ ) Uiy, 1—j+120,
(1.3) %0_{0, i—j+1<0,

where U, is the non-degenerated second order sequence U, 11 = AU, + BU,_1,
d = VA% 4+ 4B real, and where A, B,U; are integers and Uy =0 (i.e., A = B).
In [22] the author also generalized these results to r-order recurrent sequence
satisfying Uy = U_1 = --- = Uy_,, = 0, U; arbitrary.

Notions of Fibonacci and Lucas matrix are included in the following defini-
tion from [23].

Definition 1.1. Let F*” be the n-th generalized Fibonacci number, where
the starting members of the Fibonacci array are Fy = a and F; = b, and
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where a,b € C. The generalized Fibonacci matrix of type s and of the order n,
denoted by F\" = [fi"], is defined by

(a,b) .
(14) gt =8 D TTIESZ0 i,
J 0, 1—j+5<0
Example 1.1. The 6 x 6 generalized Fibonacci matrix of type —1 is equal to
0 0 0 0 0 0
a+b 0 0 0 0 0
Flab-1) _ a+2b a+b 0 0 0 0
6 | 2a+3b a+20 a+b 0 0 0
3a+5b 2a+3b a+2b a+0d 0 0
5a+8b 3a+5b 2a+3b a+20 a+b 0
‘We observe that ]—"ff’b’_l) is a strictly lower triangular Toeplitz matrix, and

therefore it is singular. Toeplitz matrices are matrices having constant entries
along their diagonals. This structure is very interesting in itself for all the rich
theoretical properties which it involves, but at the same time it is important
for the dramatic impact that it has in applications. Toeplitz matrix arises in
scientific computing and engineering, for example, image processing, numerical
differential equations and integral equations, time series analysis and control
theory (see, for example [6], [17]). Toeplitz matrices arise quite naturally in
the study of discrete time random processes. Covariance matrices of weakly
stationary processes are Toeplitz and triangular Toeplitz matrices provide a
matrix representation of causal linear time invariant filters [10]. Toeplitz ma-
trices are also closely connected with Fourier series, because the multiplication
operator by a trigonometric polynomial, compressed to a finite-dimensional
space, can be represented by such a matrix. In communication theory, a fi-
nite duration impulse response (FIR) filter in discrete-time is constructed for
purposes of linear prediction of a random process X (t). The autocorrelation
matrix of X is found to be a Toeplitz matrix. Also, textbooks go one step fur-
ther in trying to find the optimal predictor coefficients, by taking the inverse
of this matrix. On the other hand, in singular cases, there are a number of
papers which investigate the usual inverse and various generalized inverses of
some Toeplitz-like matrices. The generalized inverse for Hankel and Toeplitz
matrices can be found in [1, 9, 14, 15, 13, 27, 29]. Hartwig and Shoaf [12]
considered the group inverse and the Drazin inverse of singular bidiagonal and
triangular Toeplitz matrices.

We compute the pseudoinverse of generalized Fibonacci matrix fy(la’b’fl), of

type —1, whose nonzero elements are generalized Fibonacci numbers F,(la’b).
Results obtained in [23] include known facts about the generalized Fibonacci
matrices and their properties only in regular cases s = 0 and s = 1. At this
moment we consider matrices .E(la’b’s), s < 0 with a special view on s = —1. A

correlation between the generalized Fibonacci matrix F,(la’b’_l) and the Pascal
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matrix of the first and the second kind is considered in Section 3. An application
of these results is reached in the fourth section, where some combinatorial
identities involving generalized Fibonacci numbers and binomial coefficients
are derived. In the last section we get a class of test matrices for computing
the Moore-Penrose inverse.

2. Generalized Fibonacci matrix of type s = —1 and its inverse

In this section we compute the Moore-Penrose inverse for singular general-
(a,b,—1)
ized Fibonacci matrix F, .
Lemma 2.1. For the generalized Fibonacci numbers F,S“”’), (a # —b) and for
two arbitrary integers i, j satisfying i > j + 2 the following is valid:
(2. 1)

(ap) (a®+ab—b*)(=b)F7~1 b (a.b) )
F . - Fle! Fl)
Z —kHl (a+b)k—it+2 (a+b)2" it * (a+b)

_JJ,»l

Proof. 1t is not difficult to verify the following generalization of the Binet’s
Fibonacci number formula (see [23]):

(2.2) F{* = c1a™ + o8,
where
S 5a + v/5a — 2+/5b . 5a—\fa+2\fb
b 10 P2 10
1-5 1+5
o = . 8= .
2 2
From previous equalities we have
(2.3) af=-1, a+p=1, a—f=—-5.
Let us denote
S DY
F’L k‘+1 k—j+2°
Ml —|— b)k—i

By applying (2.2) and simple transformations, we obtain the following:

it ) ) (—b)k—i-1
I = Z (Cla17k+l+02/317k+1)

k=j+1 W
_ 0@t byt GR (cafa 4 )T ep(a byt f —Blatb)\
S (—byi b (—b)yi—i+2 : b
k=j+1 hmjt1

o atatt) ! . Bla+t) I
Cla2(a+b)]—z—1 1-— (7 3 ) (52[32((1/+ b)]—z—l 1-— (* b )

—pyi—it2 ' a(a+b) —hyi—it2 ’ B(a+b)
(=b)d 1+ (—=b)d 1+T
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After some algebraic transformations we get

B c1042(a + b)j_i_l(_b)i_j + Clai—j+1w+%)2
(b+ aa + ab)(b+ Ba+ Bb)
—c1a?2B(a+b)I = (=b) 7L 4 cpatTITE (af_b)
(b+ aa + ab)(b+ Sa + Bb)
2% (a+b)/ (=) + 625i7j+1ﬁ
(b+ aa + ab)(b+ Ba + Bb)
—effala+ b (=) + e ey
(b+ aa + ab)(b+ Ba+ Bb)

Using identities (b+aa-+ab)(b+ Ba+ b) = —(a®+ab—1b?), (2.3) and grouping
similar members using (2.2) we have that the following is valid:

(a+ P (DY 4 e FOTL + (a0 D) T R — g R

_ (a+b)2 " i—3+ at+b”i—j
—(a®+ ab —b?)
b (a,b) 1 (ab)
_ " ficin T et
(a? + ab — b2)
Finally, from
i—1 2 2 k—j—1
(ap) (@ +ab—1b")(=b) 2 2
> FNL @ T = (a®+ab— ")
k=j+1
we complete the proof. O

Lemma 2.2. Forn x n matriz X" = [z ;] defined by

o a®+ab—b2 L .
—(=byITL ) (>, i#n, A

a+2b L
(24) T = _1(a+b)2’ (Z =71 Z.¢ {1,?’1})
atb i+1=j
0, otherwise,

the following is valid
(25) Fiebmh xiet = v,
where Vy, = [v; ;] is n x n matriz given by

1 (=g A1)
’Ui,j:{ 07

otherwise.

Proof. Let > p_, fi(jc’b’fl)xk’j = v;;. First we want to prove that v; ; = 0,
i # j. Obviously v; ; =0, i < j.
In the case i = j 4+ 1 one can verify the following:

1 a+2b

Vil = mfjJrLj*l_mfjnLl,j
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1 (a,b) a+2b (a,b)
F — Fy™

a+b? (a+0)?

a+2b B a—+2b

(a+b) (a+Db)

= 0.

When i > j + 1 applying the results from Lemma 2.1 we obtain

a+2b (a® + ab — b?)(—b)F—971
Vi, j fz,] 1 sz,J Z fz k—jt2
a+b (a+b) et (a+b)k—J
I ped _ at2b r@p b e L b
= AT A — P
a-+b i—j+2 (a—|—b) i— ]+1 + ( —|—b)2 i—j+1 (a—|—b) =]
L b L @b 1 @b
= . - F -
a+b TITE g ITL gy i
= 0.
Finally, for i = 7 > 1 we have
L @y ot b
ii = fiic1 Tic10 = —— 1) =
Vi = fuiml im0 = 00y T a+tb
It is obvious that v;,; = 0, and the proof is completed. (I

Lemma 2.3. Let X" = [z ;] be nxn matriz defined by (2.4). The following
holds

(2.6) Xéa’b) . ]:T(la,b,—l) -z,
where Z, = [z ;] is n X n matriz given by

1, (i=4j, i#n)
Zi,j = 0,

otherwise.

Proof. The proof can be accomplished in the same way as in previous lemma.
O

Example 2.1. The 6 x 6 matrices Vg and Z¢ are equal to

0 000 OO 10 0 0 0 O
010000 01 0 00O
Vs = 0 01 0 0O Zg— 001 00O
00010 0| 0001 0O
0 0001FO0 000 01O
0 00 001 000 O0O0O

Theorem 2.1. The n x n matriz X,, defined by (2.4) is the Moore-Penrose

pseudoinverse of the matrix ]-'(a =1,
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Proof. Let us denote F,, = fla’b’fl), X, = X,@0=0, Applying results ob-
tained in Lemma 2.2 it is easy to see that

FnknFn = VnFn = Fn.
In the same way using the equality (2.6) from Lemma 2.3 we get
XnFrnXy = Z, X, = X,.

The proof can be easily completed verifying remaining two equations from the
Moore-Penrose inverse definition, using simple representations of matrices V,
and Z, and the fact that they are identical with their conjugate-transpose
matrices. O

In the remaining of the paper we use the following notation FJL(a’b’fl) =

[fTEZ’b7_1)] for the matrix &%~

3. Generalized Fibonacci matrix and Pascal matrices

Various types of Pascal matrices P, are investigated in [2], [3], [5], [7], [30],
[31]. In this section we want to investigate correlation between the matrix
F{**~1 and Pascal matrices. Since rank(F("" ™) = n—1 and rank(P,) = n,
it is not possible to use P, in the usual manner as in [23], [32], [21]. For this
purpose we introduce the following definition of Pascal matrices of type s.

Definition 3.1. The generalized Pascal matrix of the first kind and of the
type s, denoted by pL) [z] = [pgs]) [x]], 4,7 =1,...,n is defined by:

xiij (;:i)a { 7‘7‘ + s Z 07

(s)
3.1 (5)
(3.1) Pizll {0, i—j+s<0.

In the case x = 1 the generalized Pascal matrix of the first kind and of the type

(s)

s reduces to Pascal matrix of type s, denoted by PT(LS) =[p; i, 4,7=1,...,n,

,J
and defined as:
i—1 .
(3.2) p0 = (o) imi+s20,
“J 0, 1—7+s<0.
In the following theorem we define matrix Qr(fl)[x;a,b] = [gg,;l)(x;a, b)],
i,7 = 1,...,n which gives a correlation between the generalized Fibonacci

matrix }",(La’b’_l) and the Pascal matrix Pr(fl)[:c].
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Example 3.1. The 6 x 6 Pascal matrix Péfl)[x] is equal to

0 0 0 0 0 O
z 0 0 0 0 O
’Pé_l) o] = xz 2x2 0 0 0 0
z° 3z 3z 0 0 0
xt 4x® 62?2 4dx 0 O
z° 5zt 102® 1022 5x 0

After we adopt the following two conventions: 0° = 1 and (Z) =0 for k > n,
even in the case k = 0, we are ready to prove the following statements.

Theorem 3.1. The matriz ngl)[x;a, b = [gfgl)(x;a,b)] (x # 0,a # —b),
whose entries are defined by

(3.3)
51 i a+2b i(i—1
x™ [aT—b‘T +1(j—1) - (aib)zm (j—l)_
i—1 (=0 (a2 4ab=b?) (k-1 . .
(P wan=] | Timn EmeE=at ()] (>4 i)
T (i=g, i #n)
0, otherwise
satisfies
(3.4) iVl = A TVG TV asa,b)

Proof. Let us denote F, = F\"" 1, Fi = 71"V p, = P{V[a] and
Gn = y(fl)[x; a,b]. The following hold:
— FiP, = Z.Gn.

Since all the entries of the last row in matrices ]-',Tan and Z,3G,, are equal to 0,
we have Z,G,, = G,, and

Pn=TFuGn = F}\Pu=0Gy.
On the other hand the following is valid:

FiPn =G, = FuFiPp=FuGn
= VP, =FnGn
= Pn=FnGn

Therefore, we get
Pn = FuGn < FiPp =Gy
Hence, it is sufficient to verify

FiPn =Gn.
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It is clear that the last row in both matrices is equal to 0. Also, g;; =
> f;,kpk,j =0 fori<j—1. For i =j we have

1 i
[FiPaliy = Fliapigri = ——a' < ) - T = i

a+b 1—1 a+b
Finally, for i > j, applying the result from Theorem 2.1 we have the following
i—1
["T:'rtpn[x]](i,j) = Z fikpk,j + f;,ipz‘,j + fZ'T,i+1pi+1,j
:j+l
S ol T M
1 ) —
Mt (a+b)? j—1

a+2b ,_.(i—1 1 . i
_ ] i—j+1
@+0)32” (j—1>+a+bJJ (j—l)
. 1 ) 7 a+2b .[i—1
_ —J i+1 _ %
: wa”” (jl) <a+b>2m(j1)
1—1

(=b)F 1?2 +ab—b?) (k-1
2 TR (j - 1)

= Gij
and the proof is completed. ([

The theorem above produces a following result in a partial case a =0, b =1
and x = 1.

Corollary 3.1. Let M,, be the matriz with elements defined by

(L) =200 + sy (DR (00, (>4 i #n)
mi; =1 1, (i=j, i#n)
0, otherwise.
The Pascal matrixz of type —1 and the Fibonacci matriz of type —1 are related
with 77( b~ .7:7(;_1)./\/1”.
Proof. The proof follows from M, = G~ [1 0,1]. O

In the case a = 2, b =1 and z = 1 from Theorem 3.1 we give a corresponding
result for Lucas matrices:

Corollary 3.2. The Pascal matriz and the Lucas matrix satisfy 73( -
Vg [1;2,1], where

. . i—k—1
(Gr) = a0 -5t Se (0)), (>4, i #n)
, (i=3j, i#n)

otherwise.

gV (152,1) =

O wls. Wl

)
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Theorem 3.2. The matrix ”Hgfl)[x;a,b] = [hg;l)(ac;a,b)] (x # 0,a # —b),
whose entries are defined by

(3.5)

i —j—1(i—1 a+2b i—1

r {%“’x ! I(J 2) ~ (aﬁ)ﬂj J(jfl)_

DI (0 fab—b?) _k(i—1 . .
hE;l)(m;a,b) = 4 Zk =j+1 = (a+b)(’“ ER L k(k—l)} s (@>4,#1)
| T (i=3,d #1)

0, otherwise
satisfies
(3.6) P[] = H D[z a, b Fleb—D),

Proof. Similarly as in Theorem 3.1 we have that the following equalities are
identical

P = HnFn < PuF) = Hay.
Hence, it is sufficient to verify
PoFL = Hy.
The proof can be completed in the same way as in the proof of Theorem 3.1. [

The theorem above produces the following result in the partial case a = 0,
b=1and z = 1.

Corollary 3.3. Let N,, be the matriz with elements defined by
i—1 i—1 —i—1(i—1 . ..
(] 2)_2( )+Zk g+1( DFITNGTY), (>4, 5 #1)
Nij = 7’_17 (7’:]7‘7#1)
0, otherwise.
The Pascal matriz and the Fibonacci matriz are related with 737(1_1) = Nn]-](fl).

Proof. The proof follows from N,, = 7—[51_1)[1; 0,1]. O

In the case a = 2, b =1 and = = 1 from Theorem 3.2 we give a corresponding
result for Lucas matrices.

Corollary 3.4. The Pascal matriz and the Lucas matrix satisfy 73( -
. 1)[ ]E( Y where
1 (i—1 4 (=191 i1 . L.
(1) 3(]'72) §( ) - 5Zk =j+1 3k 7Tz (kq)’ (>3, j#1)
hij '(12,1)=q =L (i=j,j#1)
0, otherwise.

The generalized Pascal matrix of the second kind and of the type s, denoted
by @[z] = [¢\7[z]), i, = 1,...,n, is defined by:

itj—2 (i1 .
(.1 PO SR A R
©J 0, 1—j+s<0.
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Theorem 3.3. The matrices
Splz;a,b] = [sij(x;a,b)] and Ty[z,a,b] = [t; j(x;a,b)],

i,7=1,...,n, (a # —b) whose entries are defined by

(3.8)
j i— % a+2b .i—2(i—1
@’ [“%‘bx l(j—l) - (aiz)Qz 2(;’—1)*
i—1 —b) R (a2 4 ab—b2) k—2 (k— .
sij(x;a,b) = _zh:ﬂﬁ( )w+$~$2 )$k2g,b},(z>3,z¢n)
T (i=4j, i#n)
0, otherwise
(3.9)
i j—3 (i—1 a j—2(i—1
x{iﬁxj3Q_ﬁ—-@ﬁ$$]2@_J—
i—1 (=) (a® +ab=b?) k-2 (i1 L
bymab =] Do et IRV
s (i=j. j#1)
0, otherwise
satisfy
Q%_l)[ﬂﬁ] = fT(La’b’_l)Sn[x;a, b],
Qi V2] = Talasa,b)Feb0.
Proof. Similar as the proof of Theorem 3.1. 0

Corollary 3.5. In the case a # —b the matriz g,(f”[—a%b;a,b] is defined by
(3.10)

,b)i—j—l

G [bz (;1,) +bla+2b)((2))—

- (g2 2y (i1 _ L
gCY = ) (a? +ab—b )(( D 1)} > it
RER (i=j, i#n)

0, otherwise

and satisfies
(311 PV [0/(a+ b)) = FetTUGEY [=b/(a+ b)a,b].
Proof. Follows from Theorem 3.1 and the following simple combinatorial iden-

= (2005

k=j+1
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. b . .
Corollary 3.6. The matriz Sy, {—m,a,b} (a # —b) is defined by

G [ () + bla+20) (1) -

(3.12) si, = @) () -1)], G>hin)
~ T (i=j, i#n)
0, otherwise

and satisfies

(3.13) QY [=b/(a+b)] = F* VS, [~b/(a+b);a,b].

4. Some combinatorial identities

In this section we investigate some combinatorial identities involving the
generalized Fibonacci numbers.

Theorem 4.1. Let i,j be positive integers satisfying i > j + 3 and a # —b.
The following is valid

() (o)

(ap) Ui (ab)  bj
H+1( +b)2 9 2(a+b)3

k—j—1 k E—1
(ab) ) 2
+ Z a ’“+17a+b)k — [b <j_1)+b(a+2b)<j_1>

h v (7))

Proof. From (3.10) we derive the following identities:

(=1) b cab _ bi
95,4 _aeraaa = _m7

(-1) b_. _ b JG+1) ‘
91 (—a+b,a,b> = @roe [b 5 + (a +2b)j
bj .
= Sl b+ 2
bj .

Now, the proof can be derived applying the last, and the following identity
i—j
(-1 {_ b ]: (~a%) (D, i-i-1zo,
D; j b .
a 0, 1—j—1<0
together with (3.10), (3.11) and (1.4). O

[2a + (5 + )b
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Theorem 4.2. If i,j are positive integers satisfying i > j+ 3 and a # —b we

have
b =2 e
(5) (20

(a,b) bi _ plab) b2
i—j-‘rl( i—j 2(a+b)2]+1

+0)?
¢ 5 A EUE e (F ) vrar (1)

k=j+2
—(a® + ab — b?) <<k;1) - 1)] .

Proof. From (3.12) we derive the following identities:

I _ b
S]J a+b’a? (a+b)27

b 0¥ T +1) )
Sj+1,j (—a; a, b) CEDE {b 5 + (a+ 2b)]}

— [2a + (54 J)b]

7b2‘j72j )
—b2j_2j '
= W[Qa + (5 +4)b).

Now, the proof can be derived using the last identity, following equality

i+j—2 .
(fl)[b}{ (—aib) ’ (2D, i—j-1>0

v a+b 0, i—j—1<0

as well as (3.12), (3.13) and (1.4). O

Theorem 4.3. For 1 <r <n and a # —b we have
(4.1)

n—1 (a,b) r
:}’—‘7
(r—l) "_H'la—l—b

l a+2b (1—-1
F(ab) _
* Z noltl {a—l—b(r—l) (a+b)2<r—1>

l=r+1
- li (=b)*1(a2 + ab— b?) [k — 1
et (a4 b)i-k+2 r—1)|
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Proof. In the partial case = 1 from (3.3) we get

{#b (1) - (31%72 (G7)-

by =k (a®+ab—b?) (k—1 . .
gf}l)(l;a,b) = Zk =j+1 — (a+b)(i—k+2 )(jq)} ; (i>7, 1#n)
’ a+b’ (Z:j7 Z#”)
0, otherwise.

Now, the proof follows from
n—1 plab) -1)
<r—1> Z E 0 -9, (5 a,b).
In the particular case a = 0, b = 1 previous theorem reduces to:
Corollary 4.1. For1<r<mn

(o) retere 8w, [(1)2( 7)) - £ e ()]

=r+1
Proof. The proof follows directly from Theorem 4.3. (]

5. Test matrices for computing pseudoinverse

In this section we define a set of test matrices for computing the Moore-
Penrose inverse. These test matrices are generalized Fibonacci matrices .F,(La’b’s),
s = —1, defined earlier in this paper, and can be considered as a continuation

of the previous report in [33].

Pseudoinverse of generalized Fibonacci matrices ffla’b’s)7 s = —1 is defined
n (2.4).
0,—1)
Example 5.1. The 6 x 6 matrix ]—"g(a ) is equal to
1
0 s 0 0 0 0
a+2b 1
0~ = 0 0 0
(a®+ab—b?) 2b 1
+(a,b,—1) 0 - (a+0)3 _(Zib)’z a+b 0 0
-7:6 = 0 b(a’+ab—b?) _ (a®’+ab—b?) _ a+2b 1 0
(a+b)4 (a+b)3 (a+b)? a+b
0 _ b%(a’+ab=db?)  b(a®+ab—b?)  (a®+ab—b’) o426 1
(a+b)® (a+b)* (a+b)3 (a+b)? a+b
0 0 0 0 0 0

6. Conclusion

Properties, inverse and combinatorial identities for generalized Fibonacci

matrices in regular cases s = 0 and s = 1 are investigated in [23]. At this

b, . L
moment we consider singular matrices Fo"%), s < 0 with a special view

on s = —1. Instead of the usual matrix inverse, we use the Moore-Penrose
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pseudoinverse. We compute the pseudoinverse of generalized Fibonacci matrix

}',(La’b’_l). Using these results, a correlation between the matrix fé“’b’_l) and
the Pascal matrix of the first and the second kind is derived. Later we get some
combinatorial identities involving generalized Fibonacci numbers and binomial
coefficients. A class of test matrices for computing the Moore-Penrose inverse
is given.
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