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REGIONS OF VARIABILITY FOR GENERALIZED
a-CONVEX AND B-STARLIKE FUNCTIONS,
AND THEIR EXTREME POINTS

SHAOLIN CHEN AND AIwU HUANG

ABSTRACT. Suppose that n is a positive integer. For any real number «
(B resp.) with a < 1 (8 > 1 resp.), let K{™ (a) (K{™ (3) resp.) be the
class of analytic functions in the unit disk D with f(0) = f/(0) = --- =

(=10 — £(n)()_1 — 2 () 2D ()
f (0) = F(™(0)—1 = 0, Re( T +1) > a (Re( ) +1) <

B resp.) in D, and for any A € D, let K™ (o, A) (K™ (8, A) resp.) denote
a subclass of K{™ (o) (K(")(8) resp.) whose elements satisfy some con-
dition about derivatives. For any fixed zg € DD, we shall determine the two
regions of variability V(™ (z9,a) (V{*) (29, 8) resp.) and V(™ (zp,a,\)
(V<”>(zo,ﬁ, A) resp.). Also we shall determine the extreme points of the
families of analytic functions which satisfy f(D) C V(™ (zg,a) (f(D) C
V<{m) (29, B) resp.) when f ranges over the classes K (™ (o) (K{™ () resp.)
and K () (a, \) (K{™ (8, ) resp.), respectively.

1. Introduction and preliminaries

We denote the class of analytic functions in the unit disk D = {z € C :
|z] < 1} by H(D), and we think of H(D) as a topological vector space endowed
with the topology of uniform convergence over compact subsets of D. We let
K™ (a) (K™ () resp.), where o < 1 (8 > 1 resp.), denote the set of analytic
functions f € H(D) which are generalized convex of order « in D (generalized
(-starlike functions in I resp.). We recall that f € K (a) ( f € K™ (p)
resp.) if and only if f(0) = f/(0) = --- = f»=Y(0) = f™(0) — 1 = 0 and
Re(P}Sn> (2)) >« (Re(P;M(z)) < 3 resp.), where

my, ~_ 2fD(2)
Received October 16, 2008.
2000 Mathematics Subject Classification. Primary 30C65, 30C45; Secondary 30C20.
Key words and phrases. Schwarz lemma, analytic function, univalent function, starlike
function, generalized a-convex domain, [(-starlike function, region of variability, extreme
point.
The research was partly supported by NSFs of China (No. 10571048) and of Hunan
Province (No. 05JJ10001), and NCET (No. 04-0783).

(©2010 The Korean Mathematical Society
557



558 SHAOLIN CHEN AND AIWU HUANG

and “Re” denotes the real part.

Let S} denote the class of univalent starlike functions in D with f(0) =
f1(0) == fr=1(0) = f(™(0) — 1 = 0, where f("=1 is univalent.

We recall that K™ (3) C Sj for 3 = 2 (See [9]). It is well known that if
—3<a<land fe K™ (a), then £~V is univalent (cf. [4]).

For f € K™ (a) (f € K™ (B) resp.), we denote by log (™) the single-
valued branch of the logarithm of f(*) with log f(™)(0) = 0. Using the well
known Herglotz representation for analytic functions with positive real part
in D, we know that if f € K{(a), then there exists a unique positive unit
measure g on (—,w| such that

2f (D (2) T 14 ze”H

Hence

(1.1) log f(™(2) = 2(1 — a)/

—T

m 1
log ————dpu(t).
0g Tz du(t)

It follows that for each fixed zy € D the region of variability
V™ (20, a) = {log £ (z0) : f € K™ (a)}
coincides with the set
(1.2) {=2(1 = a)log(1 - 2) : |2] < |20}
Similarly, if f € K (3), then

(n+1) T 1 —it
fo(n)("’)+1:5—(g—1)/ ldu(t)

—it
_. 1l —ze

Hence
™

log /() =2(3 — 1) [ Tog(1 = ze~)au®)

—T

And so for each fixed zy € D, the region of variability
VI (29, 5) = {log /") (z0) : f € K™ (8)}
coincides with the set
{2(8 — 1) log(1 = 2) : [2] < [z0[}-

Let By be the class of analytic functions w in D such that |w(z)| <1 in D
and w(0) = 0. We see that if f € K (a), then

P -1
P (2) +1 - 20

(1.3) wr(2) € By.
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If f € K{(6), then

(1.4) wy(2)
and conversely.
Schwarz Lemma implies that if f € K (), then
‘f(n-%l)(o)‘ =2(1 - a)w}(o)\ <2(1—a).
If f € K (B), then
|FmED(0)] = [2(1 = B)w(0)] < 2(8 - 1).

For A€ D={z€C:|z] <1} and 2z € D, we introduce the following six
notations.

K™ (o, N) = {f € K™ (a): f"D(0) =2(1 - a)A},
K™ (3,0) = {f € K™ (B): f"T(0) = 2(1 — B)A},
V) (20, a,\) = {log f () : f € K™ (a,\)},
V) (20, 8,A) = {log f™(20) : f € K™ (3,\)}
and
Fo= {P]S"> (2): Re(P]ﬁ"> (2)) > a, where a < 1},
Fs={P{"(2): Re(P{" (2)) < 3, where § > 1}.

Herglotz formula shows that the extreme points of [, and F g are precisely
the functions

and
619 4z
it —

fz)=6-(6-1)

)

respectively.

Recently, the regions of variability for convex functions, functions of bounded
derivative, and spirallike functions etc have been discussed by Ponnusamy, Va-
sudevarao, and Yanagihara. See [10, 11, 14] for the details.

The main aim of this paper is to determine the sets V™ (29, a), V" (29, o,
\), V) (29, B), V™ (29, 8, ) and the extreme points of the families of analytic
functions which satisfy f(D) C V" (20, a) or f(D) C V™ (2, 8), respectively.
Our main results are Theorems 2.2, 2.4, 2.6, 2.7, 2.8 and 2.9, where Theorems
2.2 and 2.4 are generalizations of the corresponding results in [10, 14]. They
will be proved in Section 3.
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2. Basic properties and main results

For our presentation, we need some more preparation. Let S* = ST, i.e.,
the class of analytic functions f in D with f(0) = f/(0) — 1 = 0 which map D
conformally onto a starlike domain (with respect to the origin). Each function
f € 5% is called starlike (univalent) in D and the function f € S* is charac-
terized by the analytic condition Re(zf'(z)/f(2)) > 0 in D (cf. [2, 3]). For a
positive integer p, let (S*)? = {f = fI': fo € S*}. Now we recall the following
result which is from [3].

Lemma 2.1. Let f be an analytic function in D with f(z) = 2P 4+ ---. If for

any z € D, Re(1 + Z}{:;S)) > 0, then f € (S*)P.

We shall introduce some basic properties of V™ (29, ), V™ (29, a, \), V(™
(20, 8) and V™ (29, 3, A). Since the two sets V{")(zg, ), V™29, a, A) and the
two sets V™ (29, 3), V" (2,8, \) have the similar corresponding properties,
in the following, we only list down some basic properties of V(™ (zy, ) and
V) (20, a, N).

I V) (20, 0, A) € V) (20, ).
(IT) The sets V™ (zg, ) and V(™ (zy, a, \) are compact.

This statement follows from (1.2) and the fact that both K (™ (a) and K{™
(ar, A) are closed in H(D).

(ITT) The sets V™ (zy, ) and V™ (29, a, \) are convex.
Indeed, if fo, fi € K™ (a) and 0 < t < 1, then the function

f) = [ i / : / R / * expl (1 H)log £ (C)

+tlog £ (G1)}dGrdCo - - dCy—1dCy

belongs to K™ (a). Since log ft(n)(zo) =(1—-t)log fén)(zo) +tlog fl(n)(zo)7 the
convexity of V™ (zg, a) follows.
Similar reasoning shows that V(" (2, a, \) is also convex.

(IV) If [A| = 1 or 29 = 0, then V{™ (2, a, \) consists of only one point which

is
—2(1 — ) log(1 — Azp).

If |A\| < 1 and 2¢ # 0, then
(2.1) —2(1 — o) log(1 — Azp)
is an interior point of the set V(™ (g, a, A).

Indeed, if [A| = [w}(0)] = 1, then it follows from Schwarz Lemma that
wyr(z) = Az, which implies that P;m(z) = 1022022 40 d log f) (2) = —2(1—

1-Az
a)log(1 — Az). This also trivially holds for the case zg = 0.
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For A\€e Dand a €D, let §(z,\) = 22 and

142z
(2.2)
F(n a, )\
Cnt1 pln s G2 2(1 — a)é(aly, \)
-/ {/ L exp{/o Taag, NG K[ donn
for z € D.

Then, obviously,
Fnyanx € KM (a,\)
and
(2.3) wpwyayk(z) = zd(az, \).

(V) The mapping D 3 a — log F' <(:>) 4 (20) is a non-constant analytic func-
tion of a for any fixed zp € D\{0} and X € D.

Let
1
) = a0 8 (o
o C 2
=2/ L SR
o (1—2A¢)?
Then it is easy to see that 2 ((i) +1 = =5 and Re{ zf}LL'/ES) +1} >0 for z € D.

By Lemma 2.1, there exists a function hyg € S* with h = h3. The univalence
of ho and ho(0) = 0 imply that h(zg) # 0 for zo € D\{0}. Consequently, the
mapping D 3 a — log F(Z),a,,\(ZO) is a non-constant analytic function of a.
Property (V') is proved.

It follows from Property (V) that the mapping in (V) is an open mapping.
Hence V(™ (29, @, \) contains the open set {log F(:;’a’)\(zo) s Ja] < 1}. In par-
ticular,

log F( >)0 y(20) = —2(1 — ) log(1 — 20A)

is an interior point of the set {log F<(:>))a7>\(20) ca €D} C VI (z,a,)). Up to
now, we finish the proof of Property (IV).

Finally, since V") (2, o, \) is a compact convex subset of C and has nonem-
pty interior, we see that the boundary OV (™ (zy,a, ) of V™ (z,a,)) is a
Jordan curve and V(™ (zg,, \) is the union of V(™ (zy,a, \) and its inner
domain.

(VI) V™ (25e? a, \) = V) (29, v, € \) for 6 € R.

This is a consequence of the fact that e~ f(e?2) € K™ (a, A\e?) if and
only if f € K™ (a,\).

The following are our main results.
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Theorem 2.2. For 0 < A < 1 and zp € D\{0}, the boundary OV ™ (2o, a, \)
is the Jordan curve given by

0 2(1 — a)d(e?¢, A
(a5 00108 F) L (2 )_/0 (1_;()61»9(25){)%.

If log ) (29) = log F<(:>) w0 1 (20) for some f € K™ (o, ) and 6 € (=7, 7],
then f = F<n>,ei07)\,

Remark 2.3. When «a = 0, Theorem 2.2 coincides with Theorem 1.1 in [14],
and when o = —1, Theorem 2.2 coincides with Theorem 2.8 in [10].

Theorem 2.4. For 0 < A\ < 1 and zy € D\{0}, the boundary OV ™ (2, 3, \)
is the Jordan curve given by

. Z0 9 — 1) 6 ’/\
(—m, 7] 36— log ng;’ei07)\(zo) = /0 ((?()eiéc) )\(;C_C )dC,
where
G(n a, A
Cn+1 Cn (s C2 2(ﬂ ) (a<17>\)
- {/ / g exp{/o SaCu )G —1 ot e on p don
for z € D.

If log ™ (2) = logngg wio 3 (20) for some f € K (3,)) and 0 € (=, 7],
then f = G<n>,€i97)\,

Remark 2.5. When 8 = 2, Theorem 2.4 coincides with Theorem 2.6 in [10].

As in [12], a proper domain G of C is called a uniform domain provided
there exists a constant ¢ (> 0) such that each pair of points 21,z € D can be
joined by a rectifiable arc v C D for which

I(y) < clz1 — 22|

and

min2l( 7]z, 2]) < edist(z,0D)
j

for all z € . Here I(y) denotes the Euclidean length of v, v(z;, z) the part of v
between z; and z, and dist(z, D) the Euclidean distance from z to 9D which
is the boundary of D.

The following two results easily follow from Properties (IT), (III) as above
and the well known fact that any bounded and convex proper domain of C is
uniform (cf. [13]).

Theorem 2.6. For zy € D\{0}, the domains
V™ (29, a)\OV ™ (20, )
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and
V) (20, a, N\OV ™ (29, a, )

are uniform.
Theorem 2.7. For zy € D\{0}, the domains
Vv (20, H\OV ™ (20, 5)

and

VI (20,8, )\OV™ (20, 5. 1)
are uniform.
Theorem 2.8. Let F %, denote the set of analytic functions in D so that f(D) C
V) (20, a) and £(0) = 0. Then a function f in'D is an extreme point of F ¥, if
and only if f € F?, and fOQTr log A(0)df = —oo, where A(0) denotes the distance
between f(e?)(= lim,_; f(re®)) and OV (29, a).
Theorem 2.9. Let Fj; denote the set of analytic functions in D so that f(D) c
V) (20, 8) and f(0) = 0. Then a function f in'D is an extreme point of Fpif
and only if f € Fj and fo% log A(0)df = —o0, where A\(0) denotes the distance
between f(e?)(= lim,_1 f(re)) and OV (2, B).

As a simple application of Theorems 2.8 and 2.9, we see that if

1
fa(2) =2(1 - @) 1OgW
and ‘
fa(2) = 2(8 — 1) log(1 — z|zle™ ™),

then f,(2) and fs(2) are extreme points of f, and [ j, respectively.

3. Proofs of the main results

It is enough to prove Theorems 2.2 and 2.8 since the proofs of Theorems 2.3
and 2.9 are similar.

We start with the following proposition which plays a key role in the proof
of Theorem 2.2.

Proposition 3.1. For any f € K™ (a, \), we know that for any z € D,

f("+1)(z)
(3.1) TG c(z,N)| < r(z,)) (z €D),
where
c(z,A) = 2(1 — o) {1 - |Z‘2) +§(|z‘2 - /\2)}
, (1_|Z|2)(1_>‘(Z+§)+|z‘2)
and
r(z,\) = 2(1 — a)(1 — A\?)|z|

(=120 = Az +2) + =)
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For each z € D\{0}, the equality sign in (3.1) holds if and only if f =
Finyeio 5 for some 0 € R.

Proof. For any f € K™ (a,\), let wy € By be as in (1.3). Then wi(0) = A. It
follows from Schwarz Lemma (see for example [2] or [6, 7, 8]) that
wy(2) -

(3.2) W < |zl

From (1.3), the inequality (3.2) is equivalent to
£t () _ A(Z, /\)

TG
(3.3) D < |2|[T'(z, M),
where
2(1 — a)A 2(1 — «) z—A
4 A(z,\) = —————, B(z,\) = ———= d T(z,\) = .
(3 ) (Zv ) 1— 2 (Z’ ) 2\ an (Za ) 11—\

We can see that the inequality (3.3) is equivalent to
FoD() A ) + [2PIT (2 ) PB(2, V)]

f™G) L—[z2[T(z, )2
< EITENIARA) + B(z,A))
- 1= 22T (2, A)?

It follows from (3.4) that

(3.5)

1—12)2)(1 + |2]? — 2ARe(2))

1 PIT( AP = ¢

1 — A\z|2 ,
A(z,\) + B(z,A) = W

and

— _ 22 z 2'2— 2
A(2 ) + [22IT(2, N 2B (s, \) = 2= M — 210 +Z(27 = A}

[1—Az|?
Then we see that
2 2
AN + BPITENEBEN) _
L —[2]2|T (2, A)?
and
TG MIAGN + BEN

1= 22T (2, M)
By (3.5), the inequality (3.1) follows.
It is easy to see that the equality sign occurs for any z € D\{0} in (3.1) if
[ = Finyeio » for some 0 € R. Conversely, if the equality sign in (3.1) occurs
for some z € D\{0}, then the equality sign must hold in (3.2). Then Schwarz
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Lemma shows that there exists § € R such that w;(z) = 26(e?z,\) for all
z € D. This implies that f = F,y cio y. (|

Corollary 3.2. Lety: t— 2(t) (0 <t < 1) be a C'-curve in D with z(0) = 0
and z(1) = z9. Then we have

V™ (29, a, \) CE(C(A ), R\7Y) £{weC:|w- C( )| < R(A\,)},

where C(\,7) fo )2/ (t)dt and R(\ fo |2/ (t)|dt.
Proof. For any f € K™ (a, A), it follows from Proposition 3.1 that
o 5 z0) ~ ) = | [ {W - cle(0). ) | £ )
! (2(2)) /
< / St~ <O @l
1
< [ o021 @lde = BOL)
0
The proof is complete. O

We recall the following result from [10], which is useful for the proof of
Proposition 3.4.

Lemma 3.3. For § € R and X € [0,1], the function

194
/ 1T+ e? —1)¢ ew@}zdc (z € D)

has a double zero at the origin and no zeros elsewhere in D.

Furthermore, there exists a starlike univalent function Go in D such that
G =271e?G3 and Gy(0) = G4 (0) — 1 = 0.
Proposition 3.4. Let zyp € D\{0}. Then for any 0 € (—m, 7|, we have
log F<(n>) oo, 4 (20) € V™ (20, a, A).

Furthermore, if log f(™ (zo) = log F<n>) ci0.5(20) for some f € K (a, \) and
0 e (—7T,71’], then f = F<n>7ei9_’A.

Proof. From (2.2), we have

Finyan(®) _ 21 = a)é(az,\)

o) o) 1=dlaz )
_2(1-a)(A+az)
14+ Ma—1)z —az?’

It follows from (3.4) that

F<(:>+al))\(2) A( )\) (1 _ )\2)(122(1 . a)
e A 45 0) =
F<(:>)7Q7A(Z) (1 =201+ Aa — 1)z — az?)
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and

Fiyaal®) | poo 202 -a)
F<(:>),a,x(z) 7 (z=XN1A+Aa—1)z—az?)’

Hence we obtain that

M —c(z,\) = F<(S>T;,)A(Z) AN+ 2PT(2, M PB(2,0)
F<(:>)’a’)‘(z) | F<(:>),a,)\(z) 1 - \z|2|T(z7 )‘)|2
(n+1)
= 5 1 : F((n))va,)\ z A(z )
1= [22|T(z, V)] EIRE

(
(
(1) |,
P N (F“AE; +B<Z,A>) }

2(1 —a)(1 = A){az(1 —22) — |22z = \)}
(1 —[21){1 = 2XRe(2) + |2|?H{1 + Aa — 1)z — az?}’

Substituting a by e in the above equalities we see that

1
F(S?iei)e_’)\(z)
T c(z,\)
F(n),eis)\(z)
N [T+ A — 1)z — 222 ez
’ 2| [1+ A(e? — 1)z — ei?22]2"

It follows from Lemma 3.3 that

(n+1)
Fioyeio A (2) !
7(:))@ AT c(z,A) =7r(z,\) G/(Z) .
L IING) G'(2)]

Since the function Gy is starlike, we see that for any zyp € D\{0}, the linear
segment joining 0 and Go(zo) entirely lies in Go(D). Now we define ~, as
follows.

(3.7) Yo 1t z(t) = Gy (tGo(z)) (0 <t < 1).

(3.6)

Since
G(2(t) = 271Gy (2(1))* = 271" (tGo(20))? = t2G(20),
we have

(3.8) G'(2(t))7'(t) = 2tG(z0) (¢t € [0,1]).
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By (3.6) and (3.8), we have that
(3.9)

: B NCO) ,
IOgan))’ew’A(ZO)_C(MO):/0 {Fi(f}:ew:;z(t)) —e(=(), )  # (B)dt
_ [ ey ) GO
_/0 ((t)’)\)‘G,(Z(t))Z’(t)H (t)|dt
z 1

N EEZ‘& AUCORVEIOI]

G(Zo)

|G(Zo)|R()\’ 0)

It yields that

log ) L, (20) € OD(C(X, %), R(A\, %))

Also from Corollary 3.2, we know that

IOg F<(:>))ew7,\(ZO) € V<n) (207 «, )‘) C ﬁ(o()H VO)a R()M '70))'

Hence we can conclude that

log F<(:Z>) o\ (20) € AV (zg, i, \).
Assume that there is some f € K (a, \) and 6 € (-, 7] such that
(3.10) log /) (20) = log F{1) ., (#0).
Let

ey — O {f("“)(Z(t))

= —c(z(t), /\)} 2'(t),

G(z0)| L f(2(1))
where z(t) € 7 which is given by (3.7). Then h(t) is a continuous function in
[0,1] and (3.6) yields that

()] < r(z(8), M)IZ'(1)]-
Furthermore, (3.9) and (3.10) yield that

1 _ [MRe ) GG) [£UGw) ,
/ORe(h(t))dt— /0 Re{|G(zo) [f(”)(z(t)) c(z(t)A)]z(t)}dt

_ G(#0) n

= Re{ Glz) {log F<(:>),ei97)\(20) - C(/\’VO)}}

|G (20)|

_ / r(2(), N2/ ()| dt.
0
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Thus we have h(t) = r(z(t), A)|2'(¢)| for all ¢ € [0,1]. It follows from (3.6) and
(3.8) that for any z € 7o,

£ () <(:>J;1i)g7/\(z)

MG F™ ()

Hence for any z € D,

This implies that f = Fi,) cio y in D. O
Proof of Theorem 2.2. At first, we prove that the closed curve

(—=m,7] 26+ log F<(:>),ew’)\(20)
is simple.
Suppose not. Then there are 6;,0y € (—m, 7] with 61 # 05 such that
IOg F<(:>)7ei917>\(20> = log F<(:>)7ei927)\(z0)'

(n)

oy = 108 F iy -
(2.3) that 6; = #5. This contradiction shows that the curve must be simple.
Since V(™ (zp,, \) is a compact convex subset of C and has nonempty

interior, we see that the boundary 0V (™ (zg,a, ) is a simple closed curve. It

follows from Proposition 3.4 that the curve (—m, 7| 3 6 — log F<(:)),ew,>\(20) is

a subcurve of V™ (29, a, \).
The fact that a simple closed curve cannot contain any simple closed curve
other than itself yields that V(™ (zy, a, \) is given by

By Proposition 3.4, we have log F(:; It follows from

(_7T7 Td 30— 10g F((:>)7ei9,)\(20)' O
The proof of Theorem 2.8. From (1.2), we know that V(™ (zp, @) is a bounded
convex domain and has smooth boundary with positive curvature. Hence,
Theorem 2.8 follows from Theorem 3 in [1]. O
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