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EIGENVALUE PROBLEM OF BIHARMONIC EQUATION
WITH HARDY POTENTIAL

YANGXIN YAO, SHAOTONG HE, AND QINGTANG SU

ABSTRACT. In this paper, we consider the eigenvalue problem of bihar-
monic equation with Hardy potential. We improve the results of refer-
ences by introducing a new Hilbert space.

1. Introduction

In 2006, Adimurthi, M. Grossi, and S. Santra [2] proved that, if 0 € Q C
Bg(0) is a bounded domain in R*, and R > 0, Ry > eR, then Yu € HZ(2) or
Vu € H2(Q2) N H} (), we have

Aul?dz — / / - X7 du,
/ 2 ER YV Z FRovE
where —1 is the best constant and can’t be achieved by any nontrival function

u € H3(Q) or Vu € H?(Q) N H(Q), where

Xi(z) =Y, <;1|> i=1,2,3,...

and
Yi(t) == (1 —1Int)~%, t € (0,1],
Yi(t) :==Yio1(Ya(t), t € (0,1], i=2,3,4...,
Y;(0) =0, Yi(1) =1, 0< V() < 1

Furthermore, if we define

2
MQ) =  inf /Aqum—/u—dx
() uEHS(m{ 12l o e[ BT
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then A\(Q) can’t be achieved by any domain €. This means that the following
eigenvalue problem

Ny— ——— % ) Q
G
(2) u#0 z e

u € HZ(Q)

has no solution for A = A(Q?). Adimurthi, M. Grossi, and S. Santra [2] have
considered the following eigenvalue problem

2, q(z)u _
) T Y i A
u#0 x e
ue H(9).

where 0 < g(z) < 1. Define
2

)\(q)—uegl?fm{/ |Au|? dz — /nglfl);ﬂwdx /Qu2d:v—l}

if N =4, and ¢(x) satisfies the following assumptions, they have the following
interesting results:
(i) If g(z) satisfies

lim i(r)lf(lnln R/|z))?(1 — q(x)) > 3,

then A(q) is achieved by u, and (3) has solutions for A = A(g). Furthermore, if
) is a unit ball centered with the origin, we can choose u > 0.

(ii) If Q is a unit ball centered with the origin, then A(g) is not achieved by
any non-negative function, provided ¢(z) satisfies

sup  (Inln R/Jal)*(1 - q(2)) < 3
0<|z|<Ry
for some 0 < R; < 1.
For the case N > 5, A. Tertikas and N. Zographopolous [6] have proved the
following inequality
(4)

N2(N — 4)2 |u|2> ( N(N—4)) u?
Ayl - — 7 de > (1+ dz
/Q<' | 6 [aff 5 ) Jo el R

which holds for any u € HZ(2), where R > esup |z|. If we define Ax () as
€N

2 4)? [u?
AN(Q) = inf / |Aul? — NN —4) |u\ /u de=1
weH2(Q) ( Jo 16
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then An () is not achieved by any domain €2 [6]. This means that the following
eigenvalue problem

2N _ 4)2
N2y NN —4)" u =Xu xz€f
5 16 ||
(5) u#0 xz e
u € HZ(Q)

has no solution for A = Ay(Q). Adimurthi, M. Grossi, and S. Santra [2]
considered the following problem

NZ(N —4)% g¢(z)u

N2y — = Q
. u 16 2] Au T €
(6) u#0 LAY
u € Hi (),

where ¢ € C°(Q), 0 < g(x) < 1. Let

. N?(N —4
/\N(q):ueglzfm{/mﬁdm— (16 ) Q |x|4 ‘/u dx—l}

They get the following interesting results:
(i) An(gq) is achieved for some function u in HZ(2), and (6) has solutions for
A = An(q) if g(z) satisfies

6(N? — 4N +8)

(7) ligljélf(ln 1/|2])*(1 — q(x)) > N2(N — 4)2

Furthermore, if € is a unit ball centered with the origin, then we can choose
u > 0.

(ii) If © is a unit ball centered with the origin, then Ay (g) can’t be achieved
if g(x) satisfies

9 6(N% — 4N +38)
(®) L 1/ ge) < P
for some 0 < Ry < 1.

It seems that (7) and (8) can not be improved since they have given an
almost sufficient and necessary condition. Observe that if ¢(z) = 1, the eigen-
value problems (3) and (6) have no non-trivial solution in HZ(Q). So our
first consideration is to weaken the assumption of g(z) so that the result of
Adimurthi in [2] can be improved.

Actually, we can achieve this. We find that, if we consider the above prob-
lems in a new Hilbert space, whose norm is not equivalent to that of HZ(f2),
the assumption of g(x) can be weaken.

Furthermore, we pay more attention to the eigenvalue problems with two
Hardy potential.
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(1) Let N > 5. We consider the following problem:

N2(N —4)? u q(z)u
AQ . - —_— = )\ Q
YTTTe e MR e o€
9) u#0 z €N

where 0 < 3 <1+ N(N —4)/8.
(2) Let N = 4. We consider the weighted eigenvalue problem with two
Hardy potential as follow:

(10)
2y — “ _ q(z)u 3
ALY |z|*(In R/|x])? H2 iz (I R/[z))2(Inln R/[z))2 An(z)u z€Q
urd x e
‘T % =0 x € 09,

where 0 < pg < 1.

For (9), p1 = 1+ N(N —4)/8 is the best constant of inequality (4) in the
right hand side. In this case, the singular term 1/(|z|*(In R/|z|)?) is called the
critical potential.

For the case N = 4, no paper has proved that pus = 1 is the best constant
of inequality (1) in the right hand side. In this paper, we will give a positive
answer that 1 is the best constant. As a result, we are able to identify the
critical potential case with the non-critical case.

2. Main results

In order to state our main results, we construct a new Hilbert space as
follows.
We define Hg{v (©2) as the completion of HZ(Q2) with respect to the norm

IE ||H§,IN(Q), where Q € RV, N > 4. And the norm || - ||H3,{V(Q) be defined as

2
AP —  Vdz, N=4
G |x|4<1nR/|x|>22

Hu”i'&N 2 2
o1 () 5 NN —-4)% u

associated with the inner product

uv
Aubv— ————_)dz, N=4
_ /Q< |z|4(1nR/lx|)2>

a(u,v) = 2 NY
AuAv — Mﬂ dx, N >5.
0 16 fxf*
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Obviously, the norm || - || H2N (9) is not equivalent to the norm || - [|zz =

(Jo |Au?dz)z. If 1 < p < 2, by the W' estimation in [2], we have
H{(Q) C Hyy' () C Wy P(Q).

In order to see this, when N = 4, we give some examples to show this.
Consider the function u(x) = u(]z|) defined on B;(0), where

u(r) = (In1/r)%(nln1/r)°

in Bg,(0) with 0 < Ry < e~!, and smooth up to the boundary on B;(0)\Bg, (0).
It’s easy to check that u € HZ() if and only if a < 1/2, or a = 1/2 and
§ < —1/2, while u € Hy'1' (Q) if and only if a < 1/2, or a =1/2 and & < 0.

If N > 5, we observe the function u(x) = u(]z|) defined on B;(0), where

w(r)=r="7 (In1/r)*(Inln1/r)°

in B, (0) with 0 < Ry < e~!and smooth up to the boundary on By (0)\Bg, (0).
It’s easy to check that u € HZ(f) if and only if a < —1/2, or a = —1/2 and
§ < —1/2, while u € Hg1' () if and only if a < 0, or a = 0 and & < 0.

Define L; () = {u | [onu?dz < oo} with the norm ||ul|r2 = ([, nu® dxz)'/2,
where n > 0, and for N > 5,

(11) limsup |z|*(In R/|z|)*n(x) = 0
|z|—0
for N =4,
(12) limsup |z|*(In R/|z|)*(Inln R/|z|)*n(x) = 0.
z|—0

Obviously, = 1 satisfies the above conditions of i, and L3(Q) = L?(9).

we mainly deal with the following problems:

e Some related theorems about the new Hilbert space Hgfv (€), including
the embedding theorem, maximum principle, etc.

e As an application of HglN (Q2), we consider the eigenvalue problem (9) as
well as (10), and find the existence of solutions and positive solutions.

(1) For N > 5, we consider the eigenvalue problem with two singular terms
as problem (9), where n > 0, n € L>*(Q\B,(0)), Vr > 0, and n satisfies (11).

Define
/ n(z)u®de =1 } ,
Q

B N2(N — 4)? u? q(x)u?
() = [ (180 - G e ) e

A (g) = inf {Im(u)

uweH Y (Q)

where
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(2) Similarly, for the case of N = 4, we discuss the eigenvalue problem (10),
where nn > 0, n € L*(Q\B,(0)), Vr > 0, and 7 satisfies (12). We define

/Qn(:r)u2dx:1},

ne@= it L

ueHg Y ()

where

u) = ul? — u? _ g(z)u? x
a0 = [ (189 — e e ~ e A P A7)

Remark 2.1. It’s easy to check that the functionals I,,,,J,, (11 <1+ N(N —

4)/8, u2 < 1) are coercive on HglN(Q) It’s also easy to find that J,,,I,, are

weak lower semicontinuous and lower bounded. However, we should be aware

that when p11 = 14+ N (N —4)/8, s = 1, the functionals I, ,J,,, are not coercive
2,N

on Hyy ().

The main result of this paper is as follows:

Theorem 2.1. Let N >5,0< 3 <1+ N(N —4)/8, g€ C°Q), 0<g(z) <
1, n(xz) >0, n(z) € L*(Q2\ B,(0)), Vr > 0, and n satisfies (11). Then

(1) If 0 < s <1+ N(N —4)/8, A\, (q) can be achieved and problem (9) has
a nontrivial solution u € HglN(Q) Furthermore, if 1 is a unit ball centered

with the origin, then we can choose u > 0 on €.
(2) If up =1+ N(N —4)/8, and q(z) satisfies the extra condition

(13) limsup g(z) = 0,
|z|—0
then A, (q) can be achieved and problem (9) has a nontrivial solution u €

Hg’{v(ﬂ) Furthermore, if Q is a unit ball centered with the origin, then we can
choose u > 0 on Q.

Similar to Theorem 2.1, for the case of N = 4, we have the following theorem:

Theorem 2.2. Suppose that N = 4, 0 < us < 1, ¢ € C°(Q), 0 < g(z) <
1, n(z) >0, n(z) € L=\ B-(0)) for any r > 0, and n satisfies (12). Then
(1) If 0 < po < 1, 7,(q) can be achieved and problem (10) has nontrivial
solutions u € HglN(Q)
(2) If uz = 1, and q(x) satisfies the extra condition

(14) lim sup g(z) = 0,

|| —0

then 7, (q) is achieved and problem (10) has nontrivial solutions u € Hng(Q)
Furthermore, if Q is a unit ball centered with the origin, we can choose u > 0
on .
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3. Preliminary lemmas

Lemma 3.1. The Hilbert space HglN(Q) is embedded into L7 () and the em-
bedding is compact, where n > 0, if N > 5, then n satisfies (11), while N = 4
n satisfies (12).

Proof. We'll divided the proof into two steps. The first step is to prove that
Hgiv(ﬂ) < L?(Q), while the second step is to prove Hgiv(ﬂ) — L2(Q).

Step one: Prove Hng(Q) —— L2(Q).

From Theorem A.2 of [2], there exist Ry > 0,Cy > 0,C3 > 0 such that V R >
Ry, Yu € Hg(Q)

2
AufPe — % Ndz> 2 N =4
/Q<| U" |.’E4(11’1R/|£L'|)22dx_01|u||WO(Q))
N2

N2(N —4
Auf? — ( )“>dx>02|u||3vol,p( N >5,

16 || Q)

where 1 < p < 2. Since HZ(2) is dense in HS{V(Q), then the above inequalities
are hold for any u € Hng(Q) It’s easy to check that Hng(Q) c WyP(9),
S0 Hgfv (Q) — WyP(Q). Furthermore, if p > ]\2,—12, by Sobolev embedding
theorem, the embedding W, ?(Q) < L2() is compact. By [1], HOQ{V(Q) —
L?(2) and the embedding is compact, i.e., Hng(Q) —— L%(Q).
Step two: Prove HgiV(Q) e L2(Q).
Since Hgfv () is a Hilbert space, it’s reflexive, and it’s separable since HZ () is
separable and Hgfv(ﬂ) is dense in HZ(Q). By [3], the bounded set of Hgfv Q)
is weakly compact. Therefore, for any bounded sequence {u,} € Hgfv (), up
to a subsequence, we can assume that
Up — u, in HS{V(Q)
{un —u, in L?(Q).

Since for N > 5, 5 satisfies (11), so V € > 0 small enough, there exists r > 0,
such that V|z| < r, |z[*(In R/|z|)?n(z) < e. Observe that

2 4 2 \un—u|2
n|uy, —u da::/ z|*(In R/|x|)* n—r—7—5 dz
[ = [ R e

T

—|—/ |y — ul? d.
O\B,(0)

Applying (4), Ve > 0, by the above discussion, there exists r = r(e) > 0, such
that

|, _U|2

2l (10 By 2y =g,
/,W ) T = a2
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a2
<6/ de<06||un—u||
B

2
L0 |z[*(In R/|z()? 2N ()

Since {uy} is bounded in Hgfv(Q)7 letting € — 0, we have [, ) Ny, — ul? dz
— 0. Moreover,
/ nlun — ul? dz < 7] 2o 2\ B, (0)) | n — u||%2(9) — 0, n— o0
Q\B.,(0)
therefore [, nfu, —u[*dz — 0, i.e., u, — uin L3(Q). If N = 4, the proof is
similar to that of N > 5. This completes the proof. O
Lemma 3.2. Let N = 4. Then we have

(180 - e ) .

inf 5 =
ueHZ(Q) U

o lz[*(In R/[x|)*(Inln R/|x])
Proof. For any € > 0, fix 6 > 0 and let
(o [ B/ b R 24, 6 < o] < By <1
e\T) =
alz| + b, x| <6

2dx

(15)

and u. is smooth up to the boundary. To guarantee u. has a continuous first
order derivative on |z| = 4§, we require

(In R/8)"Y/2(In1n R/8)Y/ > — 1—2’—7526(lnR/é)_l/Q(lnlnR/é)_l/“E

__ 1

4T 7o
and

b= (InR/6)Y*(Inln R/6)/?*¢ +1/2(In R/6) " /2 (Inln R/5)/**e

1+ 2¢

+ (InR/6)~Y2(Inln R/8)~Y/2Fe,

Observe that
/ u
Br, (0) |2[*(In R/|z])?(Inln R/|z)

2
Ue

Ry
- 4w4/0 r(In R/r)?(Inln R/r)

2
€

2dx

2dr

= 4w /(S (ar +b)” dr+4w /erl(lnR/T)l(lnlnR/r)1+25dr
~ 7 )y rmR/r)2(Inln R/r)? * Js

£ A+ B.

For A, we have

5
_ a’r 2ab b2
A= 4"”4/0 ((ln R mR/r? T R/ nm B2 r(lnR/r)Q(lnlnR/r)z) dr
L A+ Ay + As.
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For any 0 < 4 < 1, it’s easy to check that A;,As,As converge to finite limit as
e — 0.
For B, we have

Ry
B = 4w4/ r *(InR/r)"(Inln R/r) " T2 dr — co (e — 0)
5

so as € — 0, we obtain
u? R 1

e dz~B=4 dr.

/BR1<0> [z (I R/|z)2(Inln R/[z[)2 " °"4/5 rInR/r(Inln Rjr)l—2

By direct calculating, if 0 < r < 4, then

Au, = 3ar™!
while if § < r < Ry, then

Au. = —r 3 (InR/r)"/2(Inln R/r)t/?**e
1+ 2e

-3
1 —3/2 1/2+e€
fp(lnR/r) /2(Inln R/r)Y/**

—1/4+ €2
s
,

(InR/r)~"?(Inln R/r)~1/*e

(InR/r)~%/%(Inln R/r)~3/2F¢

and therefore,

2
Au|? — “> dz
/BRl o (' T PR

fu 2.3 u?
— 4w4/0 <|AuE e — r(lnR/r)2> dr

) 5 2
b
:36w4/ a2rdr—4w4/ Mdr
0 o r(lnR/r)?

Ry
+ 4w4/ (Au6|2 —rY(InR/r) " (In R/r)1+2€> dr
s

£ Dy + Dy + Ds,

where
5

Dy = 36wy [ aPrdr

S~

D2 = 740}4
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Obviously, Dy,D5 converge to finite limit as € — 0. For Dsg,

R1 1
D3~ 4 d
3 “’4/5 rInR/r(nR/ryi-2c & %

and therefore

u? 1

Ry
Au 2 — — "¢ w4 .
/Bmm)(' w4 R

Hence, letting ¢ — 0, we obtain

| G - |x|4<1n&/|z|>2)dm/ |, R

By inequality (1), the proof is completed. O

Remark 3.1. By Lemma 3.2, if uy = 1, the singular term
1/]z*(In R/|z|)*(In R/|z[)*
in Theorem 2.2 is called critical potential.

Lemma 3.3. Consider the problem (9), where 0 < py < 1+ N(N —4)/8,
Q = B is a unit ball in RN (N > 5) centered with the origin. If (9) admits a
nontrivial solution u for X = A\, (q), then u doesn’t change sign in B.

Proof. The proof is similar to that of Theorem 5.1 of [2]. We will prove it by
contradiction. Assume that a solution u of (9) changes sign in B, define

0
K = {v € Hg{V(B) v >0ae,v= a—v =0on 8B}.

' g
Then K is a close convex cone and K is not empty. So there exists a projection
P:HY(B) — K such that V u € Hyy (B)Y v e K
(16) a(u — P(u),v — P(u)) <0.
Since K is a cone, we can replace v with tv in (16), where ¢ > 0. Letting
t — 00, we have

1
a(u — P(u),v) < tlim —a(u — P(u), P(u)).
Hence we have A%(u — P(u)) < 0, by Boggio’s principle, u — P(u) < 0. Mean-
while, if we replace v with ¢tP(u) in (16), where ¢ > 0, then we have
(t — Da(u— P(u), P(u)) <0
so we have a(u— P(u), P(u)) = 0. Therefore u can be divided into u = uy 4+ us,
where u; = P(u) € K, us = u— P(u), with us < 0. It’s not hard to check that
Ly (w1 — ug) 1 (u1 + up)
Jpnlu —we?dx ~ [pnlur +uaf? dz’
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it contradict with the definition of A, (¢). Hence u doesn’t change sign in B.
Since the Green function is strictly positive, so w is strictly positive or negative
in B. 0

Similarly we can prove the following theorem.

Lemma 3.4. Consider the problem (10), with 0 < ps <1 and Q = B is a unit
ball in R* centered with the origin. If (10) admits a nontrivial solution u for
T = Tu,(q), then u doesn’t change sign in B.

4. The proofs of Theorems 2.1, 2.2

Proof of Theorem 2.1. (1) If 0 < pu; < 14 N(N —4)/8, then it’s easy to check
that I, (u) is coercive and weak lower semicontinuous in HglN (). Define the

manifold
M = {u € Hg)’fV(Q)’ / nu?dr = 1}.
Q

Then M is a weakly closed subset of Hg{v (©). Obviously M is not empty. By
8], I, (u) admits its minimum by a minimizer v € M. So A, (¢) is achieved
and also the problem (9) has a nontrivial solution. By Lemma 3.3, we can
choose their solution uw > 0.

(2) If iy = 1+ N (N —4)/8, the functional I,,, (u) is not coercive in Hgfv(Q),
so we can not follow the steps of (1). To conquer the difficulty, we consider the
following problem:

a7
N2(N —4)? u N(N —4) sq(z)u
AQ _ — {1 = Q
S TR e ( N ) i &/faz V1@ T €
u#0 x e
w= % =0 x €09,

where 0 < s < 1, ¢ and 7 satisfy the assumptions of the theorem. Observe that
the operator

o NEN-4? 1 ([ N(N-4) sq(x)
A 16 |z (+ 8 )Iacl“(hﬂR/W)2

is coercive in HS{V (). By the first part of the theorem, the above problem

admits a nontrivial solution u, for As(¢) = A,, (sg). And observe that et
SHG

is also a nontrivial solution of (17). Hence ¥ 0 < s < 1, we can find {u,} such
that ug is a solution of (17) and ||US||H2,N(Q) = 1. Therefore, by Lemma 3.1,
0,1
up to a subsequence, we have
Ug — U, In HS{V(Q)
us — uy, in L2(Q).
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We will prove that us — u; in Hng(Q) as s — 1. In the fact, by (17), we have

o NAN —4)* u} N(N —4) sq(z)u?
Jlawr - G - (14 552 ]

:)\s(q)/nugdx.
Q

We will verify that, if we take w(z) = %, then w satisfies the assump-
tion of 7 in the definition of L2 ().

(1) Vo € , w(z) > 0 is obviously;

(2) Vo € Q\B,(0), we have w(z) < r~*, where r > 0 and B,.(0) C Q. Hence
w € L¥(Q\B,(0);

(3) Observe that g(x) satisfies (13), we have

limsup |z|*(In R/|z|)*w(x) = limsup g(x) = 0
|z]—0 |z[—0

therefore, L2 () is well defined. By Lemma 3.1, H021N(Q) —<— L2(9). Hence,
we have

q(z)us / q(z)ui
——————dz - [ ———————du,
/Q |[*(In R/|x])? o [z (In R/]x|)?
/nui dz%/nu?dx.
Q Q
Therefore

I, (uy) / [|Aué|2 (]Yg a |u‘|z4—<1+N(N8_ 4)> |x4??£235x|)2} dr

(18)

)\()/nu de — A, ()/nu?dx.

By the weak lower semicontinuous of I,,, and the fact that As(¢) — A, (¢) as
s — 1, we have

L, (un) < lminf I, (ug) = Ay, (0) / e da.

By the definition of X, (¢), we have I, (u1) > A, (q) [, nuidz. Therefore,
I (u1) = My (@) f mud da, and

2 ) = /Q (IAusl2 - W Z|24> dz
= <1+N(1\;4))/Q |x|4?1115}%/| 7 o+ Al )/ngdx
- <1+ N(J\;— 4)) /Q |m|4<1§1§%/\x|>2 dx+Am(q)/Qnu§dx
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N2(N —4)% qu?
_ PR SV et § _ 2
_/Q(|Au1| o) A = g

Hence ||us|\H§:{v(Q) — ||u1||H§jf’(Q)7 ie, us — wup in HoglN(Q) So Ay, (q) is
achieved by u1, and the problem (9) has a nontrivial solution u;. By Theorem

3.3, if © is a unit ball centered with the origin, we can choose u > 0 or u < 0.
Observe that —u is also a solution of the problem (9), we can choose u > 0.

This completes the proof. (Il

Proof of Theorem 2.2. The proof of this theorem is similar to that of Theo-

rem 2.1. (]
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