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ON MIXED TWO-TERM EXPONENTIAL SUMS

ZHANG TIANPING

ABSTRACT. In this paper, we shall use analytic methods to study the hy-
brid mean value involving the mixed two-term exponential sums C(m,n,r,
X;q), and give several sharp asymptotic formulae.

1. Introduction

The classical two-term exponential sums is defined as

1 ma” + na
C(man,r;Q):Ze I B

a=1 q

where e(y) = 2™ ¢, m,n,r are integers with ¢,r > 2.

This summation is very important in additive number theory, because there
exists close connections between this summation and Waring’s problem. Many
scholars have studied its arithmetical properties. For example, Davenport and
Heilbronn [7] proved that

C(m,n,r;p®) <, p**(n,p®), if pfm,

where § = 2/3 if r = 3, and 0 = 3/4 if r > 3. Applying Weil’s estimate for
exponential sums over finite fields, Hua [8] proved that 6§ = 1/2 for all r > 2.
Improvements have been made by Smith [17], Loxton and Smith [13], Loxton
and Vaughan [14], Dabrowski and Fisher [5], etc. Recently, Ye found certain
identities between the two-term exponential sums and hyper-Kloosterman sums
(see Theorem 3 of reference [20]), these identities are in turn deduced from
generalized Davenport-Hasse identities of Gauss sums. Applying the better
bounds for hyper-Kloosterman sums for prime power modulus obtained in [5],
he established better bounds for it.
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The mixed two-term exponential sum is defined as

q
ma” + na
C(mana X3 Q) = ZX(“)B (q) 5

a=1

where x denotes a Dirichlet character modulo ¢q. If ¢ = p, it follows from Weil’s
work [18] that for all x modulo p, and p t m, we have

|C(m,n,7,x;p)| < 1P
For g = p*, Cochrane and Zheng [3] showed the following upper bound
|C(m,m,m, X p%)| < 1p3% (0, p%)5,
where r > 2, > 1,p > 2 and m, n are any integers with p t m; While if p = 2,
then for all y modulo 2%, they showed
|C'(m,n,r, x;29)| < 27“2%0‘(71,20‘)%

and proved that the exponent %a is the best possible. Under the additional
assumption that x is a multiplicative character modulo p® of conductor p and
p1(m,n), they in [4] got the improved upper bound

|C(m,n, 7, x;p™)| < rp?%.

In [19] Xu, Zhang, and Zhang studied the asymptotic properties of the 2I-th
power mean

a
Yo D ICmnxiq [*
x mod ¢ m=1
and gave the following exact formula in the case [ = 2.

Proposition. Let g > 3 be an integer and k be any positive integer with (k,q) =
1. Then for any fized integer n with (n,q) = 1, we have the identity

q
o> Cmnkx; )l

m=1x mod ¢q

_ q¢3(q)d(q)H (172(/@]071)71)1—[(17 2(k,p—1) -1 N (k,p71)271>’

el (a+1)(p—-1) " 2(p—1) 2(p —1)?
a>2

where ¢(q) is the Euler function, d(n) is the divisor function, ]
the product over all p such that p® | ¢ and p®™1 1 q.

vellg denotes

If we assume that k£ +1 = 0 (mod ¢(q)), the mixed two-term exponential
sum is the general Kloosterman sum S(m,n, x;¢) which is defined as follows

Stmomxia) = 3 x(a)e (et

a=1
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where aa = 1 (mod ¢). Chowla [2] and Malyshev [15] proved that for any
integers m and n, we have

1S(m,n, x;p)| < (m,n,p)'/2pt/>*e,

where € is any positive real number. But about the properties of S(m,n, x;q)
for general ¢, we know very little about it so far. In fact, the value of |S(m,n, x;
q)| is quite irregular if ¢ is not a prime. However, Zhang (see [22] and [23])
showed that the values of S(m,n, x; q) enjoy many good distribution properties
by proving that

q 4 1
> D IStmn el = e’ (9)dle) [] <1 - (aﬂ)(p_l)>

x mod ¢ m=1 r*llq
and
, p(2p* — 3p — 3), if x is the principal character mod p;
Z |S(m,n, X;p)\4: p?(3p — 7), if x is the Legendre symbol;
m=1

2p%(p — 3), if x is a complex character mod p.

He [24] also studied the hybrid mean value between Dirichlet L-functions and
the general Kloosterman sums, and obtained that

ST Stmn i)l 1L, )

x mod ¢q
X7#X0
2 2k—1 ) 1 2k—1 1_(2kk:12) 5
) -3) - o)
pla ptaq

Moreover, Liu and Zhang [12] investigated the hybrid mean value involving the
general Kloosterman sums further, and obtained that for any positive integer
k and integers m and n with (mn,¢) = 1, we have

, 2k
L 5 TE€
> IStmnoxial |7 (L) = Alkg)*(@) +0 (¢37).
x mod g

X#X0

S~ ) .

where A(k,q) = Z 5 1s a constant depending on k and g,
n=1 n

(n,q)=1

Te(n) = Y A(mi)A(ma) - A(my),
mims-mp=n
and A(n) is the Mangoldt function.
It might be interesting to consider similar mean values on the mixed two-
term exponential sums. In this paper, we shall use analytic methods to study
the hybrid mean value involving the mixed two-term exponential sums C'(m, n,
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r,X;q), and give several sharp asymptotic formulae. That is, we shall prove
the following:

Theorem 1. Let p be an odd prime, n,r,a be integers with r,a > 2, p{r(r —
1),ptn and (r —1,p—1) = 1. Then for any integers m and k > 1, we have

, 2k
(07 L (o3 (e} 3o €
> [Cmyn,rx:p)P 7 L =Akp )p° +0<p2+>~
x mod p<«
X#Xo

Theorem 2. Let p be an odd prime, n,r,a be integers with r,a > 2, p{r(r —
1),ptn and (r —1,p—1) = 1. Then for any integers m and k > 2, we have
2 (2k) (k) 2p(2H+ Do ,
AN 2 2k+ 3 )a+te
Z |C(mvn7T7X7p )| |Bk,X| - (27.‘-)2k +O(p( 2) )7

x mod p*
XF#Xo0

where ((s) is the Riemann zeta function and By, is a generalized Bernoulli

numbers defined by
q

teat JFOOka k
DA =

a=1

Theorem 3. Let p be an odd prime, n,r,a be integers with r,a > 2, pfr(r —
1),ptn and (r—1,p—1) =1. Then for any integers m and k > 2, we have

_ oh—1 (k!)hp(kh—‘rZ)a

. |2,-h (BRI (kh+3)a+te
2 e P B = e O (ptine D).

X#X0

where T(x) is Gauss sums.

Remark. In Theorem 1, if we bound the left hand side by estimation of in-
dividual terms, we can use the bounds |C(m,n,r,x;p®)| = O(pi®te) and
|L-(1,x)| = O(p°). This will give us a bound for the left hand side O(p3ote),
which is much worse than the bound of the right hand side. Similar discussions
can be made in Theorems 2 and 3.

2. Several lemmas

To complete the proof of the theorems, we need the following several lemmas.

Lemma 1. Let p be an odd prime, n,r,« be integers with r,ac > 2,p { r(r —
1),ptn and (r —1,p—1) = 1. Then for any integer m, we have the following
sharp bound that

|C(m,n,r;p™)| < p?.

Proof. This is Corollary 1 of [3]. O



ON MIXED TWO-TERM EXPONENTIAL SUMS 1111

Lemma 2. Let m,n,r,q be integers r > 2 and q > 3. Then we have the
identity

q q

Clmn o)l = 6(a)+ Y x(@) Y e (mbr(ar — 1) + nb(a— 1)) |

a=2 b=1 q

Proof. From the properties of residue systems, we have

q q r r
Sl = 33 e (20 =¥ )=
|C(m,n,7,%;9)] ;;x(a)e p
L L fmbr(a” — 1) +nb(a — 1)
= x(a) 6<m >
y i b (a” — 1) + nb(a — 1)
= o)+ w0 e (™ )
This completes the proof. (I

Lemma 3. For any positive integer k, we have the asymptotic formula that

, 2k
L
Yo |7 W] = Ak 9eéle) + O ().
x mod ¢q
XF#X0
Proof. This is Theorem 2.1 of [12]. O

Lemma 4. Let p be an odd prime, n,r,« be integers with r,a > 2,p t r(r —
1),ptn and (r—1,p —1) = 1. Then for any integers m and k > 1, we have
the estimate that

p P~ / 2k
! r /mb(a" —1)+nbla—1 L B0,
I DR B e e N IR
mod p® | a=2 b=1 p
X P

X#Xo

Proof. Let x1 be the non-principal real character modulo p®. Then from
Siegel’s theorem [16] and the properties of L-functions we know that

L' pae (log pa)Q
1 _
( ) Xl) < Cl(ﬁ)

L

For any complex character xy modulo p%, and p* < exp[C,(log x)%], where C’
is any positive constant, from [6] we have
() = Y x(mAm) < wexp (~C”(loga)?)

n<z
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holds for some positive C” depending only on C’. Then for parameter N >

exp ((lc()gp E ) by Abel’s identity we can get
Z gy = S5 A0
L X 7n:1 n
PR DI
|y A, T,
1<n<N N Y
log N
- x(A@) og :
1<n<N " exp (C’" (log N)§>

Therefore we have

R v b(a” — 1)+ nbla— D\ | | *
! r (mb(a" — 1)+ nbla —
> S @Y e . ) 5 a0
x mod p® | a=2 b= p
X#X0 B
[y 7 mb(a” — 1) + nb(a — 1) I3 *
= > x(a)) e — — (1, x)
p L
x mod p® | a=2 b=
X#Xo - -
XF#X1
3o okoe a4k
2 1
Lofrir™ ]5 og p®)
Ct*(e)
p* p* o 2k
B ! r(mb(a" — 1)+ nbla—1) x(DA(D)
B Z Z X(CL) € [e] [
x mod p® [ a=2 b=1 p 1<I<N
XF#Xo
X7#X1
p% log? N p pPhoc(log p)
+ O 17 1 + O CQk( )
exp(C (logN)Z) 1€
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Then from the orthogonality relations for character sums and Lemma 1, we
can get

« o . 2k
[ p p
/ / mb"(a" — 1) + nb(a —1 HA(I
Z Z x(a Z e< )a ( )) x(OA()
P l
x mod p< _a:2 b=1 ] 1<IKN
r pa pa N 2
’ ’ mb"(a” — 1) + nb(a — 1 )7 (1
- Y 3w e( )a ( )) 3 x()7(l)
p l
x mod p™ _a:2 b=1 i 1<I<NE
B P /i/e (mbr(ar — 1)+ nb(a — 1))
a=2 b=1 pa
T(n1)mr(n _
D DD DRI NN
1<n; <Nk 1<ny<N* 172  mod p*

I A

i Cm s p)| Z Z Tr(n1) 7k (n2)

nin2
1<n1 <Nk 1<ny<NF
ani=nsz mod p™

3 1
< p? ¢(p®™) log?* NZ Z Z n1(Ip™ + any)

2 k1 k_
aT2ISmSNE Loamy g NE—amy

10

+pZo(p log%NZ Z ainf

a=2 1<n, <N*

pe pe
o I 1 o - l
< p2 o(p%) logzl€ N E p +p2 10g2"Jr2 N E 1
a=2 a=2

< pFo(p*)log? 2 N.

Taking N = max{exp(k()g E ), exp( ( )} in the above, we may immedi-
ately get
7 " b (a" — 1) +nbla—1)\ | |L' *
! 1 (mb"(a" — nb(a — 30,
> S X e e DY 2 | < pt e
x mod p® | a=2 b=1 p
XF#X0

This completes the proof. O
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Lemma 5. Let g > 3 be an integer. Then for any positive integer k > 2, we

have
> 5 S 00 g + o)
T1T2
XFX0 T1=—00 rg=—00
r#0  ra#0
Proof. This is Lemma 2.1 of [11]. O

Lemma 6. Let p be an odd prime, n,r,a be integers with r,oc > 2,p { r(r —
1),ptn and (r —1,p—1) = 1. Then for any integers m and k > 2, we have

a o4

p
R~ mb”(a” — 1) + nb(a — 1)
0= 33 (M=)
a=2 b=1 p
~— x(a)G(r1, x)G(ra, x)
X
Z Z 2 (r1ra)*
T1=—00r2=—00 % mod p*
m#0 r2#0 x#xo
5701_;'_6
<pz2',

where G(r,x) = g 1 (rb).
Proof. From the orthogonality relation for character x mod p®, we have

oo v /e(mbr(cﬂ—l)—i—nb(a—l))

p()é

Q
Q

< = = X() (Tl’ X)G(r2, )
5y :

(7”17"2
r1=—00Tr2=—007% mod p*
m#0 r2#0 x#Exo

e u

-y mb” (a” —1)—|—nb (a—1) = X
=Y e (M NY Y o

a=2 b=1 T1=—00 Tro=—00

r1#0  ro#0

p*  p”
X Z X ast Z Z/e (Shpa tr2>
s=1 t=1

x mod p<

~

a feY

I mb"(a" — 1) +nbla—1 = Cpe (t
90 90T (LAGEUESIEIN] [ SREal

a=2 b=1 t=—o0
t=0

r(mb(a" — 1)+ nbla—1) = rl—arg)
e( ) Z Z 7’1?"2

(o34
p T1I=—0Q0 Iry=—00
r1#£0  ra#0

Y'Y

a=2 b=1
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a fa

plzle(mb’"(cﬂ”—l)+nb(a—l)> i‘"cpa(t) |

« k
a=2 b=1 p t

t=—o0
t7=0

where Cpo () = G(t,x0) = Z’Z; e(;—ﬁi) is Ramanujan sums. Then from the

identity that
-z (%)

d|(p*,t)
we may have

/ /e(mbr(a —1)+nbla—1)

) ) i” Z rl—arg)

T' r
T1I=—00 Iry=—00 1 2
r1#0  ra#0

hS]
=

)
0
o
Il
_

Q
Q

p p

~

/e< (a” —1)+nb(a—1)>

pa

pa
7“1 7‘2 Z d,LL <d>

d|(p>,r1i—arz)

a=2 b=1

+00
> Z
T1I=—X Tr2=—00

r1#0 ro#0

p* +o0
SEDNODY Z
d\p a=2 ri=—00 r2g=—00

r1#0 ro#0

ri1=are mod d

p® pe
_pzzdz Z k2k+p Zdz Z Z Tarl)
dlp®  a=2ri=—00 dlp® a=2ri=—oco I=—

r1#0 r17£0 l7£0
ld4ar,1#0

7“1 7”2

< pEte,

Similarly, we can obtain

pOL

AV "(a" — nb(a — =3 « 30
ZZ (mb( 1) + nb( 1)) ZCP)(t) < pEe

t=—o00
t=0

Thus we have
d < pBte,
This completes the proof. O
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Lemma 7. Let g and r be integers with ¢ > 2 and (r,q) = 1, x be a Dirichlet
character modulo q. Then we have the identities

Yo=Y w(d)e

x mod ¢ d|(q,m—1)
and
q
s = S (3.
@ = nid)o (4
dlq
where Z*x mod ¢ denotes the summation over all primitive characters modulo

q and J(q) denotes the number of primitive characters modulo q.

Proof. This is Lemma 3 of [21]. O

Lemma 8. Let p be an odd prime and o be an integer with o > 2. Then for
any non-primitive character x modulo p®, we have the identity that

pOC
a
700 = Yo xtae () =0,
a=1 p
Proof. This is Theorem 7.4.2 of [9]. O

Lemma 9. Let p be an odd prime and « be an integer with o > 2. Then for
any positive integers k and h, we have the asymptotic formula that

B 2h—1(k.!)hp(kh+1)o<

¥ _h(\gh kha-te
Y. MBIy = (—1) (=D (2707 kF +0(p )-
x mod p
Proof. This can be easily deduced from the proof of Theorem in [10]. (|

Lemma 10. Let p be an odd prime, n,r, « be integers with r,a > 2,p t r(r —
1),ptn and (r—1,p —1) = 1. Then for any integers m and k > 2, we have
the estimates

e o

LV mb”(a” — 1) + nb(a — 1) Wit — 30,
=3 > ¢ e > x(@)LMk,X) < p?

a=2 b=1 x mod p<«

x(—=1)=-1

and

pa/ pa/ mb"(a” — 1) + nb(a — 1) o — 3a
Ta=) ) e > @)L k¥) <p T

a=2 b=1 x mod p<&

x(—1)=1

Proof. We begin with the estimate for ¥;. Let dp(r) be the h-divisor function
(i.e., the number of positive integer solutions of the equation ¢ = t1ty---1p,).
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Then for any parameter N > p® and non-principal character x modulo p<,
applying Abel’s identity we have

o = x()du(t X(6)dn (t < Ay, X
Lh(k’x):;x( )tkh(): ) X( )tkh()+k/N y(i/ﬁ()dy’

1<r<N

where A(y,X) = > n4<, X(£)dn(t). Applying Lemma 4 in [24] and Cauchy
inequality, we have -
1/2

Yo 1A <] o™ DD TAwX) P <y Wl ).

x mod p® x mod p<
x(=1)=-1 x(=1)=-1

Hence we have
p p
I =" (mb"(a" —1)+mnba—1 * < Ay, x
IR e IR G A
a=2 b=1 p x mod p« N Yy
x(=1)=-1

[ o

1 3
s [Pk _ sa [Py TG (p?)
<p? / - | D 4w |dy<p* / > dy
N Y X mod po N Y
x(=1)=-1

Combining the above we can get

pa

fe"
I

e~ (mb(a" — 1)+ nb(a— 1) di (1) _—
"3y e = )ZN DX s
x(=1)=-1

3a+e
p
co(Za),

Note that for any integer a with (a,q) = 1, from Lemma 7 we have

X mod g x mod g
x(=1)=-1
=5 Y x5 X x-a)
x mod g x mod q
1 1
=3 X w(Hew-5 X u(?)).

s|(q,a—1) sl(g,a+1)
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Therefore we have

vy
p®  p°
1/~~~ [mb"(a"—1)+nbla—1) dp(t) p*
XY e( - > Y a (%) e
a=2 b=1 1<t<N slp
t=a mod s
1 LAV mb"(a” — 1) + nb(a — 1)
PP < P )
a=2 b=1
d t (o4 3a+e
« 3 20 (D) ew o (L)
1<t<N s|p™ 5
t=—a mod s
p*  p®
I~~~ (mb(a"—1)4+nbla—1)\ dn(a) P
=525 - 5 (2 o)
a=2 b=1 s|p>
3a+te
p
+ O <N21h >
LAY mb"(a” — 1) +nb(a — 1) 1
+0 e = Z o(s) (Is+a)
a=2 b=1 b s|pe ey
Y mb"(a” — 1) + nb(a — 1) 1
+0 e - > 8(s) (Is —a)
a=2 b=1 p p e <

0 . p3a+e
=p2 " +N°+0 Noim )

where we have used the estimate dp, (t) < t¢.

Now taking N = p®*2" " in the above, we may immediately obtain the
following

\Ifl < psTaJre.

Using the similar method, we can obtain the second estimate. This completes
the proof. O

3. Proof of the theorems

In this section, we shall complete the proof of the theorems. First from
Lemma 2 we have

2k

’

L
> 0ol |7 (1)

x mod g
X#X0
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, 2k
L
=¢q) Y 7 (LX)

x mod g

X#X0
Ly L fmbr(@ = 1) +nba—1)\ ]| |L *

— (1
* B [Sex (et o
X#X0

Then from Lemmas 3 and 4, we may have

, 2k
L se
> G| (LX) = Al g™ +0 (pFF)
x mod p*
X#X0

This completes the proof of Theorem 1.

Then we come to prove Theorem 2. Let ¢ > 3 be an integer. Then for any
character x modulo ¢, the generalized Bernoulli numbers can be expressed in
terms of Bernoulli polynomials as

By =q"" ilx(a)Bk <a> :

a=1 q

From Theorem 12.19 of [1] we know that if 0 < x < 1, then we have

k! X e(ta
Bp(z) = — (2mi)F t;m (tk )

t£0

So we have

q +oo e at k—1 oo
R o k! (q) _ Kkl G(t, x)
By =¢"")_ xla) | - (2mi)k ) 1k = T 2rik > T
t=—o0 t=—o0

t#£0 t#0

a=1

Therefore from Lemmas 2, 5 and 6, we may have

S 1G5 P B

x mod p*
X#Xo
I () S S GG )
- (27T)2k Z Z Z (7”17"2)k

x mod p&T1=—00Tr2=—00
x#xo ~ M#0 1270

(k)2p2b—Da P P ke 1) 4 mb(a — 1)
S 2 e pa )

a=2 b=1
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Yoo -
% Z Z Z 7“17T1T2 (12, %)

x mod p« T1=—00 rg=—00
XF#X0 #0220
20(2Kk) (k!)2pERDe (2k+1)ate
= (272 +O0(p P ).

This completes the proof of Theorem 2.
Now we come to prove Theorem 3. From Lemmas 2, 8 and 9, we also have

Z ‘C(m7nar7x;p )|2 h )ka

x mod p*
XFX0
=o(”) > T"(XBr,
x mod p*
X#X0
p Oé
’ mb"(a" — 1) +nbla—1 -
PN (M EUEREED) S Bk,
a=2 b=1 p X mod p*
XF#Xo
( k-') (k—1)ha pz/i:/e mbr a —1)+nb(a—1)
- 27” o @m a=2 b=1 pe
h
“+o0
* - G(t, x) o * -
x D x| Yo | tewn) Yo T"RBE,
x mod p* t=—o00 x mod p<«
t#0 XF#X0

h—1 h,(kh+2)c
—. 2 (k!) P( : ) +0 p(kh+1)a+e +E.
(_1)(k—1)h(27m)kh

Then for any primitive character x, from the property of Gauss sums that
G(t,x) =X(t)7(x) and 7(x)7(X) = x(—1)p®, we have

o o

p* p
( k;l) (k=1)ha ’ / mbT a — 1) + nb(a — 1)
E =
(2mi)k Z c pe

a=2 b=1

h
*
<D
x mod p* t—foo
t#0

mb"(a” — 1) +nb(a—1)>

( kNrpkhe Z o Z

p
T @mi)kh > D ¢

a=2 b=1
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h
+oco
* ) X(t
D SISO I SR
x mod p* t=—00
t£0
| CHYp s (it =1 a1
(27Ti)kh a=2 b=1 p*
* B h B
x Y x"(=Dx(a) (1+X(=1)(=1)*")" L"(k,x)
x mod p«
p
M mb”(a” — 1) + nb(a — 1)
_ X Z X(—l):l ( )Lh(k7X)7 if 2 | k,
()" S /’”Z/e(mbr<ar_1>+nb(a_1)>
(271)kh et o
X3 (=1 X(@) L™ (K, X), if 21 k.

Therefore from Lemma 10, we may immediately obtain
2h—1(k!)hp(kh+2)a 3
Z a2 h\ph (kh—i-f)a—i-e)
|C(m,n,r,x,p )| T (X)Bk;,x <_1)(k—1)h(27”')kh+0 (p 2 .

x mod p*
XFX0

This completes the proof of Theorem 3.

Acknowledgments. The author expresses his gratitude to the referee for
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