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HYPER MV-DEDUCTIVE SYSTEMS OF HYPER
MV-ALGEBRAS

YounGg BAE Jun, MIN Su KANG, AND HEE Sik Kim

ABSTRACT. The notions of (weak) hyper MV-deductive systems and (we-
ak) implicative hyper MV-deductive systems are introduced, and several
properties are investigated. Relations among hyper MV-deductive sys-
tems, weak hyper MV-deductive systems, implicative hyper MV-deductive
systems and weak implicative hyper MV-deductive systems are discussed.
A characterization of a hyper MV-deductive system is provided. A con-
dition for a weak hyper MV-deductive system to be a weak implicative
hyper MV-deductive system is given.

1. Introduction

In this paper, we introduce the notions of (weak) hyper MV-deductive sys-
tems and (weak) implicative hyper MV-deductive systems, and we investigates
several properties. We discuss relations among hyper MV-deductive systems,
weak hyper MV-deductive systems, implicative hyper MV-deductive systems
and weak implicative hyper MV-deductive systems. We give a characteriza-
tion of a hyper MV-deductive system. We give a condition for a weak hyper
MV-deductive system to be a weak implicative hyper MV-deductive system.

2. Preliminaries

Definition 2.1 ([1]). A hyper MV-algebra is a non-empty set M endowed with
a hyper operation “@®”, a unary operation “*” and a constant “0” satisfying
the following axioms:

(al) 2@ (y®2) = (t DY) Dz,

(a2) z®y = y oz,

(a3) (z )

(ad) (z~ ) ®y=(y o) oo,

(ab) 0* € z ® 0%,

(a6) 0* € z @ ™
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@l sy, y<r = =y
for all z,y,z € M, where z < y is defined by 0* € z* @ y.

For every subsets A and B of M, we define
A< B & (dae A)(Fbe B) (akb),

AeB:= |J aob
a€A,beEB
We also define 0* := 1 and A* := {a* | a € A}.

Proposition 2.2 ([1]). Every hyper MV-algebra M satisfies the following
statem-ents:

(bl) (A@B)eC=As (Ba (),

(h2) Oz, <1,
(b3) z <« z,

(bd) <y = y* < a*,
(b5) A B = B*< <A*
(b6) A< A,

(b7) ACB = A< B,
(b8) z<xzdy, A<KAS®B,
(b9) (A")" = A4,

(b10) 0@ 0 = {0},
(bll) z €2 ®0,

(b12) yexz®d0 = y <Lz,

(b13) y@0=2®0 = z=y
for all x,y,z € M and for all subsets A, B and C' of M.

3. Hyper MV-deductive systems

In what follows, let M denote a hyper MV-algebra unless otherwise specified.
Definition 3.1. A nonempty subset D of M is called a weak hyper MV-
deductive system of M if it satisfies:

(d1) 0 e D,

(d2) Ve,ye M)((z*®y)* CD,ye D = x€D).

Definition 3.2. A non-empty subset D of M is called a hyper MV-deductive
system of M if it satisfies (d1) and

(d3) (Vz,ye M)((z*®y)* < D,ye D = z€D).

Example 3.3. Let M :={0,a,b,1} be a set with a hyper operation “@®” and

Wy ”n

a unary operation “«” which are given in the following Cayley tables:

@ 0 a b 1 x|
0 {0} {0,a} {0,a,b}  {0,a,b,1} 0] 1
a {0,a} {0,a} {0,a,b,1} {0,a,b,1} al b
b | {0,a,b} {0,a,b,1} {0,a,b,1} {0,a,b,1} b| a
1{{0,a,0,1} {0,a,b,1} {0,a,b,1} {0,a,b,1} 1|0
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Then (M, ®,*,0) is a hyper MV-algebra. It is easily checked that D; = {0,a},
Dy ={0,b} and D3 = {0,a,b} are weak hyper MV-deductive systems of M.

Example 3.4. Consider the hyper MV-algebra M which is described in Ex-
ample 3.3. Then Dy = {0,a} is a hyper MV-deductive system of M.

Example 3.5. Let M := {0,a,b,1} be a set with a hyper operation “®” and

Wy ”

a unary operation “x” which are given in the following Cayley tables:

S 0 a b 1 x ‘ ¥
0 {0} {0,a} {0, b} {0,a,b,1} 0] 1
a {0,a} {a} {0,a,b,1} {0,a,b,1} albd
b {0,b} {0,a,b,1} {0,a,b,1} {0,a,b,1} b| a
1]{0,a,b,1} {0,a,b,1} {0,a,b,1} {0,a,b,1} 1] 0

Then (M, ®,*,0) is a hyper MV-algebra. It is easily checked that D; = {0,a}
is a hyper MV-deductive systems of M. But Dy = {0,b} is not a hyper MV-
deductive system of M, since (a* ®b)* = {0,a,b,1} < D, b € Dy but a ¢ Ds.

Example 3.6. Let M = {0,a,b,1} be a set with a hyper operation “®” and
a unary operation “x” which are given in the following Cayley tables:

o] 0 a b 1 v |z
0 {0} {0, a,b} {0,b} {0,a,b,1} 0] 1
a | {0,a,b} {0,1} {0,a,b,1} {0,a,b,1} albd
b {0, b} {0,a,b,1} {b} {0,a,b,1} bl a
1]{0,a,b,1} {0,a,b,1} {0,a,b,1} {0,a,b,1} 1] 0

Then (M, ®,*,0) is a hyper MV-algebra, but D := {0, a, 1} is not a weak hyper
MV-deductive system of M, since (b* ®a)* = (a®a)* ={0,1} C Dand b ¢ D.
We can easily check that Dy := {0,2}, Dy := {0,b,2} and M are weak hyper
MV-deductive systems of M for all x € M.

Proposition 3.7. Let M be a hyper MV-algebra in which 0 € z @y for all
x,y € M. Let D be a subset of M such that 0 € D and 1 ¢ D. Then D is a
weak hyper MV-deductive system of M.

Proof. For any x,y € M, assume that ¢ D and y € D. Since 0 € z* ® y, we
have 1 = 0* € (2* @ y)*, which shows that (z* @ y)* is not contained in D.
Therefore D is a weak hyper MV-deductive system of M. O

Theorem 3.8. Let M be a hyper MV-algebra satisfying the following condition:
(3.1) (Vz,ye M)(z € xDy)

Then every subset of M containing 0 is a weak hyper MV-deductive system of
M.

Proof. Let D be a subset of M containing 0, and let x,y € M be such that
(z*®y)* € D and y € D. Assume that ¢ D. Then z* € z* ® y by (3.1),



540 YOUNG BAE JUN, MIN SU KANG, AND HEE SIK KIM

and so z = (z*)* € (z* ®y)* by (a3). Hence (z* ® y)* is not contained in D,
which is a contradiction. Therefore = € D, proving that D is a weak hyper
MV-deductive system of M. O

A hyper MV-algebra satisfying (3.1) can have a subset containing 0 which
is not a hyper MV-deductive system of M. See the following example.

Example 3.9. Consider a hyper MV-algebra M := {0, a,b, 1} which is de-
scribed in Example 3.5. It can be shown that M satisfies (3.1). The set
D := {0,b} is not a hyper MV-deductive system of M, since (a* @ b)* =
{0,a,b,1} < D and a ¢ D.

Using (b7) and (d3), we have the following theorem.

Theorem 3.10. Every hyper MV-deductive system is a weak hyper MV-deduc-
tive system.

The following example shows that the converse of Theorem 3.10 is not valid.

Example 3.11. Consider a hyper MV-algebra M which is described in Exam-
ple 3.3. Then D3 := {0,a,b} is a weak hyper MV-deductive system of M (see
Example 3.3). We know that

I"®a) =(0®a)" ={0,a}* ={b,1} < D

and a € D, but 1 ¢ D. This proves that D3 is not a hyper MV-deductive
system of M.

Proposition 3.12. Every hyper MV-deductive system D of M have the fol-
lowing condition:

(3.2) Vz,ye M)z <y, ye D = z€ D).

Proof. Let x,y € M be such that ¢ < y and y € D. Then 0 € (z* @ y)*, and
so (z* ®y)* < D by (d1) and (b3). It follows from (d3) that x € D. O

Combining (b2) and Proposition 3.12, we have the following corollary.

Corollary 3.13. Let D be a hyper MV-deductive system of M. If D contains
the element 1, then D = M.

By Corollary 3.13, we know that any proper subset of M containing 1 cannot
be a hyper MV-deductive system of M.

Proposition 3.14. Let D be a hyper MV-deductive system of M. For every
subsets A and B of M, if BC D and (A* ® B)* < D, then A < D.

Proof. We have (A* @ B)* = U,ca pep(a” ® )" < D, and so there exists
x € (a* @ b)* for some a € A and b € B, and there exists y € D such that
x < y. It follows that (a* @ y)* < D. Since b € B C D, by (d3) we obtain
a € D. Therefore A < D. O
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Remark 3.15. (1) In Proposition 3.14, it is not necessary to mention that A C
D. To show this, consider a hyper MV-algebra M = {0, a, b, 1} which is given
in Example 3.5. Let A := {0,a,b} and B := {0}. Note that D := {0,a} is a
hyper MV-deductive system of M and (A* & B)* = {0,a,b,1} < D, but A is
not contained in D.

(2) In Proposition 3.14, if we use B < D instead of B C D, then the
result does not hold. Consider a hyper MV-algebra M = {0,a,b, 1} which
is given in Example 3.5. It can be shown that D := {0,a} is a hyper MV-
deductive system of M. If we take A := {b} and B :={0,b}, then B < D and
(A*® B)* ={0,a,b,1} < D, but A < D is not valid.

Proposition 3.16. Every weak hyper MV-deductive system D of M satisfies
the following condition:

(3.3) (VA,BC M)((A*®B)"CD, BCD = AC D)
Proof. For all « € A and b € B, we have (a* @ b)* C (A* @ B)* C D and
be B C D. It follows from (d2) that a € D. O

Corollary 3.17. Every weak hyper MV-deductive system D of M satisfies the
condition:

(3.4) (VAL BCM)((A*®B)*CD,BCD = A< D)
Proof. Straightforward. O

Remark 3.18. In Proposition 3.16, the condition B C D can not be replaced
by B < D. In fact, in Example 3.6, we see that if A = {b}, B = {a} and
D = {0, 1}, then D is a weak hyper MV-deductive system of M and B < D.
Also, (A*® B)* = (b* ®a)* ={0,1} C D, but A ¢ D.

We give a characterization of a hyper MV-deductive system.

Theorem 3.19. Let D be a non-empty subset of M. Then D is a hyper MV-
deductive system of M if and only if it satisfies (d1) and

(el) Ve,ye M)(z*®y)*ND#£0,ye D = z € D).

Proof. Assume that D is a hyper MV-deductive system of M. Let z,y € M be
such that y € D and (z* @ y)* N D # (). Then there exists a € (z* ®y)* N D.
Since a < a by (b3), we get (z* @ y)* < D. It follows from (d3) that « € D.
Conversely, suppose that D satisfies (d1) and (el). Let =,y € M be such
that y € D and (z* ® y)* < D. Then there exist a € (z* ®y)* and b € D
such that a < b. Hence 0* € a* @b, and so 0 € (a* @ b)*. Since 0 € D, we
have 0 € (a* ®b)* N D, i.e., (a* ®b)* N D # (). It follows from (el) that x € D.
Therefore D is a hyper MV-deductive system of M. O

Proposition 3.20. FEvery hyper MV-deductive system D of M satisfies the
following condition:

(35) (VACM)(YbeD)(A*®b)*ND#0 = AND #£0)
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Proof. Let A C M and b € D be such that (A*@®b)*ND # (. Then there exists
x € D such that x € (a* & b)* for some a € A. Thus (a* @ b)* N D # . Since
D is a hyper MV-deductive system, it follows from Theorem 3.19 that a € D
so that AN D # 0. O

Theorem 3.21. For any hyper MV-deductive system D of M, the following
are equivalent:

(i) (Vz,y € M) ((z* ©y)* < D).

(i) (Vz,y e M) ((z* dy)* N D #0).

Proof. (i) = (ii). Assume that (i) is valid. Then there exist a € (z* @ y)* and
b € D such that a < b, that is, 0* € a*®b. Thus 0 € (a*®b)* C ((z*Dy)Pb)*,
and so ((z* @ y) ®b)* N D # . Tt follows from (b9) and Proposition 3.20 that
(z*®y)* ND#£0D.

(ii) = (i). Straightforward. O

4. Implicative hyper MV-deductive systems

Definition 4.1. A non-empty subset D of M is called a weak implicative hyper
MV-deductive system of M if it satisfies (d1) and

(d4) (Vo,y,2€ M)(((z* ®2) @ (y*®2))*CD,z€D = z€D).
Example 4.2. Let M := {0,a,b,1} be a set with the hyper operation “®”

Wy

and the unary operation “x” which are given in the following Cayley tables:

&) 0 a b 1 T | x*
{0} {0,a} {b} {b1}
{0,at {0,a} {b,1} {b,1}
{or {61} {61} {b,1}
{v,1} {b,1} {b,1} {b,1}

Then (M, ®,*,0) is a hyper MV-algebra. For every x € M, the set {0,2} is

a weak implicative hyper MV-deductive system of M. Also, Dy := {0,b,1}

is a weak implicative hyper MV-deductive system of M. We know that D :=

{0,a,b} is not a weak implicative hyper MV-deductive system of M, since
("&b (@ @1))" ={0,a} C D

and b€ D, but 1 ¢ D.

ot O
o O
o o

Definition 4.3. A non-empty subset D of M is called an implicative hyper
MV-deductive system of M if it satisfies (d1) and

(d5) (Va,y,z€ M)(((z* @2)® (y* ®2)) < D,z€D = z€D).
Example 4.4. In a hyper MV-algebra M := {0,a,b,1} in Example 4.2, {0, a}

is an implicative hyper MV-deductive system of M. But {0,b} is not an im-
plicative hyper MV-deductive system of M, since

(I"®b) @ (@ ©1)")" = {0,a} <{0,b}.
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Theorem 4.5. FEvery implicative hyper MV-deductive system is a weak im-
plicative hyper MV-deductive system.

Proof. Let D be an implicative hyper MV-deductive system of M and let
x,y,z € M be such that z € D and ((z* @ 2) @ (y* ® z)*)* C D. Using
(b7), we have ((z* @ z) @ (y* ® x)*)* < D. It follows from (d5) that x € D.
Therefore D is a weak implicative hyper MV-deductive system of M. O

The following example shows that the converse of Theorem 4.5 need not be
true in general.

Example 4.6. Consider a hyper MV-algebra M := {0, a,b, 1} which is given
in Example 3.3. Then it can be easily shown that every subset of M containing
0 is a weak implicative hyper MV-deductive system of M, but D := {0,qa,1} is
not an implicative hyper MV-deductive system of M, since

(0*®0)® (0" ®b)*)* =M < {0,a,1}.

Theorem 4.7. FEvery implicative hyper MV-deductive system is a hyper MV-
deductive system.

Proof. Let D be an implicative hyper MV-deductive system of M and let z,y €
M be such that y € D and (z* @ y)* < D. Then there exist a € (z* @ y)* and
z € D such that a < z. Using (b2), (b9) and (b11), we obtain

a"€ad" @0 C(("dy) ) e (0" @x) =@ " dy)d (0" ),

and so a € ((z* @ y) ® (0 ® z)*)*. Hence ((z* ®y) ® (0* ® x)*)* < D which
implies from (d5) that € D. Therefore D is a hyper MV-deductive system of
M. O

The following example shows that the converse of Theorem 4.7 need not be
true in general.

Example 4.8. Consider a hyper MV-algebra M := {0, a,b, 1} which is given
in Example 3.3. Then D := {0,a} is a hyper MV-deductive system of M. Since

(" &0)& (0 & 1)*)" = M < {0,a},
D ={0,a} is not an implicative hyper MV-deductive system of M.

The following example shows that a weak implicative hyper MV-deductive
system may not be a weak hyper MV-deductive system.

Example 4.9. Consider a hyper MV-algebra M := {0,a,b,1} which is de-
scribed in Example 3.6. Then D := {0,a, 1} is a weak implicative hyper MV-
deductive system of M, but it is not a weak hyper MV-deductive system of M,
since (b* ® a)* ={0,1} C D.

We give a condition for a weak hyper MV-deductive system to be a weak
implicative hyper MV-deductive system.
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Theorem 4.10. Let D be a weak hyper MV-deductive system of M satisfying
the following condition:

(4.1) Vz,ye M) (" ® (y"®x)")"CD = z€D)
Then D is a weak implicative hyper MV-deductive system of M.

Proof. Let x,y,z € M be such that z € D and ((z* ® 2) ® (y* ® z)*)* C D.
Then

(" & (5" ©2))") ®2)" = (0" & (" ®2)*) )" C D.
Using Proposition 3.16, we obtain (z* @ (y* @ x)*)* C D which implies from
(4.1) that = € D. This shows that D is a weak implicative hyper MV-deductive
system of M. O

We provide a condition for a weak implicative hyper MV-deductive system
to be a weak hyper MV-deductive system, as follows:

Theorem 4.11. Assume that M satisfies the following condition:
(4.2) (Vz e M) (J(0* ®z)*|=1=]|(x*®0)).

Then every weak implicative hyper MV-deductive system of M is a weak hyper
MV-deductive system of M.

Proof. If M satisfies (4.2), then (0* @ z)* = {0} and (z* ® 0)* = {z} for all
x € M. Hence (0* ® A)* = {0} and (A* & 0)* = A for every non-empty subset
A of M. Let x,y € M be such that y € D and (z* @ y)* C D. Then

(e"oy e (0" er)) =(@" ey e0) =@ ey CD,

which implies from (d4) that € D. Therefore D is a weak hyper MV-deductive
system of M. 0

Theorem 4.12. Every implicative hyper M V-deductive system D of M satisfies
the following condition:

(2) (Vz,y,zeM)((z*@2)@® (Y @2) ) ND#0, z€ D = xz€ D).

Proof. Assume that D is an implicative hyper MV-deductive system of M. Let
z,y,2 € M be such that z € D and ((z* ® 2) ® (y* ® x)*)* N D # (. Then
there exists a € ((z* @ 2) @ (y* ® x)*)* N D. Since a < a by (b3), we have
((x*@2)®(y*@x)*)* < D. Using (d5), we obtain z € D, which proves (e2). O

Theorem 4.13. If a non-empty subset D of M satisfies (d1) and (e2), then
D is a hyper MV-deductive system of M.

Proof. Let x,y € M be such that y € D and (z* ¢ y)* N D # (. Then there
exists a € M such that a € (z* @ y)* and a € D. Using (b2), (b9) and (b1l),
we have a* € a* ®0C (z*Dy) D (0* @ x)* and so a € ((z* Dy) ® (0* D x)*)*.
Hence ((z* ® y) @ (0* @ z)*)* N D # (), which implies from (e2) that z € D.
Using Theorem 3.19, we conclude that D is a hyper MV-deductive system of
M. (]
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Theorem 4.14. Let D be a non-empty subset of M. If D satisfies (d1) and
(e2), then D is an implicative hyper MV-deductive system of M.

Proof. Let z,y,z € M be such that ((z*®2)®(y*®x)*)* < Dand z € D. Then
there exist a,b € M such that a € ((z* ® 2) @ (y* @ x)*)*, be D anda <D,
ie, 0 € (a* ® b)*. It follows that (a* ® b)* N D # (. By applying Theorems
3.19 and 4.13 we obtain that a € D. Thus ((z* ® 2) & (y* & z)*)* N D # 0,
which implies from (e2) that & € D. Therefore D is an implicative hyper MV-
deductive system of M. O
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