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OBSTRUCTION FOR THE EXISTENCE OF
A PARALLEL VOLUME FORM

HeeE-KyuNGg CHO, DAEYONG KiM, AND HYUK KiM*

ABSTRACT. For a manifold with a linear connection, we find an obstruc-
tion class to have a volume form parallel with respect to its connection
which corresponds to the Chern-Simons secondary invariant in the frame
bundle of the manifold.

1. Introduction

Let P € I*(G) be an invariant polynomial of a Lie group G, namely a
symmetric multilinear map P : g X --- X ¢ — R which is invariant under the
adjoint action of . Then given a connection w € A'(E;g) on a principal
G-bundle 7 : E — M over a manifold M, we can define its curvature 2 €
A?(E;g) as Q = dw + [w,w] and by composing Q¥ with P, we obtain a 2k-
form P(QF) on E. Chern and Simons constructed an explicit (2k — 1)-form
T P(w), called now as the Chern-Simons form, such that dT'P(w) = P(QF). In
the case of E = O(M), the orthonormal frame bundle over M, they showed
that as a secondary class, namely when P(QF) = 0, [TP(w)] € H*~1(E,R)
is a conformal invariant ([1]). In the case k¥ = 1,P := tr and E = F(M),
the linear frame bundle over M, for a given connection w on F(M), we find
a class [7] € HY(M,R) as a secondary class on M when trQ = 0, satisfying
[r*7] = [trw] = [TP(w)] € H'(E,R). This class [r] can be in fact described
geometrically as an obstruction for the existence of a parallel volume form with
respect to w.

For an orientable manifold with an affine connection, an obstruction class
in Cech cohomology for the existence of a volume form parallel with respect to
the connection was first obtained in [2]. The class is found in an analytic view
point by solving a differential equation globally that turns out to be equivalent
to parallelism of a volume form. To understand the class in a geometric view
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point, we find the corresponding class in the de Rham cohomology in several
different aspects and then also in the simplicial cohomology for the case of a
flat affine manifold.

This paper is organized as follows. In Section 2, we observe that to have a
volume form parallel with respect to a given connection is equivalent to solving a
differential equation involving the connection form considered in [2]. In Section
3, we find the de Rham cohomology class corresponding to the Cech cohomology
obstruction class. In Section 4, we show the obstruction class corresponds to the
Chern-Simons secondary class and find a relation between it and the holonomy
group of the linear frame bundle. In Section 5, we interprete the de Rham
cohomology obstruction class in the setting of affine differential geometry. In
fact we describe the obstruction to the existence of a volume form parallel with
respect to a given connection using a 1-form known as Koszul 1-form ([6]),
and show that this Koszul 1-form corresponds our de Rham obstruction class.
In Section 6, we find a simplicial cohomology class corresponding to our class
especially in the flat affine manifold case, and show that this corresponds to
the well known class in the theory of affinely flat manifolds.

2. Obstruction for a parallel volume form

For an orientable n-manifold M, F(M) can be considered as a principal
fibre bundle £ = P(M, Q) with structure group G := GL(n,R). Now for
E, we choose an open covering {U,} of M and get a local trivialization 1, :
7 Y Uy) = Uy x G defined by u +— (7(u), pa(u)) for a map ¢, : 7 1(Uy) —
G, pa(ua) = @ (u)a for a € G, each . Then we can define transition func-
tions Yap : Uy NUg — G defined by = — ¢q(u)(pp(u))~ ', m(u) = z such
that for a section o, on U, defined by o,(z) := ¢, (x,¢e), where e is the
identity of G, os(z) = oa(x)as(z) (see [5, p. 51]). In fact, we can put

Oq = (%,..., E)ig ,08 = (%""’%ﬁ) for local charts (Uq,za), (Us, z3)

and then since og = 0, gza , Yap = (g%) =: Asp. A connection
s nxn T8 ) nxn

in F(M) is called a linear connection of M. Let V be a linear connection on
M. Denote the connection 1-form of V by w. Define a g-valued 1-form w, on
Uy by we = clw. For x € U, NUg, since 05(x) = 04(x)Aas(z), we can get
wp = Ada, ;)1 Wa + (Aap) tdAqp and hence

(1) trwg = trwy + dlog(det(Aqng)).

Now we consider an equation which is related to the existence of V-parallel
volume form on M.

Proposition 2.1. There exists a local solution G, on U, of an equation

(2) dG = trw,

if and only if p = exp(Gy)dxl Adx% A--- Adz? is V-parallel volume form on
U,.
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Proof. Take a local chart {zl,... 2%} on U, and put X; = a T for 1 =

1,2,...,n. Then u = exp(Gy)dzl A dx% A --- A dz? on U, for some func-
tion G¢. Thus

(Vxm)(X1,.. ., Xp) = Vx (u(X1, ... X)) = > (X1, ., VxXi, o, X)

ZVXGXP(GQ)—Z (Xl,.. Zwal ,Xn>
X(exp(@ zwm ) exp(G)

d(exp(Ga))(X) — tr(wa (X)) exp(Ga)
dGo(X) exp(Ga) — tr(wa (X)) exp(Gq)
= (dG

= (dG

a(X) = tr(wa(X))) exp(Ga)
— tr(wa))(X) exp(Ga). 0

A necessary and sufficient condition to solve the equation (2) locally is tr Q =
0 since tr Q = tr(dw) = dtrw, where Q is the curvature form of V. Under the
assumption that tr2 = 0, an obstruction class for the global solvability of
the equation (2) in terms of the Cech cohomology is considered in [2]. The
equation is solved globally if and only if the obstruction class vanishes. From
now on, we call it the “V-parallel volume obstruction class” or simply “parallel
volume obstruction class” if the given connection V is well understood. Choose
a local solution G, of dG = trw, on each U,. Then on U, NUg, Gg — G,
log(det(Aqap)) is constant by (1). We denote this constant by c,s as in [2].
Then [{caps}] is the parallel volume obstruction class in H'(M;R).

3. Obstruction class in the de Rham cohomology

Given a linear connection V on M with trQ = 0, take a partition of unity
{fa} subordinate to {U,} on M. Consider a 1-form

T‘Ua:trw(H- Z d(fylogdet(Aay)) on U,.

UaNU., #0
On U, NUg,
7]y, ~7ly, = {trea + > d(fylogdet(Aqs))}
UaNU~#0
—{trwg+ > d(f,logdet(Ag,))}
UﬁﬂUa,#@

=trwy — trwg + Z d(fy(logdet(Aqy) —logdet(Agy)))
UaﬂUgﬁU.ﬁé@
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=trwy — trwg + Z d(fylogdet(Aqp))
UaNUgNU~#0

=trwy — trwg + d(logdet(Aqyp)) =0 by (1).
Hence 7 is a well-defined 1-form on M. And since dr = d(trw,) = d(tr(cliw)) =
o2(d(trw)) = o5 (trQ) = 0, [1] € Hlpuam(M; R).
Proposition 3.1. [7] € Hj pp.m(M;R) is independent of the choice of the
partition of unity.
Proof. Take another partition of unity {f/} and define 7" as above. Then

(r— T/)|Ua = {trw, + Z d(fylogdet(Aay))}
UaNU~#0

—{trwa+ ) d(f;logdet(4ay))}
UaNU~#0

> d((fy — f})logdet(Aay))

UaNU,#£0

—d( > (fvfé)logdet(Am))

UaNU,#0

To complete the proof, it is sufficient to show that
Z (fy = f:,) log det(Aas)
UaNU.,#0

is in fact a well-defined global function. On U, N Ug, we have
Z (fy — f'/y) log det(Aay)

UaNU~,#0
= Y (- £ logdet(4q,)
UaNUgNU~#D
= Y (s = F)(ogdet(Aqp) +logdet(Ag,))
UaNUgNU-,#0
= Z (fy — f;)logdet(Aaﬁ) + Z (fy — ffy)logdet(A/gv)
UaNUgNU,#0 UgNU,#0
= log det(Aaﬁ)< Z fy— Z f:,)
UaNUgNU~L#0 UaNUgNU~,#0
+ Z (fy = f’/y) log det(Ag,)
UﬁﬁU,y?f@
= > (fy— f})logdet(Ag,).
UﬁﬂUa,?é@

Hence [7] = [7']. O
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Theorem 3.2. [7] € Hj o (M;R) is the parallel volume obstruction class.

Proof. Since dr|y, = d(trw,) = 0, there exists G, on U, such that trw, =
dG,. Then

Tl =dGat D fylogdet(Ady)),
Ua MU #0

T’UB:d(GB"'_ Z [y logdet(Ag,)),
UﬁﬂU’y;ﬁ@

(Gs + Z fylogdet(Agy)) — (Ga + Z fylogdet(Aay))
UpgNU#0 UaNU~#0

=G — Gq — logdet(Ang) = cap.

So [7] € H} gpam(M;R) corresponds to [{cag}] € H(M;R) by the de Rham
isomorphism ([4, p. 226]). O

When [7] is trivial, i.e., 7 = dg for some function g on M, consider the
volume form

dV = exp (g - > fylog det(A(w)) dzl Ao Adah,
UaNU, 20
It is easy to show that this volume form is a well-defined global form by similar

computation as before. Also note that d(g — Z f+log det(Aaﬁ,)) = trwg

UaNU,#0
clearly holds by the definition of 7. Hence it is parallel with respect to V by
Proposition 2.1.

4. A secondary class and a relation with the holonomy group
Proposition 4.1. 7*(trw,) + dlog|det p,| = trw on 771 (U,).
Proof. By (1), since
T (trwg) = T (trwy) + mdlog | det(Anpg)| = 7 (trwy) + drn*(log | det(Aqp)l)
=" (trwy) + dlog |det(Aap o )| = T (trwy) + dlog | det(goagoglﬂ

det g,

% —1 %k
= T"(trwa) + dlog|det v, det(py )| = 7 (trwa ) + dlog det 05

= 7" (trwy) + dlog| det .| — dlog | det @3],

m*(trwg) + dlog | det pg| = 7*(trwy) + dlog|det po| on 71 (U,) N w1 (Ug).
Thus a 1-form on the principal bundle F'(M) which is locally expressed by

T (trwy) + dlog | det 4| on 71 (Uy)
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is a well-defined global 1-form on F(M). Now let X = hX +vX be any vector
field on F'(M), where hX and vX are the horizontal part and the vertical part
of X respectively. Then for u € F(M),

(m*(trwgy) + dlog | det u|)(Xu)
(tr((0a o m)*w) + dlog | det @ul)(Xu)
= tr(w((ga 0 1) Xu)) + tr((¢a () ™ (PauXu))
(3) = tr(w((v((0a 0 m)uX))ou)) + t1((Pa(w) T (Par((AX)u + (0X)u)).
On the one hand, since m = w0 (04 0 7), hX = h((04 0 7). X) and so
o ((hX)) = G (h((0a 0 T)a X))
And since (py 004 07)(u) =€, a,((0a o) X) =0 and then
Pai (h((0a 0 1) X) oy (2)) = —Pax((v((0a 0 1) X) o (2))-

On the other hand,

(a ()™ (Pax(WX)u) = Yas(VX)oy ) = W(Par(VX)on()n) = W(WX)u).
Then (3

) equals to
tr(@((V((0a © 1)eX))on)) + t1((0a(0a(@))) ™ s (A((0a 0 ™)Xo ()
+ tr((pa(w) ™ pa. (0X)u))
tr(@((V((0a © 1) X))ou)) = 1((0a(0a(@))) ™ s (0(Ta © 1) X) g, @)
(
(
(

+tr(w (VX))
= tr(w((v((7a 0 1)« X))o,(,))) — tr(w((v((0a 0 M) X))o, (. )) + tr(w(Xu))
= tr(w(Xu)). O
Proposition 4.2. [7*7] = [trw].
Proof. On 7=1(U,),
T —trw = 7" (1) — (7" (trwy) + dlog | det w4 )

= Y 7d(fylogdet(Any)) — dlog| det @a|
UaNU,#£0

— d< Z
UaNU~#0

Now it is sufficient to show that >y ;g 7" (fy logdet(Aqay)) — log|det ¢q|
is a well-defined global function on E. On 7= (U,) N7~ (Ug),

{ Z ﬂ*(fylogdet(AO,,))—10g|det<pa}
UaNU~#0

(¥

U[-xﬁU,y?f@

7 (fylog det(Aq)) — log | det cpa> .

7*(fy logdet(Ag,)) — log | det <p,3|}
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= Z " (fylogdet(Aqnp)) — (log | det po| + log | det <p51|)

UaNU5NU,#0
= 7" (log det(Aqap)) — log| det(gpago[;l”
= logdet(Ayp o) —logdet(Aqp om) = 0. 0

Now by computing the volume obstruction, we can get the following result.

Theorem 4.3. [7] = 0 if and only if the linear holonomy group is contained
in SL(n,R).

Proof. For a point u in E, take a loop p in M based at m(u). Then there exists
a unique horizontal lift p* of p which starts from w. And

/ trw= / Y {tr(mwa) + d(og | det pal )}
=Y [ wtwa) + Y [ dios]dettoa))
= 3" [ tr(wn) + log | detlipa (" (1))] - log | det(ia (" (0)

S ([t s 3 [ agsioslaetvon))

UaNUg#0 " P
+ log | det(pa(ug))| — log | det(pa(u))]

:/Z{tr(wa)Jr Z d(fslog | det(Yap)|) }

UaNUg#0 " P
+ log | det(pa(u)g)| — log | det(pa(u))]

= /7’ + log | det(pq(u)) det g| — log | det(wq (w))]

:/T+log|detg|,
P

where ¢ is the element in the holonomy group corresponding to p. However,
since w = 0 on p*, 0 = pr + log | det g| and thus pr = —log|det g|. Hence
[7] = 0 if and only if |det g| = 1. O

Corollary 4.4. A connection V has a parallel volume form if and only if
tr 2 = 0 and the linear holonomy group of V is contained in SL(n,R).

5. Parallel volume obstruction class using Koszul 1-form

For a linear connection V with tr {2 = 0 given on an orientable n-dimensional
manifold M, let u be a volume form. Define a 1-form 6, as Vxp = 0, (X)p
for all X € I'(TM). Take a local chart {z',... 2"} and let u = exp(G) dz! A
dz? A --- Ada™ and put X; = % for i =1,2,...,n. Abusing the notation, let



1336 HEE-KYUNG CHO, DAEYONG KIM, AND HYUK KIM

w and 2 be the corresponding connection and curvature forms. Then as in the
proof of Proposition 2.1,

(V) (X, -, Xn) = {dG(X) — tr(w(X))} exp(G).
On the other hand,
O, (X)) (X1, Xp) =0, (X)p(Xq, ..., X,) = 0(X) exp(G).
Thus locally,
0, =dG —trw.
And since df, = d(dG — trw) = —dtrw = —trQ =0, [0,] € H} gpam(M;R).
For another volume form v = exp(F)u,
Vxv = Vx(exp(F)u) = d(exp(F))(X)p + exp(F)8,(X)p
=0,(X)v =0,(X)exp(F)p.
Then 0, = 0, + exp(—F)dexp(F') = 0,, + dF and thus [0,] = [6,]. Hence for
any connection V with trQ = 0, 6y := [6,,] for some volume form p on M is

well-defined and we can get easily the following result equivalent to the one
obtained in [2].

Theorem 5.1. For a linear connection V with tr ) = 0 given on an orientable
n-dimensional manifold M, 0y = 0 if and only if there exists a V-parallel
volume form. In this case, such parallel form is unique up to constant.

Proof. (=) 0y = [0,] = 0 for some volume form p on M. Then 6, = dF for
some function F. Now define v = exp(—F)u and we show that this form is
V-parallel.
Vo = Vx(exp(~F)) = diexp(—F))(X)p + exp(—F) Vi
= —exp(—F)dF(X)p + exp(—F)dF(X)p
=0 forall X e '(TM).
(<) Let p be a V-parallel volume form. Then 6, = 0 and hence vy = [6,] =0

If i = exp(F’")p is another parallel volume form, then we have 0 = 6, =
6, + dF’ = dF'. Hence such form is unique up to constant. O

Proposition 5.2. For a linear connection V with trQ = 0 given on an ori-
entable n-dimensional manifold M, 6y € H'(M;R) is the V-parallel volume
obstruction class.

Proof. In fact,
T|Ua =trw, + Z d(fylogdet(Aa~))
UaNUL#D

=trwa —dGo +dGo+ Y d(fylogdet(Aq,))
UaNU~#0
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=0, + d< Z f1(Go +log det(AM))),

UaNU~#0

where i, = exp(Gy)dal A -+ Adz? on U,. Then

(03

Ty +0e = d< > £(Ga +logdet(AM)))

UaNU,#0

= d( Z fy(Ga +logdet(Aqy) + cM)).
UaNU~#0

Recall cop = Gg — G — logdet Ayp is a constant. And on U, N Ug, since

. (G +logdet(Agy) + cpy)
UaﬁUﬁﬁU.ﬁé@

— Z f+(Ga +1logdet(Aay) + cary)
UaNUgNU~#0

= Z f4(Gg = Go — log det(Aqy) — log det(Ayg) + cayy — Caro)
UaNUgNU., #0

= Z f+(Gp — Go —logdet(Aap) + gy + Cypa)
UaﬁUﬁﬂU»y;é(D

= Z f"/(caﬁ +Cpy + C’Yoa) =0,
UaNUgNU~#D

ZUQQUﬁé@ fy(Ga+logdet(Aqny)+cary,) is a global function. Notice that cqp =
—Cga and cap + gy + ¢yq = 0 hold from its definition. And thus [r +6,] =0
and hence [7] = [-0,] = —0v. O

6. Parallel volume obstruction class on affine flat manifold

Let M be a n-dimensional manifold with a flat affine structure. D is a
developing map from M, the universal covering of M, into R™. A triangulation
K of M can be lifted to a triangulation K of M. Take a dual complex of
K (See [3, pp. 80-81]). For each dual 1-simplex (ab) of M, we choose the
developing image of a lifting (ab) of (ab). Then the image is contained in the
union of two n-simplices Az and Aj; with common side such that Az and A;
are the developing images of liftings of each n-simplices a and b. Under an
affine transformation, the ratio of the volumes of two n-simplices is preserved.

So we take a map ¢ defined by (ab) — log (‘V’zllgﬁ‘;;) Since

o((ba)) = tog 2

¢ is a 1-cochain in M.

)wmw,
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Let (ag,...,ax) be a dual 2-simplex which has 1-faces (apa1), (a1a2),...,
(agagp). Since (agai)+(a1az)+---+(arag) is a trivial loop in M, the developing
image of its lifting (apa1) + (ar1az) + - - - + (arao) is also a loop.

do((ag,ai,...,ar)) = &((apar) + (ar1az2) + (akao))
=0.

Hence, ¢ is a 1-cocycle.
Theorem 6.1. [¢p] € H'(M;R) is the parallel volume obstruction class.

Proof. Let p = (zox1) + (z122) + -+ - + (m@0). Then a lifting of p is (Zoz1) +
(m) + o+ (T Tm)-

o(p) = log<m> +log<m> 4+ +10g<\:)(1)(1(£;"3))
= log(vol(Az,)) — log(vol(Az,,.,))- h
A-

#ms1 18 the image of Az by g in the holonomy group corresponding to p. So
vol(Ag,.,,) is equal to |det g|vol(Az,). Hence

¢(p) = —log| det g|.

Now the proof follows from the computation in the proof of Theorem 4.3. [

Remark 6.2. Using linear holonomy, we obtain a homomorphism of 71 (M) to
GL(n,R). Consider the composition of this homomorphism with —log|det| :
m (M) — GL(n,R) — R. Since R is abelian, this map induces a map from
Hi(M) into R. Then it is an element in H!(M;R), and is exactly same as ¢
by Theorem 6.1. When [¢] is trivial, the volume is determined up to constant
multiple by the volume of the developing image of a lifting. As an example,
consider a Z X Z = {«, ) action on the real plane R x R defined by a(z,y) =
(x+sty+ 1,y +s) and B(z,y) = (z + ty,y + 1) for any real number s and ¢.
Then it gives a flat structure for the same torus. Indeed « is represented by

(é L:l)t i) and (8 by (0 1 (1)) as an element of Aff(2,R). So the linear holonomy

group is contained in SL(n,R). By Theorem 4.3, the volume obstruction is
trivial. Actually, dx A dy is a parallel volume form. Take u and v in C such
that |ul,|v] > 1, and «™ # o™ for any m,n € N. Let Z x Z = (v,0) acts
on C by v(z) = uz and §(z) = vz. Then it gives a flat structure for the
affine torus. The element in the holonomy group corresponding to ~ and §
respectively is (5; 7;12) and (v2 j}l’z) as a real linear map, where u = u; + tug
and v = vy + ivy. Their determinants are |u|? and |v|> which cannot be equal
to 1. So the volume obstruction is not trivial and hence this structure doesn’t
have a parallel volume form.
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Remark 6.3. Let Vg be a metric connection coming from a metric gy over M.
Then any connection V on M has a form Vo + « for some a € I(T*M ®
T*MQTM). And Q=dv+wAw=Q +da+aANa+wAa+aAw. Thus
{(V=Vo+a|trQ=0}2{acT(T*MT*MTM)| trais closed } =: S is
a vector space. Now define 0 : S — H'(M,R) by a — [0(a)] = [~ tra] = Oy.
Then 6 is linear and K := kerf = {a| tra is exact }. Moreover we have
M C K C § for the set M of metric connections over M. Note that 6 is
onto since if 3 is a closed 1-form on M, then § = tra for « := %BIn. Hence
S/K = HY(M,R).
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