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Abstract

In this paper we propose generalized multi-phase multivariate ratio estimators in the presence of multi-
auxiliary variables for estimating population mean vector of variables of interest. Some special cases have been
deduced from the suggested estimator in the form of remarks. The expressions for mean square errors of proposed
estimators have also been derived. The suggested estimators are theoretically compared and an empirical study
has also been conducted.
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1. Introduction

The estimation of the population mean is constant issue in sampling theory and several efforts have
been made to improve the precision of the estimators in the presence of multi-auxiliary variables. A
variety of estimators have been proposed following different ideas of ratio, regression and product
estimators.

Olkin (1958) was the first author to deal with the problem of estimating the mean of a survey
variable when auxiliary variables are made available. John (1969) proposed two multivariate gen-
eralizations of ratio and product estimators which actually reduce to the Olkin’s (1958) and Singh’s
(1967a) estimators. Srivastava (1971) proposed a general ratio-type estimator which generates a large
class of estimators including most of the estimators up to that time proposed. Sen (1972) developed
a multivariate ratio estimator under two-phase sampling using multi-auxiliary variables. Singh and
Namjoshi (1988) discussed a class of multivariate regression estimators of population mean of study
variable in two-phase sampling.

Ceccon and Diana (1996) provided a multivariate extension of the Naik and Gupta (1991) univari-
ate class of estimators. Ahmed (2003) put forward chain based general estimators using multivariate
auxiliary information under multiphase sampling. In the same situation, Perri (2005) recommended
some new estimators obtained from Singh’s (1965, 1967b) estimators.

In multipurpose surveys, the problem is to estimate population means of several variables simulta-
neously (Swain, 2000). Tripathi and Khattree (1989) estimated means of several variables of interest,
using multi-auxiliary variables, under simple random sampling. Further Tripathi (1989) extended the
results to the case of two phase sampling.

We suggest general classes of ratio estimators for estimating the population mean of study vari-
able for two-phase and multi-phase sampling using multi-auxiliary variables when information on all
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multi-auxiliary variables (Full Information Case) or not on all auxiliary variables (No Information
Case) is available for population (see Samiuddin and Hanif, 2007).

Before suggesting the estimators we provide Multi-phase sampling scheme and some useful nota-
tions and results in the following section.

2. Multi-Phase Sampling Using Multi-Auxiliary Variables

Consider a population of N units. Let Y be the variable of interest and X;, X, ..., X, are g auxiliary
variables. For multi-phase sampling design let 7, and n; (1, < n;) be sample sizes for A" and k'
phase respectively. x(,) and xg) denote the i’ auxiliary variables from h™ and k" phase samples
respectively and y; denote the variable of interest from the kth phase. Let, X, C,, and py,, denote
the population mean, coefficient of variation of i auxiliary variables respectively and the population
correlation coeflicient of Y and X;. Further let 6, = 1/m = 1/N, 6 = 1/mc—1/N. Also yuy; = Y +ey,,,
Xy = Xi + ey, and xqyi = X; + ey, (i = 1,2,...,k), where ey, ey, and ey, are sampling errors.
We assume that Ey(ey,,) = En(ex,,) = Er(ex,,) = 0 where E;, and E; denote the expectations of errors
of h™ and k" phase sampling respectively. Then for simple random sampling without replacement for

both first and second phases, we write by using phase wise operation of expectations as:
2 _ 1 )
Ey (g}'(k)i) = (1 - N)a—yi

2
S\ e\ Iy 7202
E (ey(k)i) - (1 - _) P 0 Y; C,y,

E (ey(k)‘.ex(k),.) = (1 - N)O—ym = 0V XiCy, Cripyix,
- g\ Tyixi .
Ek (e)’(k)fe)f(k)i) = (1 B N) }’)l_kx - ekYiX"C)’i CxiPfof
EnEypn [e,\’k (ex(h)i - eX<k>i)] = EnEn (e.V(k)i ex(hﬂ) — Ex (e."(k)iex(kﬁ)

= = (g = np) Oy

N
i [en (B =20)] = (1= ) 52 - (1- 5 ) 5
= (6h — 0) YiX,C),C. -

Similarly

EnEin [Zxy, (8x, = 2xi)| = 04 = 6 02, = (6, — 0) X7 C2,

EnEigp (23, (g — 8 )| = 0

EnEin (8 — ) = (6= 00) 07, = (6 — ) K22
EnEy [(EW - éx(k)i) (ému - é)w)] = (6 — 61) Ox,x,
= (O — 64) XiX;Cs,Cx,prx;» (P %))

and

EpEypn [(E’x(k),) <5x(h), - éx(k)j)] = (0h — Op) O xx;
= (011 - ‘9/() )_(iXiCxiijpxix/a (l * ]) .
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The following notations in the following paragraph will be used in deriving the mean square errors
of proposed estimators.

Rl, " denotes the determinant of population correlation matrix of variables y;, xi, X, ..., X1 and
Xg- |Ry.xlyx, denotes the determinant of i minor of |R|,, x, corresponding to the i element of py,,.
pi o denotes the multiple coefficient of determination of y on xy, x,, ..., x,—; and x,. pf. {q denotes the
multiple coeflicient of determination of y on xi, x2,...,x,-1 and x,. |R|,, denotes the determinant of
population correlation matrix of variables X1, X412, . . ., Xp45—1 and X g. ~|R| . denotes the determinant
of population correlation matrix of variables xi, x,..., X, and x,,. Rly,, denotes the determinant of
the correlation matrix of y;, xi, x2,..., X1 and x,. |R],, % denotes the determinant of the correlation
matrix of y;, xi, x2,...,%,1 and x,. |R|y,~){f{cr denotes the determinant of the minor corresponding
to Py, of the correlation matrix of y;, y;, x1, X2,...,x—; and x,, for (i # j). IRI},,.MII denotes the
determinant of the minor corresponding to Pyiy; of the correlation matrix of y;, y;, x1, X2,...,X,—1 and
Xg, for (i # j).

2.1. Result: 1

The following result will help in deriving the mean square errors of suggested estimators

Rl
|R|M - (1 _pigq)’ (Arora and Lal, 1989).
Xq

3. Generalized Multi-Phase Multivariate Ratio Estimator for Partial Information
Case

Let we have g auxiliary variable X;, X5, ..., X, and population means for first r auxiliary variables are
not known and for the rest ¢ — r = s auxiliary variables are known. For estimating the mean vector of
variables of interest Y1, Ya, ..., Y), let g denotes the sample mean of i study variable for k" phase
and X(,; and X denotes the sample mean of i auxiliary variable for 4" and k™ phase respectively.
The generalized multi-phase multivariate ratio estimator in the presence of, multi-auxiliary variables
for partial information case can be suggested as:

r - | TH5=q 4 &\ TT5=q Yil
_ X(hyi X; X;
mn=pr L2 TT () TGS
1

izt NI g WS

r = ;) T+5=q Bir T+5=q Vil
Y2 e - -
© l_[ (x(k)i 1_[ X(hyi 1_[ X(kyi

i=1 i=r+1 i=r+1

r — ;) T+5=q Bl r+s=q yil
_ X(hyi X; ) ( X; )
© Vi -— -— -— (3.1)
wr n (x(k)i ) l_[ (x(h)i 1_[ X(k)i

i=1 i=r+l1 i=r+1

or

<

Thi(ixp) =

(Yl + ey ) [1 + Yll (E"W - é‘“’”))
[i

r+s:qﬁ r+s=q y
i il
[1 - Z zem)i](l - zemn]

i=r+l
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r a;
= _ ip (_ _
(YP + e}(k)p) 1+ Z X (ex(h)[ - ex(k)[)
: i
i=1
r+s=q r+s=q
IBlp _ yip _
1- X €xauyi 1- Yex(m,
i=r+1 1 i=r+1 1
or
Thiixp) = [ (Y, + e.m)l) (Y2 + e)’u)z) (Y,, + eY(kw) ]
r r+s=q r+s=q
oY % (e, ~2,) - By, NV Y,
v X(hyi X(kyi v X(hyi v X(k)yi
i=1 Xi i=r+1 Xi i=r+l Xi
r r+s=q r+s=q
Z ap (E s ) B 5 Yo,
5. \Gxei T Cxwi) T 5. Sxmi T T “xwi
i=1 X’ i=r+1 Xl i=r+1 Xl
r r+s=q r+s=q
3 ) 3 e S e
- o Xayi — Cxwi) T T X T Cxwi
i=1 Xi i=r+l1 Xi i=r+1 Xi
or
Thik(ixp) = [ (Y 1t ey(m) (Y 2+ em)z) (Y,, + eym,,) ]
[ r r r
@iy _ Qpp (_ _ Qip (_ _
* X (exm ~ Exqp T \Cxoi T Cxaoi o X, \Gxor T )
L =1 i=1 ! i=1
[ r+s=q r+s=q r+s=q
Bit 5 Bi _ Z ﬁipé
— = Cxui = Cxayi e < Cxui
L i=r+l Xi i=r+l1 Xi i=r+1 Xi
[ r+s=q r+s=q r+s=q
Yil s %‘zé 7”’@
- i x(k)l —_ x(k)i - X(k)l
L i=r+l1 Xi i=r+1 Xi i=r+1 Xi
or
Thk(lxp) = [ (Yl + ey(k),) (Y2 + ey(m) (Yp + e)’(k)p) ]lxp
* [ (ex(ml - ex(k)l) (ex(mz - ex<k>z) (ex(/x)r - ex(k)r) ]1><r
Y; _ _ _ Y;
?ai_i _[ Cxiprst  Exayren € X(iyrss ]lxs ?ﬁij
i (rxp) ! (sxp)
_ _ _ Y
_[ Cxioret  Cxre € X(res ]lxs ?71']'
i (sxp)
or
Thk(lxp) =Yixp + dwuxr)ArXp - dxh(lxy)BXXp - dxk(lx.y)CXXP' (3.2)
Where
Ay = Fan = Xwor) - (R = Ta) (Koo = Xeor) |

(ex(h,, - ex(k),) ]m

Il
— —
—_~

Cxan — ex(k)l) (ex(/z)Z - ex(m)
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d_x,,=[ (X(h)r+1— r+1) ()_C(h)r+2 X+ ) ()‘c(h),ﬂ—}_(,ﬂ)]
[ e e o |
[(x(k)m— r+1) ()_C(k)r+2—Xr+z) ()'c(k),ﬂ—)_(,ﬂ)]

7 . .
A=|=a , fori=1,2,....r, j=1,2,...,p

(rxp)
Y; . .
= =28 , fori=r+1,r+2,....r+s, j=12,...,
=PBij fi 1 2 j=12 p
Xi (sxp)
and
Y; . .
C=|=vij , fori=r+1Lr+2,....,r+s, j=12,...,p
i (sxp)
Letting, j = ¥ + d,, where and d, = [ &,,, &y, - &, |-

We can write (3.2) as:

Thk(lxp)—Y-i-d +d, A— dx,,B d C

Xhk

We use information related to auxiliary variables from first and second phase both then the mean
square error of Ty(1xp) can be written as:

’

lexk(PXP) = E1E2/1 (Thk - Y) (Thk - Y)

= E\Ey [(ciy +dyA—dyB-,C) (& +dy,A—d,B- dka)] . (3.3)

Xhk

We can write

EnEyn ( idy) = G2y = Oloyy Jpxps  for i=j, oy, = a'i_
ELEy, ( Ldy,) = 65Zyx = Onl0yx, Jioxs)
EyEyp ( Ldy ) = OZyc = Ocloryx Jpxs)
EhEk/h( (g ) = O = O0n) Ty = 6k — On) [0y, 1oy
EnEign (d,d}, ) = 0,Zs = Ol Joxsys  fOr i = j, 0y = 03,

X

EhEk/h( o Do
EhEk/h( n e
EyEy, ( dy,,
EvE, ( dy,,

Ok —O)Zy = (gk —6) [O-x;x,-](rxr) for i = J Oxix; = O-,z\g[

. . 2
thx = Hh[o-x‘x/](sXY)’ for i = Js O-x;x,- = 0-,(1

0

)
)
)
)=
o)
EhEk/h( A) = OkZy = OO xnJsxs),  fOr i=j, Oxy; = o’
) = (
)
)
)

(gh - gk)z = (gh - Gk) [O-x,x,](vxr)s for i = j, o-x,-xj = 0-2 .
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Using above substitutions in expression of variance covariance matrix given in (3.3), we write:
ZThk(PXI’) = 9k2y<,;x,;) - ehzyxu;x,-)A(rXp) - ekZVX(m)B(SXp)
+ (O = ) Zyx Cixp) = O1B sy Zinr) F 018 sy Zonyeg Bisxp)
+ ehBEpXS)zx(rxr) Cisxp) = gkc(pxs) Vi T chgpm)zmv) Bsxp)
+ OkC sy Zoee Cisxp) = On = ) Cipxs) T Arxp)
+ (O = 0 Apxn T,y = On = O Al X Clsxp)
+ (gk - gh)AEPXr)Ex(,X,>A()‘><1))- (34)

Differentiating (3.4) with respect to the matrices on unknown constants A, B and C and equating
to zero, solving these equations for optimum values of A, B and C we get:

Ay = Wil (o = St Zres Zoxoen) (3.5)

X(rxr) YX(rxp) X(rxs) T X(sxs5) TV X(sxp)
1 —1 ’ 1 — -1 ’
B(sxl’) (E oo W, z ) (2«\( x;)zx(sxr)Wx(m)zx(rxs)z“x(;xs)zyx(m;)) (36)

X(sxs) " Xsxr) T X(rxr) TYX(rxep)
and

- ’ 1 ’ -1 —
C(*"Xp) (Z'X(AXA)Z‘X(AXF) + Zx(m) X(sxr) WX( Xr)z'x(rx-\)ZX(AXA)ZV'X(JXP)) (2%“) X(\Xr)W/\(rXr) YX(rxp) ) : (37)

Using the above expressions of A, B and C in (3.4), we can write the variance covariance matrix of
Ty as:

— _ -1 ’
ZThk(PXP) - 6]( (Zymxp) Z)W([JXA)zx(sxa)z)’x(xxp))

-1
= (6 — On) (Z)W(pxr-) - 2)‘x<nxn2xum2x<sxr>)

—1 ’ -1 ’
Wx(rxr) (ny(rxp) E’CWXS) zx(sx:) 2}'X(s><p)) > (38)
1 _sr 1 1 -1 ;
where W, ey = D Ex(,mzx(m) o )) provided Zx( vy Wi, and X0 exist.

The variance covariance matrix in the form of variance of y;, covariances and correlation coeffi-
cients of x; and y; can be written as:

LTu(pxp) = [O-}’io-)’j {ak (pyiyj - pyiy/-{q) + 6 (p)'iy/-{q - p)’i)'j-)js)}:lpxp ;o GJj=12,...,p) (3.9)

S _ 2 _ _ 2 _ 2
for i = S O30y = 05 Pyiy; = 1, Pyiyixg = py,-.gc,, and Pyiyjxs = py,-,irx'
In determinants of correlation matrices for |R|,, # 0 and |R| x, #0,(3.9) can be written as:

IRly,yx IRy, Ry,
S = | Ty, A Ot gy | o T G = 1,2, ), (3.10)
w(pXp) |: Yy Y_/{ |R|{c(, lR'{.; |R|{4
for i = j, oy,0y, =07, IRlyy,x, = IRlyy, and [Rly, .. = IR, .

3.1. Remark: 1

To develop generalized multivariate ratio estimator for two-phase sampling using multi-auxiliary vari-
ables for Partial Information Case, replace /4 by 1 and k by 2 in (3.1), we get the following estimator

) r )_C(l)i a; T+5=q }_(i Bit +5=q Xi Yil
T1201xp) = | Y l_[ -— l_[ -— 1_[ —
i1 \X@i Xy i

i=r+1 i=r+1 X
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;) r+s=q v Bil r+5=q v Yil
x(l)z) ( X; ) ( X; )
Yo e e e
e () TT(E) TT(

i=1 i=r+1 i=r+1
_ L rs= — R — i
B r Xy ;) 'tS=q Xi Bit T+5=q Xi Yil 1
s (2 T T2 | a1
=1 N NS AN

The expressions of unknown matrices for which the mean square error of above estimator will be
minimum are same as given in (3.5), (3.6) and (3.7). The expression for variance covariance matrix
can be directly written from (3.8) just replacing 2 by 1 and k by 2 as:

— _ -1 ’
lez(PXP) =6, (Z.prm Z)’X(pxnZX<.;X.\->2yX<yxm)

- (02 - 91) (Z)W(pm - Z)X(FX\)Z;(,XQZX(.\-X,-))
w2 !y ) (3.12)

X(m)( YX(rxp) z“)‘(m) X(sxs) — YX(sxp)

The variance covariance matrix in the form of variance of y;, covariances and correlation coefficients
of x; and y; is written as:

Z1(pxp) = [a'yia'yj {92 (p)’i)'j _p.Vi)’ijq) + 0 (nyngcq _pyinga)}]pxp; Gj=12...,p), @B.13)

S _ 2 _ _ 2 _2
for i = j, 030y = 03> Pyiy; = I Pyiyjxg=Pyi.x and Pyiyjxe=Py;.x,-
In determinants of correlation matrices for |R|,, # 0 and IRl,, # 0, (3.13) can be written as:

IRy, Rlyyye Rl
ET = 0',0' 9 el +91 SIS iVjXq :
12(pXp) [ b { |R|xq |R|)j.; lR'{q

.. _ 2 _ _
for i = j, oy0y, =07, IRlyyx, = IRlyy, and [Rl,, . = IRl .

Gj=1.2,...,p), (3.14)

3.2. Remark: 2

We can develop a univariate generalized ratio estimator for multiphase sampling using multi auxiliary
variable for Partial Information Case if we put p = 1 in (3.1) as:

X aj T5=q }—( B r+s=q )—( Yil
T —y<k>]_[( ) [ (—) [ (—) : (3.15)
Xaoi) gy \Faoi) 2,0 \ Ko

The expression for vectors of unknown constants for which the mean square error will be minimum
can be written from (3.5), (3.6) and (3.7) as

1 ’ -1 ’
Arx) = WX(»Xr) (E}'val) - zx(rx 9 EX( $5) ny(sxn) (3.16)
- - -1 -1 -1 ’
B(‘YXI) - (Zx(vxv)zx(fxr) WX()xr) zyxuxn) - (Ex(.vx.y)z'x(»Vx") W’C(rxr) Ex(rxx) Ex(vx.v) E}'X(vxl)) (3.17)
and

_ -1 ’ - - -1 ’ - -
C(S><1) - (Zx(gxwzyx(vx]) + Ex( ™ )Zx(w) Wx(rxr)E'X(’XV)ZX(.YXT)Z_VX(.VXI)) (Z z W

X(sxs) " Xsxr) T X(rxr) yx(xl))

(3.18)
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The above expressions for unknown matrices can be written in determinants form as:

Y C | )x‘|mq

a;= (=D — AT =D By, (=1,2,....71) (3.19)
v ¢, (Rl IRl
= (=D -2 — - — 2
Bi=(1) ¢, | IR, T, (3.20)

= (=1)*! (ﬁymv —ﬁyxl,_é.q), Gi=r+1,r+2,....,r+5s)

7 ¢, [Rusl,,

; — 1 i+1
=Cb X, Cy, IRl

= (D" Byyxyy G=r+1r+2,..,r+59). (3.21)

The expression for mean square error can be directly written from (3.8) as:

MSE (Thk) = gk( \ Z}X(IXS)Z;(xxs)z;x(sxl))

- (Gk - gh)( VX(Ixr) zyx(lxx) 2;(1”) 2X(sxr>)
Wl (s = T B ) - (322

X(rxr) YX(rx1) X(rxs) T X(sxs) TYX(sx1)

It can be written the form of multiple coefficient of determination as:
MSE (Ty) = 72C [0 (1 = p2,, ) + 64 (03, - P2 )] - (3.23)

3.3. Remark: 3

To develop a generalized univariate ratio estimator for two phase sampling using multi-auxiliary vari-
ables for Partial Information Case we put 4 = 1 and k = 2 in (3.15). The required estimator becomes

Ty = y(z) l—l (x(l)l )ﬂr rﬁq(_iil)ﬁn Vﬁq (g)Yil ' (324)

X)L VKol 2 0

The expression for vectors of unknown constants for which the mean square error will be minimum
are same as given in (3.16), (3.17) and (3.18), and these expressions are also given in determinants of
correlation matrices in (3.19), (3.20) and (3.21). The expression for mean square error can be written
from (3.22) just by replacing & = 1 and k = 2 as:
— 2 -1 ’
MSE (T12) = 02 (07 = Ty 2o Zh)
- (02 - 91) (E)'X(lxr) zyx(lx;)z;;(xxg)zx(vxn)
LN DD R S XA B (3.25)

X(rxr) VX(rx1) X(rxs) T X(sxs) TYX(sx1)

It can be written the form of multiple coefficient of determination as:

MSE (T12) = P2C} [65 (1 = o7, ) + 01 (0., — P )] - (3.26)
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3.4. Remark: 4

Generalized multivariate ratio estimator as suggested by Hanif et al. (2009) for multi-phase sam-
pling using multi-auxiliary variables when information on all auxiliary variables is not available for
population (No Information Case) can be developed by putting 8's and ;s equals to zero in (3.1) as:

r = i r = @p r = Qip
— X(h)i _ X(hyi _ X(h)i
Thiaisp) = [ Yot l_[ ( T ) Va2 l_[ ()_C(k)i) N (3) l_[ (_)_C(k)i) } (3.27)

i=1 VW i=1 i=1

The expression of unknown matrix for which the mean square error will be minimum can be directly
obtained by considering only those matrices from (3.5), (3.6) and (3.7) those includes only order p X r
and r X r than we get the required matrix that is Z;JM E;xw,,)' The variance covariance matrix can be
obtained from (3.8) just by considering those matrices having order p X r and r X r. The variance

covariance matrix is
-1
ZT/;k(PXP) = gkzy([’X[’) - (ak - 9;,) Z:;)c(pxr)z;x(rxr)Z}’x(rXP)' (328)

All special cases of estimator given in (3.27), in the case on no information and full information, have
been discussed by Hanif er al. (2009).

4. Empirical Study of Newly Developed Estimators

It can be empirically investigated that the estimator constructed for full information case will be
more efficient than the estimator developed for partial information case and the estimator for partial
information case will be more efficient than the estimator for no information case. In the case of
multiphase, the estimator will be less efficient by increasing the phases but cost will be reduced.

For empirical investigation we use determinants of variance covariance matrices/MSE. We use the
data of 1998 census reports of province Punjab, Pakistan for four districts Jhang, Gujrat, Kasur and
Sailkot. The detail of populations and variables description is given in Table 1 and 2 respectively of
Appendix. We consider three variables of interests denoted by Y’s and five auxiliary variables denoted
by X’s for computing the determinants of variance covariance matrices multivariate ratio estimators.
For univariate ratio estimators we consider Y, as study variable and the same five auxiliary variables
as considered in multivariate case. The necessary population parameters for computing variance co-
variance matrices/MSE’s are given in Tables 3, 4, 5, 6 and 7. We calculate pair-wise determinant of
variance covariance matrices/MSE for no information case because in this case two phases at a time
can be used. For full information case we calculate variance covariance matrices /MSE’s for each five
phase separately as it is admissible. The determinants of variance covariance matrices of multivariate
ratio estimators for multiphase sampling using pair-wise phases for no information case are given in
Tables 8 and 9, for partial information case, in Tables 10 and 11 and using each phase for full informa-
tion case in Table 12. The mean square errors of univariate estimators for multiphase sampling using
pair-wise phases for no information case are given in Tables 13 and 14 and for partial information
case in Tables 15 and 16 and for full information case using each phase in Table 17.

From Tables 8, 9, 10, 11, and 12, we can say that the multivariate ratio estimators for full informa-
tion case are more efficient than partial information case and estimators for partial information case
are more efficient than no information case for each phase e.g. T2 is more efficient than T12, T3 is
more efficient than T13 & T23 etc. and the same is true for univariate ratio estimators (see Tables 13,
14, 15, 16 and 17). Furthermore we can say for no information case and partial information case from
Tables 8, 9, 10 and 11 that as we increase phases the efficiency decreases e.g. T12, is more efficient
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than all others, T13 is more efficient than all others except T12, T34 is more efficient than T35, T45
but less efficient than all others and so on, similarly the same argument can be made for univariate
case from Tables Tables 13 and 14. Also for full information case the estimators become less efficient
as we increase phases because the sample size decreases by increasing phases, it can be seen from
Tables 10, 11, 15 and 16 for multivariate and univariate estimators respectively.

Appendix

Table 1: Detail of Populations

Sr. No. Source of Populations
1 Population census report of Jhang district (1998), Pakistan
2 Population census report of Gujrat district (1998), Pakistan
3 Population census report of Kasur (1998), Pakistan
4 Population census report of Sialkot district (1998), Pakistan

Table 2: Description of variables (Each variables is taken from Rural Locality)

Y1 Literacy ratio X Population of primary but below matric
Y Population of currently married X3 Population of matric and above

Y3 Total household X4 Population of 18 years old and above
X1 Population of both sexes X5 Population of women 1549 years old

Table 3: Parameters of populations
District N ny ny n3 nyg ns Y Y, Y3 C,Vl Cy2 C,VB
Jhang 368 184 92 46 23 12 29.70 860.11 897.71 0.27 0.59 0.51
Gujrat 204 102 51 26 13 6 57.53 1101.28 1102.54 0.14 0.48 0.49
Kasur 181 91 45 23 11 6 31.89 1393.20 1449.02 0.75 0.55 0.53
Sailkot 269 135 67 34 17 8 52.06 1058.74 998.22 0.15 0.65 0.65

Table 4: Parameters of populations (Cont...)

District oy, oy, Ty, Oy Oy Oy Oy T Oyiys
Jhang 8.02 511.91 459.84 5626.45 455.06 170.67 2455.17 1064.48 182
Gujrat 8.36 533.04 537.24 3507.16 940.48 381.69 8139.68 830.01 .055
Kasur 23.82 767.64 767.80 5515.42 1095.69 357.89 2719.21 1355.64 295
Sailkot 7.64 685.02 644.89 4787.25 1172.71 603.22 2461.59 1151.32 324

Table 5: Parameters of populations (Cont. . .)

District  py,y Pyrys Pyix; Pyix Pyx3 Pyixg Py xs Pyrx; Pyrxy Pysx3 Pyaxy Pysxs
Jhang 164 733 131 460 .548 185 129 428 912 .659 484 425
Gujrat .056 988 .092 334 .543 .069 .103 995 941 764 490 996
Kasur 301 .989 299 255 352 301 250 998 758 .879 .989 799
Sailkot 316 997 323 426 461 338 313 .999 983 931 .996 .939

Table 6: Parameters of populations (Cont...)

District Pys3x; Py3xy Pysx; Py3xy Py;xs Pxixp Pxyxy Pxixy
Jhang 474 732 748 .559 489 416 421 317
Gujrat 984 933 749 487 .986 954 796 .509
Kasur 991 752 878 988 792 764 .889 993

Sailkot .996 980 933 .994 .938 983 931 997
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Table 7: Parameters of populations (Cont...)
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District Pxjxs Pxyxz Px)xy Pxyxs Pxzxy Px3xs Pxyxs p's‘xl X5
Jhang 275 .824 475 432 .590 464 325 0.885
Gujrat .996 .892 .500 958 420 197 .505 0.996
Kasur .802 798 764 .614 .896 719 197 0.995
Sailkot 939 959 985 928 939 .887 938 0.997

Table 8: Determinants of variance covariance matrices of multivariate ratio estimators for pair-wise phases (No

Information Case)

District  T12(h=1,k=2) T13 (h=1,k=3) Tl4(h=1,k=4) T15(h=1,k=5) T23 (h=2,k=3)
Jhang 212279.97 1223241.60 7221747.65 46128460.86 3572866.63
Gujrat 95363.18 312081.54 1102996.85 421139691 1123210.67
Kasur 203091.03 901801.71 3838230.04 16192403.14 2176260.22
Sialkot 9555.27 41464.31 173806.26 723929.58 126175.45

Table 9: Determinants of variance covariance matrices of multivariate ratio estimators for pair-wise phases (No

Information Case)

District ~ T24 (h=2,k=4) T25(h=2,k=5) T34 (h=3,k=4) T35(h=3,k=5) T45 (h=4,k=5)
Jhang 16011134.82 79961159.68 38868782.02 158093587.70 2.60491E+11
Gujrat 3372979.29 11251537.17 10702183.50 30944428.16 93069748.63
Kasur 8973735.68 36805031.49 19922737.86 79389873.19 170075469.89
Sialkot 482925.70 1897366.87 1256890.23 4554991.24 11150157.88

Table 10: Determinants of variance covariance matrices of multivariate ratio estimators for pair-wise phases

(Partial Information Case)

District  T12(h=1,k=2) T13 (h=1,k=3) Tl4(h=1,k=4) TI5(h=1,k=5) T23 (h=2,k=3)
Jhang 138163.6 890963.2 5820643.1 40379695.2 2250013.1
Gujrat 1683.1 10844.4 73847.7 534079.5 18218.9
Kasur 247034.4 1500728.6 9605459.6 66188757.3 2573608.2
Sialkot 322.1 2207.0 15843.0 118825.5 3970.3

Table 11: Determinants of variance covariance matrices of multivariate ratio estimators for pair-wise phases

(Partial Information Case)

District ~ T24 (h=2,k=4) T25(h=2,k=5) T34 (h=3,k=4) T35(h=3,k=5) T45 (h=4,k=5)
Jhang 11146370.3 61382546.8 24203288.5 108298411.4 222062545.3
Gujrat 103581.9 653434.5 167622.1 901358.8 1434473.5
Kasur 14114833.3 84669409.0 23285985.9 121940138.0 197720243.3
Sialkot 22574.0 145036.8 38559.8 202554.0 338300.7

Table 12: Determinants of variance covariance matrices of multivariate ratio estimators for each phase (Full

Information Case)

District Tl (k=1) T2 (k=2) T3 (k = 3) T4 (k=4) T5 (k=5)

Jhang 1023.378901 27631.23032 351018.963 3453903.79 30487480.83
Gujrat 27.15981853 367.7474988 3710.595857 33124.8694 279522.8025
Kasur 103.7803005 1306.215104 12804.97189 112839.0944 946342.2579
Sialkot 2.156156072 36.85754751 405.2293669 3755.836241 32256.39965
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Table 13: MSE’s of univariate ratio estimators for pair-wise phases (No Information Case)
District TI2(h=1,k=2) T13(h=1,k=3) Tl4(h=1,k=4) TIS(h=1,k=5) T23 (h=2,k=3)

Jhang 212279.9 1223241.6 7221747.6 46128460.8 3572866.6
Gujrat 95363.1 312081.5 1102996.8 4211396.9 1123210.6
Kasur 203091.0 901801.7 3838230.0 16192403.1 2176260.2
Sialkot 9555.27 41464.3 173806.26 723929.5 126175.4

Table 14: MSE’s of univariate ratio estimators for pair-wise phases (No Information Case)
District T24 (h=2,k=4) T25 (h=2,k=5) T34 (h=3,k=4) T35 (h=3,k=5) T45 (h=4,k=95)

Jhang 16011134.8 79961159.68 38868782.02 158093587.7 2.60491E+11
Gujrat 3372979.2 11251537.17 10702183.50 30944428.16 93069748.63
Kasur 8973735.6 36805031.49 19922737.86 79389873.19 170075469.89
Sialkot 482925.7 1897366.87 1256890.23 4554991.24 11150157.88

Table 15: MSE’s of univariate ratio estimators for pair-wise phases (No Information Case)
District TI12(h=1,k=2) T13 (h=1,k=3) T4 (h=1,k=4) T15(h=1,k=5) T23 (h =2,k =3)

Jhang 652.99 980.5526 1635.678 2945.928 1795.189

Gujrat 309.4727 900.3699 2082.164 4445.753 624.3232
Kasur 378.5487 1044.532 2376.499 5040.433 771.9548
Sialkot 234.4814 682.5967 1578.827 3371.289 474.9672

Table 16: MSE’s of univariate ratio estimators for pair-wise phases (No Information Case)
District T24 (h=2,k=4) T25(h=2,k=5) T34 (h=3,k=4) T35(h=3,k=5) T45 (h=4,k =5)

Jhang 2450.314 4079.586 5389.837 8648.382 4079.586
Gujrat 1806.117 1254.024 3617.613 2513.426 1254.024
Kasur 2103.922 1558.767 4222701 3132.391 1558.767
Sialkot 1371.198 955.9386 2748.4 1917.882 955.9386

Table 17: MSE’s of univariate ratio estimators for each-wise phase (Full Information Case)

District Tl (k=1) T2 (k=2) T3 (k= 3) T4 (k= 4) T5 (k= 5)

Jhang 81.89064 245.6719 573.2344 1228.36 2538.61

Gujrat 213.5579 509.0065 1099.904 2281.698 4645.286

Kasur 251.1011 584.0929 1250.076 2582.043 5245.977

Sialkot 142.167 366.2247 814.34 1710.571 3503.032
References

Ahmed, M. S. (2003). General Chain estimators under multi phase sampling, Journal of Applied
Statistical Science, 12, 243-250.

Arora, S. and Lal, B. (1989). New Mathematical Statistics, Satya Prakashan, New Delhi.

Ceccon, C. and Diana, G. (1996). AClassi di stimatori di tipo rapporto in presenza di piu variabili
ausiliarie, Proceedings of Italian Statistical Society, XXXVIII Scientific Meeting, Rimini, 9-13
April 1996, 119-126.

Hanif, M., Ahmad, Z. and Ahmad, M. (2009). Generalized multivariate ratio estimators using multi-
auxiliary variables for multi-phase sampling, Pakistan Journal of Statistics, 25, 615-629.

John, S. (1969). On multivariate ratio and product estimators, Biometrika, 56, 533-536.

Naik, V. D. and Gupta, P. C. (1991). A general class of estimators for estimating population mean
using auxiliary information, Metrika, 38, 11-17.

Olkin, I. (1958). Multivariate ratio estimation for finite populations, Biometrika, 45, 154—165.



Generalized Multi-Phase Multivariate Ratio Estimators 637

Perri, P. F. (2005). Combining two auxiliary variables in ratio-cum-product type estimators, Proceed-
ings of Italian Statistical Society, Intermediate Meeting on Statistics and Environment, 21-23
September 2005, 193-196.

Samiuddin, M. and Hanif, M. (2007). Estimation of population mean in single and two phase sampling
with or without additional information, Pakistan Journal of Statistics, 23, 99—-118.

Sen, A. R. (1972). Successive sampling with p(p>1) auxiliary variables, The Annals of Mathematical
Statistics, 43, 2031-2034.

Singh, H. P. and Namjoshi, U. D. (1988). A class of multivariate regression estimators in two-phase
sampling, Assam Statistical Review, 2, 1-7.

Singh, M. P. (1965). On the estimation of ratio and product of population parameters, Sankhya Series
C, 27,321-328.

Singh, M. P. (1967a). Multivariate product method of estimation for finite populations, Journal of the
Indian Society of Agricultural Statistics, 31, 375-378.

Singh, M. P. (1967b). Ratio cum product method of estimation, Metrika, 12, 34-43.

Srivastava, S. K. (1971). A generalized estimator for the mean of a finite population using multi-
auxiliary information, Journal of the American Statistical Association, 66, 404—407.

Swain, A. K. P. C. (2000). Current Developments in Survey Sampling, Om Prakash, Bhubaneswar,
India.

Tripathi, T. P. (1989). Optimum estimation of mean vector for dynamic population, Proceeding of
International Symposium on Optimization and Statistics, held at AMU. Aligarh.

Tripathi, T. P. and Khattree, R. (1989). Simultaneous estimation of several means using multivariate
auxiliary information, Tech. Report No. 13/89, Stat/Math, ISI, Culcatta.

Received November 2009; Accepted May 2010



