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Abstract— This paper derives a nominal state relationship 

(NSR) from the data of a nominal system. Through an 

example of a second order system, it is shown that the 

relationship can be derived only in the system with different 

real eigenvalues. In higher order system, the relationship is 

expressed by using neural network (NN). The derived NSR is 

used to design a noble sliding surface with a nominal system 

characteristic. By using the sliding surface, the robustness of 

the sliding mode control (SMC) is added to the pole-

placement control. 

 

Index Terms— Nominal state relationship, Pole placement 

control, Sliding mode, Neural network. 

 

 

I. INTRODUCTION 
 

Sliding mode control can be used to improve the 

robustness of systems [1-4]. It is desirable that the SMC 

robustness is added to the other control system besides 

SMC. However, conventional SMC cannot provide its 

robustness to the other control method. For example, 

SMC cannot be used with pole-placement control. 

Linearly dependency of states in sliding function makes 

the control system have the number of poles less than the 

original one [5]. This means that the SMC dynamic 

cannot have the characteristics of the nominal control 

system controlled by pole placement. By defining an 

augmented system with an additional state, a special 

sliding surface which can have nominal system 

characteristics was proposed in [5][6][7]. This paper 

proposes a very different sliding surface which uses the 

nominal states relationship (NSR). NSR is the relationship 

among the states in the nominal system which has desired 

characteristics. From an example of a second order system, 

we could guess that NSR is possible to obtain only in the 

system with different eigenvalues. Therefore, pole 

placement give only real different poles to a nominal 

system and then NSR is approximated by using neural 

network(NN) trained by using the states data of a nominal 

system. For the approximation, the very basic NN is used 

in this paper [8]. The derived NSR is used to define a 

sliding surface and SMC with this sliding surface shows 

that the sliding surface has the nominal control system 

characteristic. The pole placement with this SMC shows 

robustness for uncertain systems. This paper is organized 

as follows. In Section 2, a conventional sliding function 

and its problem is described. The NSR is obtained in 

section 3. In Section 4, noble sliding surface is designed 

by using the NSR. In Section 5, numerical example and 

computer simulations are carried out to verify the NSR 

and the robustness of the pole placement with the SMC 

proposed in this paper. Finally, some conclusions are 

presented in Section 6. 

 

 

II. PROBLEM FORMULATION 

 

Consider the following n-th order system with 

parameter uncertainty and unknown disturbance. 

 

Df(t)Bu(t)ΔA)x(t)(A(t)x +++=&         (1) 

 

where x∈Rn is the system states, u∈Rm is the control 

input, f∈Rr is the unknown disturbance. And the bounded 

uncertainties ΔA and the disturbance matrix D satisfy the 

following matching condition. 

 

Brank)D]:ΔA:[Brank( =           (2) 

 

With the above condition, the uncertainties and 

disturbance can be expressed as 

 

          
f(t)DBf(t)D

x(t)ΔABx(t)ΔA

1

1

=
=

            (3) 

 

The system (1) can be expressed as 

 

Bh(t)Bu(t)Ax(t)(t)x ++=&           (4) 

 

where )()()( ttt fDxΔAh 11 += is lumped uncertainty and 

norm bounded as max
hh 〈 . 

For the above system, the nominal system is as follows. 

 

(t)BuAx(t)(t)x 0+=&             (5) 

 

Regulator problem with feedback control input 

)()(u0 tt xK−=  can be described as follows. 
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BK)x(t) -(A (t)x =&              (6)                                              

 

The above system has desired characteristics. The 

relationship between the states is obtained and used to 

design sliding surface. In the conventional SMC, the 

sliding surface cannot have nominal characteristics 

because of the linearly dependent property of the states as 

follows. 

 

0(t)xc(t)xc(t)xcs
nn2211

=+++= L       (7) 

 

where the coefficients 121nn
c,c,,c,c LL−  are chosen to 

guarantee the stability of sliding mode dynamics. 

In the reference [7], the SMC with virtual stats was 

developed. Including virtual state, a sliding surface is 

designed for augmented system and has nominal system 

characteristics. In the case of using this sliding surface, 

the order of controller becomes higher compared to the 

SMC proposed in this paper. 

The problem to be solved in this paper is to obtain the 

relationship of the states belonged to the system and to 

use it to determine sliding surface. 

 
 

III. DERIVATION NSR 

 

In the second order system with different real 

eigenvalues, it is easy to obtain the relationship among the 

system states. 

Consider the following second-order system. 

 

x(t)
λ   0

0  λ
(t)x

2

1

⎥
⎦

⎤
⎢
⎣

⎡
=&              (8) 

 

The solutions are as follows. 

 

(0)xe(t)x

(0)xe(t)x

2

tλ

2

1

tλ

1

2

1

=

=
             (9) 

 

The above equation is changed as follows. 

 

1

2

2

1

λ

n

λ

n
xx =                (10) 

 

where 22

1

λ

1

1λ

n
)

(0)x

(t)x
(x = and

λ1

2

2λ

n
)

(0)x

(t)x
(x 1

2

= . 

The above condition is called as nominal states 

relationship in this paper. By using (10), a novel nonlinear 

sliding surface which has the characteristics of nominal 

system will be proposed. 

In the case of complex conjugate eigenvalues, the 

diagonalization is achieved as follows. 

 

x(t)
σ   ω-

ω   σ  
(t)x ⎥

⎦

⎤
⎢
⎣

⎡
=&              (11) 

 

The solutions are as follows. 

 

(0))sin(wt)x(0)(cos(wt)xe(t)x

(0))sin(wt)x(0)(cos(wt)xe(t)x

12

σt

2

21

σt

1

−=

+=
    (12) 

 

From (12), the following equation is obtained. 

 

(0))x(0)(xe(t)x(t)x 2

2

2

1

t22

2

2

1 +=+ σ
     (13) 

 

The relationship (13) shows that the state relationship 

cannot be described independently on the initial values. 

Therefore, we can conclude that the state relationships of 

the systems with only different real eigenvalues can be 

described as states variables. However, the relationship is 

not easy to be derived in a higher order system. So, in this 

paper, the following NN is used to describe the states 

relationship of higher order system as in the Fig. 1. 

 

 

Fig. 1. NN block in NSR. 

 

The type of NN used in this paper is the feed-forward 

multilayer NN, which is shown in the Fig. 2. 

 

 

 

Fig. 2. Structure of NN. 

 

In Fig.2, 
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vector, 
(0)x

(t)x

n

n

∈R is target vector and k is the number of 

hidden layers, W1∈Rk×p is hidden layer’s weights, b1∈Rk 

is the hidden layer bias, W2∈R1×k and b2∈R are weights 

of the output layer and bias respectively.  

Through the NN, a NSR can be described as follows. 

 

2bN(t)W
(0)x
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2
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n +=            (14) 
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j)(i,1W is a matrix W1 with the i-th row and the j-th 

column, i1
b is a the i-th element of the vector 1b . 

Back propagation method is used for training by using 

the data from the states of nominal control system with 

the following state feedback control. 

 

x(t)K(t)u0 −=               (15) 

 

The trained NN will be used for designing sliding 

surface and the sliding surface can have pole-placement 

control performance. 

 

 

IV. SLIDING SURFACE DESIGN WITH 

TRAINED NN 

 

The relationship of nominal states in the state feedback 

control system, the system (1) is approximated as (14). 

By using the nonlinear relationship between the states 

in (14), a novel sliding surface is proposed as follows. 

)bN(t)(W
(0)x

(t)x
s 22

n

n +−=           (16) 

 

Differentiating N(t)W2  such as (14) with respect to 

time, the following equation can be obtained. 
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                    (17) 

 

For the ease of calculation, let’s consider the following 

controllable canonical form of the nominal system (5). 
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Then (17) may be written as 
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(0)x
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n

n =
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             (19) 
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To make the state stays on the sliding surface, the 

following hitting condition must be satisfied as follows. 

 

∑
=

<−++=
n

1i

rii

n

0(t))XW h(t))u(t)xα-(
(0)x

1
(sss&   (20) 

 

For the above condition, the sliding mode control input 

which can force the state of the system onto the proposed 

sliding surface such as (16) is given by 

 

∑
=

−−⋅=
n

1i

maxiirn )sgn(s(t)h  xα-(t)XW(0)xu(t)    (21) 
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where  hmax is a upper bounded value of h(t) and sgn(s) is 

a signum function. 

 

 

V. NUMERICAL EXAMPLE AND  

SIMULATION RESULTS 

 

To show the performance of the proposed sliding mode 

controller, consider the following third-order system.  
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where (t)u(t)uu(t)
SMC0 += , 0.5sin(5t)h(t) =  and 

[ ]T123(0)=x . 

The eigenvalues of the following canonical system are -

1, -2 and -3 by nominal control input (t)u0 . 
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where x(t)K(t)u0 −=  and [ ]395K= . 

Diagonalization is achieved as follows. 
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)()( tt xPz
1−= ,

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
−

−−
=

9435.08729.05774.0

3145.04364.05774.0

1048.02182.05774.0

P . 

Training data is obtained from the following nominal 

system by simulation. 
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where the input vector is ⎥
⎦

⎤
⎢
⎣

⎡

(t)z

(t)z

2

1
and the target vector is 

(t)z3  

For the system such as (25), the hidden layer’s neurons 

are chosen as k = 10. 

In the NN structure, weights and bias in two layers are 

given as W1∈R10×2, b1∈R10×1, W2∈R1×10 and b2∈R. 

Training is carried out 8794 times. And the result of 

training performance is shown in Fig. 3. 

 

Fig. 3. Training performance of NN. 

 

After training, the following weights and bias can be 

obtained. 

 

W1 = [2.0804 0.5799; -1.4610 0.9997; -0.2870 0.6049;   

-0.8299 0.2561; -1.2725 -1.6830; 0.3170 -0.6339; 0.5010 

1.7531; -1.4756 1.6222; 1.2402 -0.6392; -0.0629 1.5086] 

 

W2 = [-0.3872 -2.4782 2.4262 -1.7072 0.5762 -1.9295  

-0.6514 2.8646 1.8755 -0.5891] 

 

b1 = [0; 0; 0; 0; 0; 0; 0; 0; 0; 0] 

 

b2 = 0                                    (26) 

 

In this paper, using weights and bias such as (26), the 

proposed sliding surface is defined by 
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Differentiating s  with respect to time, the following 

equation can be obtained. 
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From the above equation, the following sliding mode 

control input is constructed by 
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(0)z

4.77
W

2

2

1

1

3

++−=  and h
max

 = 1.1. 

In (29), the input chattering is occurred. It causes an 

undesirable high frequency component in the state 

trajectory.  

To solve this problem, the following saturation function 

can be obtained. 

⎪
⎩

⎪
⎨

⎧

>

≤
=

φssgn(s)

φs
s

]
s

sat[ φ
φ          (30) 

where φ is the boundary layer thickness neighboring the 

sliding surface. 

The simulation results are shown as follows. The Fig. 4 

shows that the convergence of the states. The state 

trajectories of the proposed SMC which has the same 

performance with the pole-placement control system 

without uncertainties. The proposed sliding surface and 

the proposed sliding mode control input are shown in Fig. 

5 and Fig. 6 respectively. 

 

 
Fig. 4. State trajectories of the state feedback control 

and the proposed SMC with uncertainty. 

─── state feedback control without uncertainty 

------ state feedback control with uncertainty 

 O proposed sliding mode control with uncertainty 

 
Fig. 5. Sliding surface of the proposed SMC. 

 

 

 

 
Fig. 6. Control input of the proposed SMC. 

 

 

VI. CONCLUSIONS 

 

This paper derived the NSR of the system with 

different real eigenvalues by using NN. The NSR is used 

for designing sliding surface which can have the 

characteristics of a nominal system controlled by pole 

placement. The NSR of this paper is very useful for 

adding the robustness of SMC to other control methods 

besides SMC. 
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