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Abstract—-This paper presents an algorithm generating 

inverse element over finite fields GF(3
m

), and constructing 

method of inverse element generator based on inverse 

element generating algorithm. An inverse computing method 

of an element over GF(3
m

) which corresponds to a 

polynomial over GF(3
m

) with order less than equal to m-1. 

Here, the computation is based on multiplication, square and 

cube method derived from the mathematics properties over 

finite fields.       

 

Index Terms— finite fields, irreducible polynomial, 

arithmetic operation, inverse element. 

 
 

Ⅰ. INTRODUCTION 

 

In recently, many digital logic system and computer 

systems are required to process more data and high 

efficiency.[1-4] Specially arithmetic relation is require more 

high speed and efficiency. The advanced arithmetic 

operation is analyzed easily using by finite fields.[5-8]  

In this paper, we propose the high efficiency inverse 

element generator over finite fields.  

This paper’s organization is as following.  In Section 

2, we propose the multiplication, square and cube 

algorithm based on finite field mathematical properties. 

In section 3, we discuss of inverse element generation 

algorithm over GF(3m). And in section 4, we construct 

an inverse element generator based on section 3’s 

algorithm. Finally in section 5, we summary our inverse 

element generator over finite fields, also we prospect 

future research fields. 

  

 

II. MULTIPLICATION, SQUARE AND  

CUBE ALGORITHM OVER FINITE FIELDS  

 

2.1. Mathematical Properties of Finite Fields 

In this section, we review the important mathematical 

properties of finite fields, these mathematical properties 

used in build up this paper. 

Any other mathematical properties except these 

mathematical properties refer to references[9-12]. 

Finite fields is defined by any prime number P and 

integer m, namely GF(Pm). In generally finite fields is 

organized by 5-tuple {S,+,·,0,1}, where S is set of 

elements, + and · are binary operation over S, 0 and 1 are 

each identity element for addition and multiplication 

arithmetic operation.  

Also finite fields are classified into ground fields GF(P) 

and extension fields GF(Pm).  

The number of elements over ground fields GF(P), P is 

the prime number more than 1, are {0,1,2,……,P-1}.  

The important mathematical properties over finite 

fields are as following. 

 

[MP1] for α∈GF(Pm), αψ =α and αψ-1 =1 (ψ=pm) in case 

of α≠1. 

[MP2] for α, β∈GF(Pm) and arbitrary integer m, 

(α±β)μ=αμ ± βμ (μ=pm) 

[MP3] for α∈GF(Pm), αi •αj =αi +j(mod ψ-1) (ψ=pm) 

[MP4] The elements in GF(Pm) are represented by 

F(α)=∑
−

=

1

0

m

i

aiαi, where α is root, that is, α have coefficient 

that have element for integer field ZP that have mod P, 

where m degree primitive irreducible polynomial 

F(X)=Xm + fm-1X
m-1 + f m-2 X

m-2 + …… + f1X
1 + f0, 

ai∈ZP(i=0,1,2, …… , m-1) and f0≠0.  

 

2.2. Algorithm of multiplication and square over GF(3m) 

GF(3m) have 3m elements and we represented this with 

set is as following expression (1). 

 

GF(3m)={0, α, α2, …… , αψ-2=α-1, αψ-1=1}       (1) 

where, ψ=3m. 

 

Then, for more than m degree term, we can represent 

degree m-1 polynomial using mod F(X) arithmetic that 

used by primitive polynomial F(X).  

Therefore arbitrary element over GF(3m) can represent 

as following. 

F(X)= am-1X
m-1 + am-2X

m-2 + … + a1X
1 + a0 =∑

−

=

1

0

m

i

aiX
i   

(2) 

where, ai∈GF(3) and i=0,1,2, …… , m-1. 

 

On the other hand, α is a root of primitive polynomial, 

therefore αm is equal to following equation (3), where + is 
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mod3. 

 

αm + am-1αm-1+ … + a1α + a0 =0    

αm = -am-1αm-1 - am-2αm-2 - … - a1α - a0
    

αm =(3 -am-1)αm-1 +(3- am-2)αm-2+ … + (3-a1)α +(3- a0)    

                                                    (3) 

 

Therefore, we can represent element over GF(3m) into 

polynomial α of maximum m-1 degree, it is as following. 

 

GF(3m)={am-1αm-1 + am-2αm-2 + … + a1α + a0} 

where, ai∈GF(3) and i=0,1,2, …… , m-1. 

 

For two elements over GF(3m), e1=∑
−

=

1

0

m

i

aiα i ,e2=∑
−

=

1

0

m

i

bjα j , 

e1•e2 is represented as following. 

 

e1•e2= ∑
−=

0

1mi

Piα i  + ∑
−=

m

mi 22

PiαI                               (4) 

            

 

We consecutive multiply expression (4), generate 

maximum degree α2m-2, we mod F(X) from α2m-2 to αm, 

we can obtain following expression. 

 

e1•e2= ∑
−=

0

1mi

Riαi                              (5) 

where, multiplication and addition are mod3 product 

and mod3 addition.             

 

In case of square, e1 equal e2, expression (5) is 

represented by expression (6). 

 

e12 = e1•e1 = e1•e2 =∑
−

=

1

0

m

i

Riαi                            (6) 

 

Therefore, we can use construct the square generator 

using multiplier.  

 

2.3. Method of cube multiplication over GF(3m) 

According to mathematical properties [MP2], 

(a+b)3=a3+b3 , and a3=a, b3=b.  

Therefore, cube for anyone element e over GF(3m) is 

represented by equation (7) 

 

e3 =e= ∑
−=

0

33mj

Pjαj                                              (7) 

where, Pj=aj in case of  j=3i, Pj=0 in case of  j=3i+1 

and j=3i+2, and i=0,1, ……, m-1. 

 

That reason is as following. 

 

e3=e=(am-1αm-1 + am-2αm-2 + … + a1α + a0)
 3 

=a3
m-1α3m-3 + a3

m-2α3m-6 + … + a1
3α3 + a0

3 

= am-1α3m-3 + am-2α3m-6 + … + a1α3 + a0
 

 

For example, we obtain cube for any element over 

GF(34). Let any element over GF(34) is e, we can 

represent it as following. 

 

e= a3α3 + a2α2 +a1α + a0 

where, ai∈GF(3) and i=0,1,2 

 

Next, we select F(X)=X4+X+2 for polynomial F(X). 

And, we obtain cube as following. 

 

e= (a3α3 + a2α2 + a1α + a0)
 3 

 = a3α9 + a2α6 + a1α3 + a0 

 

On the other hand, F(α)=α4+α+2, therefore α4=α+2, 

then α6=2α3+α2 and α9=α3+α2+α. 

Finally, we represent e as following. 

 

e= (a3 + 2a2
 + a1)α3 + (a9 + a2

 + a1)α2 + a3α + a0 

 

 

Ⅲ. ALGORITHM OF INVERSE ELEMENT 

GENERATION  

 

In this section, we discuss algorithm of inverse element 

generation over GF(3m). 

Let e is any one element over GF(3m), then its inverse 

element e-1 is as following equation(1). 

 

e-1=eΨ-2                                                     (1) 

where, Ψ=am
 

 

Also, above inverse element is represented by triple 

product of  3. 

 

e-1=e•(e2)Ω1•(e2)Ω2•(e2)Ω3• ……•(e2)Ωm-1 

where, Ω1=3, Ω2=32 , Ω3=33 , ……, Ωm-1=3m-1 

 

The following is algorithm of inverse element generation 

over GF(3m), and the fig. 3-1 depicted algorithm. 

 

[Algorithm] 

STEP 1 : Accept any element e over GF(3m).  

STEP 2 : Obtain result for power of element e. 

STEP 3 : Cube product result after Step2 or Step 5. 

STEP 4 : If it (m-1) times triple product do, go to Step 6. 

STEP 5 : Product result of Step 3 with e, then go to Step 3. 

STEP 6 : Product result of Step 4 with e.  

STEP 7 : The inverse element e-1 is result of Step 6. 
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Fig. 1. The block diagram of Inverse element generation 

over GF(3m) 

 

Ⅳ. UNIVERSAL INVERSE ELEMENT 

GENERATOR  

 

In this section, we discuss constructing the universal 

inverse element generator over GF(3m). 

The block diagram of universal inverse element 

generator over GF(3m) is as following fig. 1. 

As shown fig. 2, the universal inverse element 

generator was constructed with multiplier, square 

multiplier, cube multiplier. 

 

 
 

Fig. 2. Block diagram of universal inverse element 

generator over GF(3m) 

 

Also, the cell of multiplier, square multiplier and cube 

multiplier are fig.3 (a), fig.3 (b) and fig. 3 (c). 

 

 
 

(a) Cell of multiplier 
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(b) Cell of square multiplier 

 
 

(c) Cell of cube multiplier 

 

Fig. 3. Each cell of universal inverse element generator 

over GF(3m) 

 

 

The multiplier over GF(3m) is shown in fig. 4. 

 

 

 
 

Fig. 4. Block diagram of multiplier over GF(3m) 
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Fig. 5. Block diagram of cube multiplier over GF(3m) 

 

The multiplier’s characteristics don’t change according 

to increase m or changing irreducible polynomial. 

Also, if two input of multiplier, then multiplier is square 

multiplier. 

The cube multiplier is shown as fig.5. 

In fig.5, the cube multiplier’s basic type is same as 

multiplier, and then inputted element transferred into mod 

processing part without multiplication processing. 

 

Ⅴ. CONCLUSION 

 

This paper propose a method of constructing the 

inverse element generation and inverse element generator 

over finite fields GF(3m). 

The proposed inverse element generator was 

constructed by serial processing multiplier type. 

A method computing inverse of an element over 

GF(3m) which corresponds to a polynomial over GF(3m) 

with order less than equal to m-1.  

Here, the computation is based on multiplication, 

square and cube method derived from the mathematics 

properties over finite fields. 

Future research was required to advanced inverse 

element generator, then we are able to constructing the 

divider over finite fields.  

For the future, we prospect constructing four basic 

arithmetic operation unit systems(AOUS) over finite 

fields.           

Then we obtain the arithmetic system that process the 

other future research is construct the logical unit that 

process the shift, rotate and complement and so on. 

If above future research is establish, we implement the 

arithmetic and logical unit(ALU) of high efficiency 

computer ALU architecture based on embedded system 

 

 

REFERENCES 

 
[1]  D.L.Dietmeyer, Logic Design of Digital Systems, Allyn and 

Bacon, 1979. 

[2] K. Hwang, Comptuer Arithmetic principles, architecture, and 

design, John Wiley & Sons,1979 

[3]  M.D.Ercegovac and T.Lang, Digital Systems and Hardware 

Firmware Algorithms, Wiley, 1985.  

[4]  E.J.McClusky, Logic Design Principles, Prentice-Hall, 1986.  

[5]  D.Green, Modern Logic Design, Electronic Systems Engineer-ing 

Series, 1986.  

[6] Chen; Wen-Ching Lin; Hao-Hsuan Wu,”A New Algorithm for 

High-Speed Modular Multiplication Design,” IEEE Trans. On 

Circuit and Systems, VOLUME 56, issue 9, pp. 2009-2019. Sep., 

2009.  

[7] Nibouche, O.; Boussakta, S.; Darnell, M.,” Pipeline Architectures 

for Radix-2 New Mersenne Number Transform,” IEEE Trans. On 

Circuit and Systems, VOLUME 56, issue 8, pp. 1668-1680, Aug., 

2009. 

[8] Meher, P.K.,” Systolic and Super-Systolic Multipliers for Finite 

Field GF(2m) Based on Irreducible Trinomials, IEEE Trans. On 

Circuit and Systems, VOLUME 55, issue 4, pp. 1031-1040, Apr. 

2008. 



Chun-Myoung Park : A STUDY ON THE INVERSE ELEMENT GENERATOR OVER GF(3m)   

 

322 

[9] Tung-Chou Chen; Shyue-Win Wei; Hung-Jen Tsai,” Arithmetic 

Unit for Finite Field GF(2m),  IEEE Trans. On Circuit and 

Systems, VOLUME 55, issue 3, pp. 828-837, Mar., 2008. 

[10]  Conway, T.,” Galois field arithmetic over GF(pm) for high-

speed/low-power error-control applications,” IEEE Trans. On 

Circuit and Systems, VOLUME 51, issue 4, pp. 709- 717, Apr., 

2004. 

[11] G.Drolet,”A new representation of elements of finite fields GF(2m) 

yields small complexity arithmetic circuits,’ IEEE Trans. 

Comput.,vol.47.no.9,pp.938-946,Sep.1998. 

[12]  R.J.McEliece, Finite Fields for Computer Science and    

Engineers, Kluer Academic Publishers, 1987. 

 

 

 

Chun-Myoung Park received the B.S, M.S 

and Ph.D. degree from electronic engineering, 

Inha University, Incheon, Korea, in 1983, 1986 

and 1994 respectively. He joined the faculty at 

Chungju National University at 1995, where he 

is currently a professor in the Dept. of 

computer engineering. From 2002 to 2003, he 

was a visiting scholar at UCI in USA. His 

research interests include the next generation 

digital logic systems & computer architecture, 

embedded computer systems, ubiquitous computing systems, e(U)-

Learning , IT application etc. 

 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
    /AmeriGarmnd-BT
    /AmeriGarmnd-BTBold
    /AmeriGarmnd-BTBoldItalic
    /AmeriGarmnd-BTItalic
    /Baskerville-BT
    /BernhardFashion-BT
    /Blippo-BlkBT
    /Bodoni-BdBT
    /Bodoni-BdBTItalic
    /Bodoni-BkBT
    /Bodoni-BkBTItalic
    /BroadwayEngraved-BT
    /BrushScript-BT
    /CentSchbook-BT
    /CentSchbook-BTBold
    /CentSchbook-BTBoldItalic
    /CentSchbook-BTItalic
    /CommercialScript-BT
    /Cooper-BlkBT
    /Cooper-BlkBTItalic
    /Courier10-BTBold
    /Courier10-BTBoldItalic
    /DomCasual-BT
    /Freehand591-BT
    /FuturaBlack-BT
    /FZWBFW--GB1-0
    /FZXKJW--GB1-0
    /GoudyOlSt-BT
    /GoudyOlSt-BTBold
    /GoudyOlSt-BTBoldItalic
    /GoudyOlSt-BTItalic
    /H_CIRNUM
    /H_EQSYM1
    /H_EQSYM2
    /H_HEBREW
    /H_KEYBD
    /H_MULTI1
    /H_MULTI2
    /H_PROSYM
    /HighlightLetPlain
    /Hobo-BT
    /JohnHandyLetPlain
    /LaBambaLetPlain
    /Liberty-BT
    /MBatang
    /MDotum
    /MekanikLetPlain
    /MGungHeulim
    /MGungJeong
    /MJemokBatang
    /MJemokGothic
    /MSugiHeulim
    /MSugiJeong
    /MurrayHill-BdBT
    /Newtext-BkBT
    /OCR-A-BT
    /OCR-B-10-BT
    /OdessaLetPlain
    /OrangeLetPlain
    /Orator10-BT
    /ParkAvenue-BT
    /PumpDemiBoldLetPlain
    /QuixleyLetPlain
    /RuachLetPlain
    /SandSm
    /SandTm
    /ScruffLetPlain
    /Swis721-BT
    /Swis721-BTItalic
    /TirantiSolidLetPlain
    /UniversityRomanLetPlain
    /VictorianLetPlain
    /WestwoodLetPlain
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [612.000 792.000]
>> setpagedevice


