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MEROMORPHIC SOLUTIONS OF SOME
¢-DIFFERENCE EQUATIONS

BAOQIN CHEN AND ZONGXUAN CHEN

ABSTRACT. We consider meromorphic solutions of g-difference equations
of the form

D ai(2)f(@72) = anta(2),
=0

where ag(2), ..., an+1(2) are meromorphic functions, ag(z)an(z) #Z 0 and
g € C such that 0 < |g| < 1. We give a new estimate on the upper bound
for the length of the gap in the power series of entire solutions for the
case 0 < |¢| < 1 and n = 2. Some growth estimates for meromorphic
solutions are also given in the cases 0 < |¢g| < 1 and |g| = 1. Moreover, we
investigate zeros and poles of meromorphic solutions for the case |q| = 1.

1. Introduction and main results

Recently many papers (see [1-4, 6-10, 13]) focused on complex difference
equations and g¢-difference equations. Many meaningful results have been ob-
tained. In this paper, we are concerned about meromorphic solutions of ¢-
difference equations of the form

(1.1) D ai(2)f(¢'2) = anta(2),
j=0

where ag(2), ..., an+1(2) are meromorphic functions, ag(z)a,(z) Z 0 and ¢ € C
such that 0 < |¢| < 1. Throughout this paper, we assume that the reader is
familiar with the standard notations and the fundamental results of Nevanlinna
theory (see [11, 14, 18]). In addition, we use p(f) to denote the order of
growth of the meromorphic function f(z), and A(f) to denote the exponent of
convergence of zeros of f(z).

We firstly recall a result proved by Bergweiler, Ishizaki and Yanagihara in
[3].
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Theorem A ([3]). Let ag(z),...,ant+1(2) be polynomials without common zeros
and 0 < |q| < 1. Suppose (1.1) possesses a transcendental entire solution f(z).
Then there is some j, 1 < j <n, such that degap(z) < dega;(z).

In a recent paper [5], we gave estimates on the upper bound for the length
of the gap in the power series of entire solutions of (1.1). In fact, we proved
the following results.

Theorem B ([5]). Let 0 < |q| < 1 and a;(z) = bjz%, j = 0,...,n where
bj are constants, d; are nonnegative integer numbers such that bob, # 0, and
let any1(2) be a polynomial. Suppose that (1.1) has a transcendental entire
solution

(1.2) f(z) = Zavkz”" (aw,, # 0 are constants).
k=0

Then there is some kg > 0 such that for any k > ko,

Vg1 — Vg < o nax |d; — d;].
Theorem C ([5]). Let 0 < |¢| < 1 and ag(2),...,ant1(2) be polynomials.
Suppose that (1.1) has a transcendental entire solution denoted by (1.2). Then
there is some ko > 0 such that for any k > ko,

Vg1 — vk < max{dega;:j=0,...,n}.

In what follows, we say f(z) =Y oo, ax, 2™ (a, # 0 are constants) has a
Fabry gap (see [12]), if
n

— = 0 (n — ).
n

Corollary D ([5]). Let 0 < |q| < 1 and ag(z),...,an+1(z) be polynomials.
Suppose that (1.1) possesses a transcendental entire solution f(z). Then f(z)
must not have a Fabry gap.

We improve Theorem B for the case n = 2 here by proving the following
result.

Theorem 1.1. Let 0 < || < 1 and a;(z) = b;z%, j = 0,1,2, where b; are
constants, d; are nonnegative integer numbers such that bobs # 0, and let az(2)
be a polynomial such that as3(0) # 0. Suppose that

(1.3) a(2) f(¢*2) + a1(2) f(g2) + ao(2) f(2) = aa(2)
has a transcendental entire solution denoted by (1.2). Then there is some ko > 0
such that for any k > ko,

Vg1 — Uk < max |d; — do.
j=1,2
Next, we recall some results in the case that 0 < |g| < 1 and the coefficients

ap(2),...,an+1(2) are not all rational functions. Theorem E below follows from
Theorem 3.5 and Corollary 3.6 in [13].
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Theorem E ([13]). Suppose that the coefficients ag(z), ..., ant+1(z) in (1.1) are
meromorphic and of finite order < p and 0 < |q| < 1. Then all meromorphic
solutions of (1.1) are of finite order < p. In addition, if p(ant1) > p(a;) for
all 5 =0,...,n, then p(f) = p(ant1).

The following two special cases of the coefficients ag(z),...,an+1(2) were
investigated in [5].

Case 1: a;j(2) = Pj(2)ePi* + Q;(2), 7 =0,...,n+ 1, where p; = dje?, 6 €
[0,27), Pj(2), Q;(z) are meromorphic functions with max{p(P;), p(@;)} < 1
and there is some s € {0,...,n + 1} such that d; > max{d; : j # 5,0 < j <
n+ 1}

Case 2: a;(z) = Pj(2)eP* +Q;(2)e” %%+ Cj(z), j = 0,...,n+1, where p;,
q; >0, Pj(z), Q;(2), C;j(#) are meromorphic functions with max{p(F;), p(Q;),
p(C;)} < 1 and there is some s € {0,...,n + 1} such that P;(2)Qs(z) #
0, psqs # 0 while Py(z) = -+ = Ps_1(2) = Psy1(2) = -+ = Ppy1(2) =0, or
Qo(2) =+ = Qs-1(2) = Qst1(2) = -+ = Qny1(2) =0.

Theorem F ([5]). If0 < |g| < 1 and the coefficients of (1.1) satisfy any one of
Cases 1 and 2 listed above, then each non-zero meromorphic solution of (1.1)
is of order p(f) = 1.

Some cases similar to Case 1 had been investigated in [13] and some mean-
ingful results were proved. We find that there always exists some dominating
coefficient in all these considerations. As a continuation, we give the following
result which is a generalization of Theorem F.

Theorem 1.2. Suppose that the coefficients ag(2),...,ant1(2) in (1.1) are
meromorphic and of finite order < p and 0 < |q| < 1. If for any given € > 0,
there exist somel, 0 <1 <n+1, and an unbounded domain D C C, such that
forall z € D,
la;(2)| > exp{ar’=¢},
la;(2)] <exp{Brf~¢}, j=0,1,...,01-11+1,...,n+1,

where o > B > 0 are positive real numbers, then each non-zero meromorphic
solution of (1.1) is of order p(f) = p.

To describe the growth of entire solutions more precisely, we consider its
type and prove the following results.

Theorem 1.3. Let 0 < |q| < 1 and the coefficients ag(z), ..., ant1(2) in (1.1)
be entire and of finite order < p such that among those coefficients having
the mazimal order p := maxo<;<n+1p(a;), exactly one denoted by a;(z) has
its type strictly greater than the others, then each non-zero entire solution of
(1.1) is of order p(f) = p. Moreover, if | = n + 1, then we have 7(f) >
Pansr) — max{r(ay) ; plaz) = p,j £ n+ 1}.

Corollary 1.4. Under the assumptions of Theorem 1.3, if T(an+1) = 0o, then
each non-zero entire solution of (1.1) is of order p(f) = p and of type 7(f) = co.
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Example. f(z) = e® satisfies
1 ]_ 1 s
eV f(32) — F(52) + et f() = .
This is an example of Theorem 1.3, where ¢ = % and n = 2. It shows that
7(f) = 7(an41) — max{r(a;) : p(a;) = p,j # n+ 1} may hold in Theorem 1.3.

We prove Theorem 1.1 and Theorem 1.3 in Section 2 and Section 3 respec-
tively. We omit the proof of Theorem 1.2 as it can be proved with the same
idea as in the proof of Theorem 1.3. And we give some results and their proofs
for the case |¢| = 1 in Sections 4-6.

2. Proof of Theorem 1.1
Firstly, by (1.2), for each j € {0, 1,2}, we have

a;(2)f(@2) = a;(2) Y (2)" =129, (¢ 2)™
k=0 k=0

= bjavoqjvo Zvo+dj + bjavl qjvlzv1+dj + -
+bjay, @ DYt

(2.1) +bjon,, @VuaYat Y £ bjay gV ac gY@ g

Since a3(0) # 0, we can see that a;(z),7 = 0,1,2,3, do not have common
zeros. By Theorem A, we have max{d;,ds} > dy. What’s more, from Theorem
B, we see that our conclusion holds for the cases: Case 1. dy = dy > dy, Case
2. dy > di > dy, and Case 3. dy > dy > dyp. Thus we only need to discuss
two cases: Case 4. dy > dg > dy and Case 5. dy > dy > do.

Case 4. dy > dy > di. Suppose that the assertion does not hold, by
Theorem B, then for any given k > 0, there is some g > k such that

max{dg — do,do — dl} < V(gp+1) — Vqy < d2 — dl.

If dy — dy = max{ds —dy, dp — d; }, then we can choose an infinitely sequence
{vg,} C {vk}, such that for any ¢,

(2.2) V(gp+1) T d1 < g, +d2 < V(g 41) + do.
If v(g,+1) + d1 = vq, + d2, then we have
Vg, +d1 < Vg, +do < vg, +da
(2.3) = VU(g+1) T d1 < V(g41) T do < v(gt1) + da-

Substituting (2.1) into (1.3), then arranging the power series of as(2) f(¢?z)+
a1(2)f(gz) + ap(2) f(z) anew in accordance with the monotone nondecreasing
degree of z, we get that

ag(z) = aa(2) f(¢°2) + a1(2) f(q2) + ao(2) ()
(2.4) =...+ boavqk zVay Tdo R
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We notice the boldface terms in (2.1) for j = 0,1,2. By (2.2) and (2.3), we see
that in (2.4), there is exactly one term bocv,, 2" +do has degree v,, + do.

For sufficiently large g, vq, +do > deg as, by (2.4), we see that the coefficient
of z¥s+% equals 0. That is byav,, = 0, a contradiction.

Thus we have v(g, 41)+d1 < vy, +da. Since da —dy = max{dy —do,do—d;} >
do — dy, and by (2.2), we obtain

U(gp+1) T dy = V(gr+1) — Vg + Vg, + dy > Vg, do — do + dy
= ’qu —+ do —+ (dl —+ d2 — 2d0) Z qu -+ do.
Then we have
Vg, +d1 < Vg, +do < U(gr+1) T dy < g, +da < U(gu+1) T dyp.

Then we can deduce the same contradiction that bgovy, =0 by an argument
similar to the above.

If dg — di = max{ds — dg,do — d1}, we can deduce the same contradiction
without difficulty. This completes the proof of Case 4.

Case 5. d; > dy > ds. By reasoning similar to that in the proof of Case 4,
we can prove Case 5 and finish our proof of Theorem 1.1.

3. Proof of Theorem 1.3

Lemma 3.1 ([15]). Let f(z) be a meromorphic function with p(f) = 8 < +o0.
Then for any given € > 0, there exists a set E C (1,+00) with finite measure,
such that for all z satisfying |z| = r & [0,1] U E, and r sufficiently large,

exp{—r?T°} < |f(2)] < exp{rte}.

Lemma 3.2 ([16]). Let f(z) be a nonconstant entire function with p(f) = p <
00, 0 < 7(f) =7 < 0. Then for any given 8 < T, there exists a set E C (1, 00)
with infinite logarithmic measure, such that for all z satisfying |z| =r € E, we
have,

log M(r, f) > Br?.

Proof of Theorem 1.3. Let f(z) be a non-zero entire solution of (1.1). By The-
orem E, we have p(f) < p. We next proceed to show that p(f) = p. Suppose
that p(f) = o < p, then p(%) =p(f(¢’2)) =0c for j=0,...,n.

Denote I :={j € {0,...,n+1}| p(a;) = p}, 7 := max{7(a;) : 5 € I\ {l}},
and p := max{p(a;) : j € {0,...n+1} \ I} < p. From Lemma 3.1, for any
given €1 (0 < 2e; < min{p — o, p — p}), there exists a set E; C (1,+00) with
finite measure, such that for all z = re? satisfying |z| = r ¢ [0,1] U Ey, and r
sufficiently large, we have

(3.1) < exp{(|q|'r)7F*1} < exp{rte,

1
f(q'2)

(3-2) (@ 2)] < exp{(lgP'r)7"*1} < exp{r7*=1}
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for each j € {0,...,n+ 1} \ {i}, and
(33) 05(2)] < exp{r?*a1} < exp{rP=1)

for each j € {0,...,n+1}\ I.

Let aj,a2 € R be two constants such that 7 < a; < as < 7(a;). By
Lemma 3.2 and the definition of the type of an entire function, we see that
there exists a set Ey C (1,400) with infinite logarithmic measure, such that
for all z satisfying |z| = r € F», and r sufficiently large, we have

(3.4) M(r,a;(z)) > exp{agr’}, and

(3.5) M(r,a;(z)) < exp{aar’}, jeI\{l}.
If I # n + 1, combining these inequalities (3.1)-(3.5) with (1.1), we get

|ai(2)]

‘ 12 ’ - Z aj(z)f(qu) - Z aj(z)f(qu) + ang1(2)

/=) JEN{l,n+1} j€{0,...n\I
= ‘ﬂqllz) Y. MEag@)If@)l+ D la)lf(e2)]

Jen{ln+1} JE{0,m I\

||l
fld=)|
< (n+1)exp{ar? +2r7tet}

for all z = re satisfying |2| = r € Ey \ Ey, and M(r,a;(2)) = |a;(2)|. This
then implies that

exp{(az — ay)r? — 2r7te1} <n 41,

holds for sufficiently large r € F5 \ Ey, which is a contradiction.

If | = n+ 1, we can use the same method to deduce a similar contradiction.
The first assertion now follows immediately.

We next show that 7(f) > 7(an+1) — 7 when I = n+ 1. Assume contrary to
the assertion that 7(f) < 7(an+1) — 7.

From Lemma 3.1, for any given €5 (0 < 4dea < min{7(an41)—7—7(f), p—p}),
there exists a set E5 C (1, +00) with finite measure, such that for all z satisfying
|z| = r € [0,1] U E3, and r sufficiently large, we have

(3.6) la;j(2)| < exp{rf*e2} < exp{rf—=2} j€{0,...,n}\ 1.

By Lemma 3.2 and again the definition of the type of an entire function,
we see that there exists a set Ey C (1,+00) with infinite logarithmic measure,
such that for all z = re? satisfying |z| = r € Ey, |ans1(re??)| = M(r, any1)
and r sufficiently large, we have

(3.7) M(r;ant1(2)) > exp{(7(any1) — 2)r’},
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(3.8) M(r, f(¢’2)) < exp{(7(f) +e2)(lal'r)"} < exp{(7(f) + £2)r"}
for j =0,...,n, and

(3.9) M(r,a;(z)) <exp{(T +e2)r”},  jel\{n+1}.
Combining inequalities (3.6)-(3.9) with (1.1), we get

Yo af @)+ > ai(2)f(d2)

JjEN{n+1} J€{0,...,n}\T
< Y MM f(@2)+ Y la(2)|M(r, f(¢'2))
JEN{n+1} 3€{0,....,n\I
< (n+ 1) exp{(T +7(f) + 2¢2)r"}
for all z = re? satisfying |z| = r € E4 \ E3, and M(r,a,41(2)) = |ant1(2)].
This then implies that
exp{[7(ant1) =7 — 7(f) = 3e2]r’} <n+1,

holds for sufficiently large r € E4\ E3, which is a contradiction. Hence we have
proven that 7(f) > 7(an41) — 7. O

|ant1(2)]

4. The case of |g| =1

In the previous sections, we assumed that ¢ was a non-zero complex constant
with 0 < |g| < 1. The following mainly deals with the corresponding results if
lg| = 1. Moreover, a further result about the solutions of (1.1) is also given.

Theorem G ([5]). Suppose ag(z),...,ant1(2) are polynomials and q is a con-
stant with |q| = 1 and q # 1. If (1.1) possesses a nonconstant meromorphic
solution f(z), then

(i) of f(2) is a rational function of the form

fz) = AL E PmEE

qo+quz+ -+ qz
then t —m < max{dega; : j =0,...,n} —degan41.

(ii) 4f there is some l € {0,...,n}, such that

max dega,;},
je{o,...,n}\{z}{ gas}

and f(z) is a transcendental function, then f(z) has infinitely many poles.

dega; >

Now we get the Theorem 4.1 as a continuation of Theorem 5.1 in [13] below.

Theorem 4.1. Suppose the coefficients ag(z), ..., ant1(z) of (1.1) are mero-
morphic, ag(2)an(2) Z0, and q =€, 0 = A, X € (0,2)\Q. If (1.1) possesses
a nonconstant meromorphic solution f(z), then the non-zero poles of f(z) are
of the form { %[ ao(z) =0 or a;(z) =00, j=1,...,n+1, k€ NU{0}}.

From Theorem G and Theorem 4.1, the following consequence obviously
holds.
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Corollary 4.2. Suppose the coefficients ag(z),...,an+1(2) of (1.1) are poly-
nomials, ag(z)an(z) Z0, and g = €®,0 = Ar, A € (0,2)\ Q. If (1.1) possesses
a nonconstant meromorphic solution f(z), then f(z) has at most finitely many
non-zero poles, which are of the form {%| ao(z) =0, k € NU{0}}. Moreover,
if there is some [, 0 <1 <n, such that

BB e B

then f(z) must be a rational function.

We give some examples to show that there exist some equations of the form
(1.1), which satisfy Theorem 4.1 or Corollary 4.2.

Examples. (1) f(z) = % is a meromorphic function and satisfies the
equation

a1(2)f(qz) + ao(2) f(2) = aa(2),

where
. ed?
0=V ae) =~ () = (e DeE D), aal) =
1 . . . .
(2) f(2) = 37 is a rational function and satisfies the equation

a1(2)f(qz) + ao(2) f(2) = aa(2),

g=eV? ap(z) =222 +1), ai(z)=qz+1, ax(z) =22+ 1
(3) f(2) = z+ 1 is a polynomial and satisfies the equation
az(2) f(4*2) + a1 (2) f(g2) + ao(2) f(2) = as(2),

where

q= eiﬁ“, ap(2) =1—2, a1(2) =qz—1, ax(2) =2% a3(2) = ¢2%(2+1).
In the theorems above, we investigated the poles of meromorphic solutions

of (1.1). Now we give a result on the zeros of meromorphic solutions of (1.1).

Theorem 4.3. Suppose the coefficients ag(z), . .., an+1(2) of (1.1) are polyno-
mials, ag(2)a,(z) Z0, and g =€ 0 = r, A€ (0,2)\ Q. If (1.1) possesses
a nonconstant finite order meromorphic solution f(z), then A(f) = p(f).

As counterparts of Theorem 1.2, Theorem 1.3 and Corollary 1.4, we give the
following results. Proofs of Theorem 4.4 and Theorem 4.5 are similar to the
proof of Theorem 1.3 and thus omitted.

Theorem 4.4. Suppose that the coefficients ag(2),...,anst1(2) in (1.1) are
meromorphic and of finite order < p and |q| = 1. If for any given € > 0, there
exist some l, 0 <1 < n+1, and an unbounded domain D C C, such that for
all z e D,

|ai(2)| = exp{ar’™°},
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and

laj(z)| <exp{pr’~°}, j=0,1,....;0—1,1+1,....,n+1,
where o > 8 > 0 are positive real numbers, then each non-zero meromorphic
solution of (1.1) is of order p(f) > p.

Theorem 4.5. Let |q| = 1 and the coefficients ag(z),...,ant1(2) in (1.1) be
entire and of finite order < p such that among those coefficients having the
mazimal order p := maxo<j<nt1p(a;), exactly one denoted by a;(z) has its
type strictly greater than the others. Then each non-zero entire solution of
(1.1) is of order p(f) > p. Moreover, if Ll =n+1 and p(f) = p, then we have
7(f) > 7lans1) — max{r(a) : pla;) = p.j #n+1}.

Corollary 4.6. Under the assumptions of Theorem 4.5, if T(an+1) = 00, then
each non-zero entire solution of (1.1) satisfying p(f) = p is of type 7(f) = oco.

We recall the following examples given in [5] to show that the growth esti-
mate of meromorphic solutions of (1.1) in Theorems 4.5 is sharp, where exam-
ples (1) and (3) show that p(f) > p may hold in Theorems 4.5. What’s more,
Example (2) shows that the type estimate is also sharp.

Examples. (1) e*f(qz) —e** f(z) = ze** + 2, g=-1, f(2) = e” =7 — ze?;
(2) e f(gz) + (e —e ) f(2) =€,  q=-1, f(z) =€ .
(3) € 1(22) + € F(g2) — (¢ + e ) f(:) =0, q=~—1, f(2) = 5%,
5. Proof of Theorem 4.1

Set B = {z| aj(2) = o0, j = 1,...,n + 1}. Suppose that there exists a
pole zp of f(z) such that for any by € B, zg is not of the form ;’—-,3 (for any
k € NU{0}). That is

(5.1) a;(¢"20) # o0, j=1,....,n+1, ¥V k€ NU{0}.
Asg=¢e" 0= Ar, A€ (0,2)\Q, we see that for any k, | € NU{0}, k # [,
(k=160 #0 (mod 27),
which yields that

¢ #d.
Since f(z) is a meromorphic function, we see that f(z) has at most finitely
many poles on the circle |z] = |zg|. Then f(z) has at most finitely many poles

which are of the form ¢*mzy, m = 0,...,t. such that 0 < kg < k; < -+ < ky.
That is

(5.2) f(d¥20) = 00, f(g" T 20) #£ 00, j=1,....,n+1.

From (1.1), we have

(5.3) ao(q" 20) f(¢" 20) Za (g% 20) F (" 20) + any1(d* 20).



1312 BAOQIN CHEN AND ZONGXUAN CHEN

Then by (5.1)-(5.3), we conclude that ag(g**z9) = 0, which means that,
there exists a point z* such that

o oz
ap(z*) =0, z = pes
Thus Theorem 4.1 is proved.

6. Proof of Theorem 4.3
Lemma 6.1 ([17]). Let fi(z) (j =1,...,n, n > 2) be meromorphic functions,
gi(z) (j =1,...,n) be entire functions, and satisfy
() 37, (e =0
(i) when 1 < j <k <mn, g;(z) — gr(2) is not a constant; and
(iii) when 1 < j<n, 1<h<k<mn,

T(r,f;) = ofT(r.e?” )}, (r = o0,r ¢ B),
where E C (1,00) is of finite linear measure or finite logarithmic measure.
Then fij(2) =0 (j=1,...,n).

Proof of Theorem 4.3. Assume contrary to the assertion that A\(f) < p(f). By
Corollary 4.2, we see that f(z) has at most finitely many non-zero poles, then
)\(%) =0 < p(f). Thus, since f(z) is a meromorphic function of finite order,
then we can set

(6.1) f(z) = P(2)e"®,

where P(z) is a meromorphic function such that p(P) < p(f), and p(z) is a
polynomial such that d = deg(p) = p(f). Now set

p(2) = gz + g1z + - + an,
where ag # 0, a4_1, ..., Qg are constants.
Substituting (6.1) into (1.1), we get
(6.2) 3" a;(2)P(¢72)e? T — a4 (2) = 0.
3=0

Asq=¢" 0= Ar, X €(0,2)\Q, we see that for any 0 < k < [ < n, ¢¥ # ¢’
Clearly,

p(d"z) — p(d'2) = (@™ — ¢'")2% + - + a1 (¢" — ')z,

and hence deg(p(¢¥z) — p(¢'z)) = d.
Since ag(z), ..., ant1(2) of (1.1) are polynomials and by p(P) < d, we have,
for0<j<n, 0<k<li<n, 0<h<mn,

T(r,a, (z)P(qu)) = o{T(r, ep(qkz)_p(qlz))} = o{T(r, ep(qhz))}, and

T(r.ans1(2)) = of T(r, "7} = oT(r, 7))}
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Applying Lemma 6.1 to (6.2) yields

a;(2)=0, j=0,...,n+ 1

This is a contradiction. Thus Theorem 4.3 is proved. O
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