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A GENERAL FORM OF MULTI-STEP ITERATIVE METHODS
FOR NONLINEAR EQUATIONS'
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ABSTRACT. Recently, Yun [8] proposed a new three-step iterative method
with the fourth-order convergence for solving nonlinear equations. By using
his ideas, we develop a general form of multi-step iterative methods with
higher order convergence for solving nonlinear equations, and then we study
convergence analysis of the multi-step iterative methods. Lastly, some
numerical experiments are given to illustrate the performance of the multi-
step iterative methods.
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1. Introduction

In recent years, much attention has been given to develop several iterative
methods for solving nonlinear equations [1, 3, 4, 5. Abbasbandy [1] and Chun (3]
have proposed and studied several one-step and two-step iterative methods with
higher order convergence for nonlinear equations by using the decomposition
technique of Adomain [2]. Noor et al [6] proposed a three-step iterative method
with third-order convergence for solving nonlinear equations using a different
type of decomposition, which is very simple as compared with Adomain decom-
position method and does not involve the higher order derivatives. In 2008,
Yun [8] proposed a new three-step iterative method with the fourth-order con-
vergence for solving nonlinear equations, which improves the three-step iterative
method of Noor et al [6]. In this paper, we first develop a general form of
multi-step iterative methods with higher order convergence for solving nonlinear
equations by using the ideas of Yun [8], and then we study convergence analy-
sis of the multi-step iterative methods. Lastly, some numerical experiments are
given to illustrate the performance of the multi-step iterative methods.
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2. Multi-step iterative methods

In this section, we first describe the derivation of multi-step iterative methods
by using the ideas of Yun [8], and then we study convergence analysis of the
multi-step iterative methods. Consider the nonlinear equation

f(z) =0. (1)

We assume that f(z) has a simple root at o and v is an initial guess sufficiently
close to . We can rewrite the nonlinear equation (1) into the following coupled
system using the Taylor series:

f) + (M@ =) +9(x) =0, (2)
g9(z) = f(z) = f(v) = (M@~ ). (3)
The equation (2) can be rewritten in the following form

where o)
=~ 2

=TT ®)
and (@)
CN(z) = _9\*

N(z) IO% (6)

Here N(z) is a nonlinear function.

We now construct a sequence of multi-step iterative methods with higher order
convergence by using the following decomposition method, which is mainly due
to Daftardar-Gejji and Jafari [4]. This decomposition of the nonlinear function
N(x) is quite different from that of Adomain decomposition. The main idea of
this technique is to look for a solution having the series form

- n=0
and the nonlinear function N(z) can be decomposed as
oo n n—-1 ‘
N(z) = N(zo) + Y _{ NOQ_z;) = N} _ ;) (8)
n=1 j=0 j=0 '
Substiﬁuting (7) and (8) into (4), one obtains
o0 oo . n—1
Y zn=c+N(@o)+ Y S NO z;) - N _xj) ¢ (9)
n=0 n=1 7=0 7=0

It follows from (9) that
Tg = C,

Iy = N(.’ICo),
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m m—1
(L‘m.HZN ZIB]' - N Ziﬂj ,m=1,2,....
7j=0 j=0

T+ o+ FTmpr = N@o+T1+ - +Tm), m=1,2,....

Since zo = ¢ = v — L2, from (3) and (6) one obtains
()

g(wo) = f(xo)

Then

and

_9(@o) _  f(=o)
() (v

Since g + 1 =7 — fJ,('YT)) - %?TO))’ from (3) and (6)

I, = N(ZB()) =

g9(zo + 1)
Nwo+21) = ==50)
_ f(@o+ 1) = §(2) = (w0 + 21— )
')
__f@o+ 1) + f(=o)
f'() '
Since 3 = N(zo + z1) — N(xo), from (12) and (13)

f(zo + z1)

Ty = —"—F—"

f'()

From (12) and (14),

f()  f(@o + x1) + f(o)
() () '

To+Ty+x2="7~—

From (3), (6) and (15),
_g(xo +z1 + x2)
')
f@o+z1 +22) — f() = /() (@0 + 21 + 22 — )

N(zo+z1 +x2) =

- ()
flxo+z1 +x2) + f(zo + z1) + f(zo)
()

Assume that z ~ zo + 1 + 2 + 3. Then (10) and (16) imply that

TR0+ +x2+ 23 =120+ N(x0+ 1 + 2)

— - f(v)  f@o+xi+z2) + f(@o +21) + f(w0)
f'(7) () ’

775

(10)

(11)

(12)

(13)

(14)

(15)

(17)
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which suggests the following four-step iterative method

I f(zn)
Yn = Tn f’(xn)
o ‘f{((yn))
Tn
18
v =_f(yn+zn) (18)
" f'(@n)
Tpt1l = Yn + 2z + vy — f(yn;(z:)’}' 'Un).
Since 3 = N(xzo + 21 + z2) — N(zo + z1), from (13) and (16)
f(zo + 1 + x2)
= — . 19
e () 19)
From (12), (14) and (19),
_ .S fl@ot =z +x2) + f(wo +71) + f(To)
Fot Tkt I =T - H0) 70 - 0
From (3), (6) and (20),
N(zo+ z1 + x2 + z3)
_ g(@o +z1 + T2 + x3)
f()
__fleotz +x2+33) — f(7) = f'(7)(xo + 21 + 2 + 73 — 7) (21)
()
_f(mo+x1 + 22 +23) + f(wo + 71 + x2) + f(wo + 1) + f(0)
B () '

Assume that z =~ z¢ + 1 + 2 + =3 + z4. Then (10) and (21) imply that
T R To+ T1+ T2 + 23 = o + N(xo + T1 + 22 + 23)
fO)  f(@o+z1 + z2 + 3) + Fzo + 21 + x2) + fzo + 31) + flxa) (22)

G e ’
which suggests the following five-step iterative method
f(@n)
n = Tn —
d f'(zn)
f(yn)
Zp = —
f(zn)
f(yn +2n)
v, = ——2 23
7a) %)
w. = __f(yn + 2n + vn)
" f(zn)

f(yn + 2n +Up + wn,)
f'(zn) '

Tp+l = Yn + 2n +UVp + Wy —
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By continuing the above arguments, we can easily obtain a general form of multi-
step iterative methods. Specifically, the k-step iterative method for k > 3 is of
the form |

1. f(zn)
Yo = f'(zn)
2 _ f(yrlz)
n = f'(zn)
k—2
F Zlfv]z (24)

k-1 \J=!

o f'(zn)

o Z”?z
Pt = Z% ff mn)

Notice that the multi-step iterative method (24) requires the computation of
only the first derivative of the function f(z). The following theorem shows that
the four-step iterative method (18) has fifth-order convergence.

Theorem 2.1. Let a € I be a simple zero of a sufficiently differentiable function
f: I — R for an open interval I. If zo is sufficiently close to «, then the four-
step iterative method (18) has fifth-order convergence and satisfies the following
error equation

ent1 = 8czes +O(ed), (25)
~ _ [P
where en = Tn —a forn=0,1,2,... and c2 = Szey @) -

Proof. Since f is sufficiently differentiable, by expanding f(z,) and f’'(z,) about
«, one obtains

f(z,) = f(a) (en + r:gei + czed + a;efz + cse + O(eg)) , (26)
() = f'(a) (1 + 2c0e, + 3036% -+ 4C4(3§L + 505e§§ + O(ei)) , (27)

e :
where ¢ = 7; f;}k(;)) for k=2,3,.... From (26) and (27), one obtains
Tn :
% = en — coe2 4+ 2(c3 — c3)e + (Tcacs — 3eq — 4cd)et (28)
+ (10cacs — 20c3c3 + 8¢ — 4es + 6¢3)e> + O(€8).
From (18) and (28), one obtains
Yn =+ 626721 - 2(62 - 03) — (Tezez — 3eq — 493)62

29
— (10cocq — 20c5c3 + 8¢ — des + 6¢2)e> + O(e). (29)
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Expanding f(y,) about « and using (29),

Fyn) = f'(@)[cae? — 2(c5 — c3)ed — (Teacs — 3cq — 5e3)el

— (10cacq — 24c5es + 12¢5 — des + 6¢3)er, + O(ep)]. (30)
From (27) and (30), one obtains
2y = —coel + 2(2¢3 — c3)el + (14cacs — 3¢y — 13¢3)el '
+ (20cacs — 64c3cs + 38¢5 — des + lécg)eﬁ + O(el). (31)
Using (29) and (31),
Yn + 2n = a4 2c2ed + (Teacs — 9¢3)et
+ (10cocs — 44cic3 + 30c3 + 6¢3)ed + O(ed). (32)
Expanding f(y, + z,) about a and using (32),
fn + 2n) = ff(a)[Qc%ef’l + (Tcze3 — 9c3)el (33)

+ (10c2cq — 44cics + 30c; +6¢3)e> + O(e8)].
Using (27) and (33),
vy = —2c3ed — (Tegez — 13¢5 )e — (10cacy — 64cics +56¢5 +6¢3)ed +0(€8). (34)
From (32) and (34),
Yn + 2n + Un = a +4c3er + (20c3c3 — 26¢3)ed + O(el). | (35)
Expanding f(y, + 2z, + vn) about « and using (35),
C f(gn+ 2+ vn) = £ (@)lAcled + (20ckes — 26ek)el + O(E)].  (36)
From (27) and (36), |

f(yn +2p +Up
) ) = 4c3el + (20c3cs — 34c3)ed + O(el). (37)

From (18), (35) and (37); one obtains

J(Yn + 20 + vn)
f'(@n)

Tn+1 = Yn + 2n + Vp —
= o + 8chel + O(el),
which implies that e, = 8cie + O(el). O

It was shown in [8] that the three-step iterative method (24) with k£ = 3 has
fourth-order convergence, i.e., e,+1 = 4ciet +O(e2 ). Using MAPLE which is one
of computer algebra systems, we can obtain that the k-step iterative method (24)
with £ > 3 has (k + 1)th-order convergence (see [3] for computation of error
equations by MAPLE). More specifically, the k-step iterative method (24) with
k > 3 satisfies the following error equation

ent1 = 287 1ckeb T 1 O(ef ). (38)
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3. Numerical experiments

We present some numerical results to illustrate the efficiency of multi-step
iterative method proposed in this paper. We compare the Newton method (NM),
Variant of Newton method (VNM) in [7], Chun’s method with fourth-order
convergence (CM4) in (3], three-step iterative method (24) with k = 3 (TM),
and four-step iterative method (18) (FM). The iteration has been stopped if one
of the following stopping criteria is satisfied:

(i) |xn+l - xnl < 10_15,
(ii) | f(znt1)] < 10712,

Let z¢ denote an initial approximation for the zero. The test functions to be
used are defined as follows:

fi(z) =sin’z — 22 +1, o = 1.2
folx)=(x—1)3 =1, 20 =3.5

fa(z) =23 —10, 29 = 1.2

fi(z) = ze” —sin’z +3cosz +5, To = —3
fs(z) = 6:1:2-1-7;1:—30 —1, 29 = 4.0

fo(z) = z° + 4z — 10, o = 3.5.

All numerical tests have been written in standard Fortran and carried out using
64-bit arithmetic. In Table 1, IT denotes the number of iterations, x, the
approximate zero, f(z,) the function value at z,, and ¢ the distance of two
consecutive approximations for the zero.

4. Conclusion

In this paper, we developed a general form of multi-step iterative methods
with higher order convergence for solving nonlinear equations by using the ideas
of Yun [8]. The derivation of multi-step iterative methods introduced in this
paper is very simple as compared with the Adomain decomposition methods.
Notice that the multi-step iterative methods requires the computation of only the
first order derivative of the function f(z) unlike other methods of the same order.
With the help of MAPLE, we can obtain that the k-step iterative method (24)
with k& > 3 has the convergence of order (k + 1), i.e., ent1 = 28" 1ckeb+! +
O(ek+2). Numerical results for several nonlinear equations are provided in Table
1 to show the convergence of the multi-step iterative methods.
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