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Abstract

In this paper, we investigate the relations among formal concepts, attribute oriented concept and object oriented concepts

on acomplete residuated lattice.
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1. Introduction and preliminaries

Wille [11] introduced the forma concept lattices by
allowing some uncertainty in data. Formal concept anal-
ysis is an important mathematical tool for data analysis
and knowledge processing [1-5,8,9,11]. A fuzzy context
consists of (X,Y, R) where X is a set of objects, YV is
a set of attributes and R is a relation between X and Y.
Bélohlavek [1-4] developed the notion of formal concepts
with R € LX*Y on acomplete residuated lattice L.

In this paper, we show that the classes of formal con-
cepts, attribute oriented concept and object oriented con-
cepts are complete lattices. Moreover, afamily of attribute
oriented concepts and a family of object oriented concepts
are anti-isomorphic, afamily of attribute oriented concepts
and a family of formal concepts are isomorphic, a family
of object oriented concepts and afamily of formal concepts
are anti-isomorphic.

Definition 1.1. [1-5,10] A triple (L, <, ®) iscalled acom-
plete residuated lattice iff it satisfies the following condi-
tions:

(LY L = (L,<,1,0) isacomplete lattice where 1 is
the universal upper bound and 0 denotesthe universal lower
bound;

(L2) (L,®,1) isacommutative monoid;

(L3) @ isdistributive over arbitrary joins, i.e.

(\/ a;) ©b= \/(%@b)-

icl i€l

Definean operation —asa - b=\{ce L |a®c <
b}, foreacha,b € L.

Let (L, <,®) beacomplete residuated lattice. A order
reversingmap * : L — L defined by ¢ = a — O iscalled
astrong negation if a** = a foreacha € L.

In this paper, we assume (L, <,®,*) is a complete
residuated lattice with a strong negation *.

Manuscript received Dec. 24. 2009; revised . Mar. 6, 2010;
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Definition 1.2. [5,8,9] Let X and Y be two sets. Let
w07, 67 LX - LY andw, ¢, &6 LY — LX
be operators.

(1) The pair (w—,w*") is caled antitone Galois con-
nection between X and Y if for u € LX and p € LY,
p < w™ () iff < w (p).

(2) Thepair (¢, ¢ iscalled an isotone Galois con-
nection between X and Y if for p € LX and p € LY,
¢~ (1) < piff j1 < ¢ (p). Moreover, the pair (¢, ¢7)
is called an isotone Galois connection between X and Y if
forpe LX andp e LY, £ (p) < piff p < €7 ().

Definition 1.3. [58,9] Let w—, ¢, &~ :+ LY — LY
and w—, 0,6 : LY — LX be functions. A pair
(u,p) € LX x LY iscalled:

(1) formal concept if p = w™ () and . = w(p)
where (w™, w ) isan antitone Galios connection,

(2) an attribute oriented concept if p = ¢~ (u) and
w= ¢ (p) where (¢, ¢ ) isan isotone Galios connec-
tion,

(3) an object oriented concept if p = &7 () and
w =& (p) where (¢, &) is an isotone Galios connec-
tion.

Theorem 1.4. [9] Let w™ : LX — LY andw™ : LY —
L beoperators. Let (w™,w) bean antitone Galois con-
nection between X and Y. Then the following properties
hold:

() Foreachp € LX¥ and pp € LY, p < w=(w™ (1))
and p < w= (W (p))-

2 If p1 < po, thenw™(p1) > w™ (ue2). Moreover, if
p1 < pa, thenw™(p1) = w™ (p2).

3 For eh o € LX and p € LY,
whgw;(w“(p))) = w(p) and w7 (W™ (W (1)) =
w ().

(4) Foreach pu; € LX and p; € LY, w™(V;c; i) =
Nierw™ (pi) and wh(\/jej pj) = /\jejw(_(pj)'
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Theorem 1.5. [8] Let ¢~ : LX — LY and ¢~ : LY —
LX be operators. Let (¢, ¢~) be an isotone Galois con-
nection between X and Y. For each p,p; € LX and
p,p; € LY, thefollowing properties hold:

D p <o (¢ (1) and o~ (¢ (p)) < p.

(2 I 1 < oo, then = (1) < 6~ (12). Moreover, if
p1 < p2,then ¢~ (p1) < ¢~ (p2).

@) (9~ (67 (p) =~ (p)and ¢~ (¢~ (¢ (1)) =

o7 (k).
(4) QSH(\/ieI ,Ui) =
O~ (Njespi) = Njes @ (p5)-

Definition 1.6. [8,9] Anoperator ¢~ : LX — LY iscalled
a join-generating operator, denoted by ¢~ € J(X,Y), if
¢~ (Vier Ai) = Vier 7 (X)), for {Aibier C LX.

An operator ¢y~ : LX — LY is called a meet-
generating operator, denoted by v~ € M(X,Y), if
U7 (Nier M) = Nier ¥ (M), for {Ai}ier € LX.

An operator w— : LX — LY is caled a order
reverse-generating operator, denoted by w— € K(X,Y),
if wé(VieF )\1) = /\ieF w™ ()\l>, for {)\i}ief‘ c LX.

Theorem 1.7. [9] For w— € K(X,Y), Define functions
.60 LY — LY andw—, 95,65 LY — L¥ as
follows: foral A e LX, pc LY,

w(p) =\ {re X w™(\) > p}
05 (1) = (W™ (1), 65 (p) =w ™ (p")
& (0) = N e LY |w(\) = p},

& w =\{pe LY & (p) < p}

Then the following properties hold:

1) we € K, X)withw™(X\) > p e w(p) > A
foralxe LXandp e LY.

(2) The pair (w™,w*") is an antitone Galois connec-
tionand (w = (w™(A),w™(\)) foral A € LX areformal
concepts.

(3) The pair (¢, ¢) isan isotone Galois connection
and (65 (65 (V) 65 (V) = (0 (W™ (N),w™ (A)") for
al X € LX areattribute oriented concepts.

4 ¢5 : LY — LX isajoin-generating function such
that £5(p) = (W (p))* and &5 : LY — LY isameet-
generating function such that £7 () = w™ (\*).

(5) Thepair (¢5,¢£,) is an isotone Galois connection

and (&5 (p), €57 (657 (p)) = (W™ (p)",w™ (w ™ (p))) for
al p € LY are object oriented concepts.

and

\/iel ¢~ (pi)

Theorem 1.8. [9] Let (X, Y, R) beafuzzy context. Define
afunctionwz : LX — LY asfollows:

v M) =V (@) = R(z,y)).

reX

Then we have the following properties:

248

(D) wy € K(X,Y), (wg,wy ) is an isotone Galois
connectionsand (wy (wy (V)), wx (A)) foral A € LX are
formal concepts where

wi (P)(@) = N (ply) — R(z,y)).

yey

(2 95, (1) = (wg (1)* and @5, (p) = wg (p*) where

éo. (W) = \/ (u(z) © R*(2,y)),

yey

don(p)(@) = /\ (B*(2,y) — p(y)).

yey

Moreover, thepair (¢, ¢ ) isanisotone Galois connec-

WR? TWR

tionand (¢, (¢,.(N)), ¢, (A)) are attribute concepts.

'Y YwR

(3) Thepair (¢5,&..) isanisotone Galois connection

WRSWR

and (&5, (p), &5, (€5, (p))) for all p € LY are object ori-

ISWR WR

ented concepts where

En ) (@) =\ (p(y) © R*(z,y)),

yey

N = N\ (R (@) — A@))

zeX

Theorem 1.9. [8] For ¢~ € J(X,Y), Define functions
wy €y LX — LY and T wy €y LY - X &as
follows: ,foral A € LX pe LY,

6= () = \JIr e L¥ [~ () < ),
Wi N = (6N Wi (p) = 6 ("),
& (o) = NA e LY |67 (0) < o',

&N =\{pelL & (p) <AL

Then the following properties hold:

(1) The pair (¢, ¢ ) isan isotone Galois connection
and (¢ (¢~ (M), ¢~ (N\)) for each A € LX are attribute
oriented conceptswith ¢~ € M(Y, X).

(2) The pair (w,",wy") is an antitone Galois connec-
tion and (w;; (wy (), w, (V) for A € L™ are formal
concepts.

(3) The pair (£, €;") is an isotone Galois connection
and (5 (p), €57 (€5 (p))) for each p € LY, are object ori-
ented concepts with £57(p) = (¢~ (p*))" and £;7(N) =
(e~ (A)"



2. Thepropertiesof various concepts

Theorem 2.1. Let 7(X,Y) = {(u,p) € L* x LY} bea
family of formal concepts. For all (u;, p;)icr € F(X,Y),

we define
V (1irpi) = @ (N pi)s )\ pi)s
el iel el
A\ (i pi) = O\ pasw™ (J\ 1))
iel iel el
Then (F(X,Y), V, A) isacomplete lattice.

Proof. Since  A,cp pi = Nier @™ (i)

w™ (Vieri:), by Theorem 1.4(3), w™ (w™ (A;cr pi))
W™ (W (W™ (Viers:))) = W™ (Vieri:) =
Nier pi- Hence (w0~ (Aser Pi)s Nier Pi) =
(W™ (Nier pi),w™ (W™ (Aser pi)) €  FXY).
Since Ajcriti = Nierw™ (pi) = w™(Vierps),
by Theorem  1.4(3), u)‘_(uﬁ(/\lGF i) =
W (W™ (W (Vierpi))) = w™ (Vierpi) =
/\ieF Hi- Thus, (/\ier s WH(/\zer l‘z)) =
(W (W™ (Aser 1)), 0™ (Njer 1)) € F(X,Y).

Theorem 2.2. Let G(X,Y) = {(u,p) € LX x LY} bea
family of attribute oriented concepts. For al (u;, pi)icr €

G(X,Y), we define
“(\V r). \ o).

\/ Mzapz =

i€l i€l el

N iy pi) = O\ 1y 67 O\ i)

iel iel iel
Then (G(X,Y),V, A) isacomplete |attice.

Proof. Since V;cr pi = Vier ¢ (1) = 67 (Vierp),
by Theorem 1534), ¢ (¢~ (V,erpri)) =
¢~ (¢ (¢~ (Vierps))) = ¢~ (Vierp) =
Vier pi- Hence, (0~ (Vser pi)s Vier pi) =
(@~ (Vier pi); 07 (07 (Vier pi))) € G(X,Y).
Since /\ieF Hi = /\ieF (bh(pi) = ( i€TPi )

O

by Theorem 15(314)1 ¢(_(¢_>(/\z€l—‘ /’[’1))
¢H(¢H(¢H(/\ierm))) = ¢ (/\ZEF/DZ)
Nicr ti-  Hence, (Aier #4), @~ (Nier 1))
(@ (&~ (Nier 1)), &~ (Nier 1)) € G(X,Y).

O

Theorem 2.3. Let H(X,Y) = {(u,p) € LX x LY} be
afamily of object oriented concepts. For all (i, pi)icr €

H(X,Y), wedefine
(\ i, 6\ i),

\/ Wiy Pi) =

el el el
N\ i p) = (€N pi). [\ p2).
el el el

Then (H(X,Y), V, A) isacomplete lattice.
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Proof. Since  A;crpi = Neré () =
£~ (Nierpi), by Theorem 1.5(3,4), 7 (£ (Njer pi) =
E7 (6 (€7 (Nierpa))) = & (Nierpi) = Njer pi- Thus,
(5_(/\1‘61‘ pi)s /\iGF pi) € H(X,Y).

We show (Ve i § (Vier 1i)) € H(X,Y) from:

Since \/iEF Hi = viel“ E (pi) = & (Vierpi)s
by Theorem 15(34), (67 (Vier i) =
E7(E7 (6 (Vierp:))) = € (Vierpi) = Ve pi- Hence,
(Vier 1), €7 (Vier i) € H(X,Y). -

Definition 2.4. Let (L1, <,V,A) and (Lo, <,V, A) betwo
|attices. We call:

(1) Ly and L, are isomorphic, denoted by L1 = Lo,
if there exists a bijective function h : L; — Lo such that
h(zxVy)=h(z)Vh(y)and h(z Ay) = h(x) A h(y).

(2) Ly and L, are anti-isomorphic, denoted by L, ~
Lo, if there exists a hijective function g : Ly — L, such
that g(z vV y) = g(x) A g(y) and g(z A y) = g(z) V g(y).

Theorem 25. Let G(X,Y) = {(u,p) € L* x LY} and
H(X,Y) = {(u,p) € L¥ x LY} be two families of at-
tribute oriented concepts and object oriented concepts. We
defineU : G(X,Y) — H(X,Y) asfollows:

& (p*), %), ifu=0"(p),
Ulu-p) ‘{ (65 (), i p= 6= (n),
where {7 (1) = (67 (1)), £57(p) = (67 (p"))" and

(¢, ¢ ) isan isotone Galois connection. Then G(X,Y)
and H(X,Y) are anti-isomorphic where (£;7,£;) is an
isotone Galois connection.

Proof. Sincefj;(p) < Niff (¢ (p*))* < Niff o (p*) >
/\* iff 67 (\*) < p*iff £57(N) > p,fordl X € LX,pe
(5“ gﬁ) is an isotone Galois connection. Since p* =
(W( )) = &y (w") and p* = (o= (p))" = &5 (p")
then (fg(p*),p*) = (5?{(6;(#*))755(/1*)) € H(X»Y)
and (u*, &5 (1) = (§5 (p7), €57 (&5 (p7))) € H(X,Y).
Hence U iswell defined. For ({5 (p), p) € H(X,Y), smce
o7 (7 (p7)) = ¢*((£¢ (P)*) = (§5° (& ;5_(0)))*
(0= (p"),p") = (07 (p"), W(cﬁ“(p*))) Gg(X,Y) Such
that U(W(p ),p") = (&5 (p), p).

For (u §;(u)) € H(X7Y) since ¢ (¢~ (u*)) =
(&) = (W& W) = u
(1,07 (1")) € (X,Y) such that U(p*, ¢ (1*)) =
(M,€¢( )). Hence U is surjective. Trivially U is injec-
tive.

), p1) NU (9 (p2), p2)
) Pi) A (&5 (p3), p3)
A p3 ),p‘{ A p3) (by Theorem 2.3)

([ [ IIS
ST XA
%Qé\? f

X ¥ ¥

55

[y

<

RS
,_AMV
v?/v
<D

[y

<

RS

no

—~ o~

( )P

(¢ (p2), p2)) (by Theorem 2.2).
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Ulpa, ¢~ (1)) V U (p2, ¢ (p2))

(11, €5 (1) v (13,657 (13))

(17 V 3,657 (13 V p3))

= U(pr A p2, ¢ (pa1 A p2))

= U((p1, 97 (1)) A (p2, 07 (12)))
(by Theorem 2.2).

Hence, G(X,Y) and H(X,Y") are anti-isomorphic.
O

Theorem 26. Let F(X,Y) = {(u,p) € LX x LY}
and G(X,Y) = {(u,p) € L* x LY} be two families of
formal concepts and object oriented concepts. We define
V:F(X,Y)— G(X,Y) asfollows:

_J (@5 (p*),p%), ifp=w(p),
Viw.p) ‘{ (1,00 (1), ifp=w(n),
where ¢ () = (W™ (w)* o5 (p) = w(p*) and

(w”,w™) is an anti-tone Galois connection.  Then
F(X,Y)and G(X,Y) areisomorphic where (¢, ¢-) is
an isotone Galois connection.

Proof. Since ¢ () < p iff (w™(n)*
i

w(p) = ptiff T (p7) =
dl up € LX,p € LY, (¢7

W™ W () = p* and i =

then (o7, (p"), ") = (65 (p7), 0 (4 (
and (p, 9,7 (1)) = (05 ("), 0 (05 (7)) € G(X, Y
Hence V iswell defined. For (¢, (p), p) € G(X,Y), since

p =05 (05(p)) = ¢ (W™
(W™ (p),p") =
suchthat V(w* (p*), p
For (n dﬂ(u)) € g
05 (62 () = 1
(b, w™ (1) = (W™
that V(p,w™(p)) =
Trivialy, V isinjec

w™ (W™ (),
~(n)) € F(X,Y) such

(u, ¢ (p)). Hence V' is surjective.
ective.

<

(W™ (p1): p1) V V(w0 (p2), p2)
(05 (p1), P1) V (95 (P3), P3)
(65 (p7V Pz) piVps)
V(w™(p1 A p2),p1 A p2)
V(w™(p1),p1) V (W™ (p2), p2))-

<

(1, w™ (1)) AV (p2, w0~ (p2))
(1, 05 (11)) A (2, 9 (p2))

(1 A pi2, @ (pn A o))

Vi(p1 A pg, w™ (pa A piz))
V(1,0 (1)) A (p2, 0™ (p12)))-

Y)and G(X,Y) areisomorphic.

Hence, (X,
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Theorem 2.7. Let F(X,Y) = {(u,p) € L x LY} and
H(X,Y) = {(,p) € L x LY} be two families of for-
mal concepts and attribute oriented concepts. We define
W:F(X,Y)— H(X,Y) asfollows:

_ [ & p)p),  ifp=wT(p),
W, p) { (W &5 (1), ifp=w=(n),
where {7 (pn) = w™ (), &) = (W (p)"

and (w—,w™) is an anti-tone Galois connection.
Then F(X,Y) and H(X,Y") are anti-isomorphic where
(&57,&.) isanisotone Galois connection.

Proof. Since £ (p) < Aiff (w™(p))* < Niff w=(p) >
N ff w™ (\*) > piff€7(\) > p,fordl A € LY pe LY,
(&5,¢.) isan isotone Galois connection.
Since p = w(p) = & (1) and u = w(p)
(€57 (p))* . then (€57 (p), p) = (€5 (€2 (%)), €5 (1))
£ (p)
p)
t

such th

H(X,Y) and (07,67 (17)) = (657 (p), €57 (&5 (p
H(X,Y). Hence W is well defined. For &5 (p),
H(X,Y), there exists (w™ (p),p) € F(X,Y) su
W(w™(p),p) = (&5 (), p)-
For (1, &, (1)) € H(X,

Qmmm

), since p = £5(8,7 (1) =
5 (W™ (w) = (W (w7 (w))" (o™ () =
(W™ (w™ (1)), w (u ) € F(X, Y) such that
W(p*,w™ (1*) = (u, &, (u)). Hence W is surjective.
Trividly, W isinjective.

€
4

p1);p1) A 2), P2)
( )) p1) A (W™ (p2))*, p2)
p1);p ) (€5 (p2): p2)
p1/\p2) p1 A p2)
“(p1 A p2),p1 A p2)
W= (p1), 1) V (@ (p2), p2)):

(p1, 0™ (1)) vV W (p2, w™ (p2))
(11,65 (1) v (15, €5 (13))

(17 V 3,657 (11 V 13))

W(pa A 2, w™ (1 A pr2))

= W((p1,w™ (1)) A (2, 0™ (p2)))-

Then F(X,Y) and H(X,Y") are anti-isomorphic.

W(w™(p

N TN TN /N
Iy I
gTET €

[T~

==
As

=

O

Definition 2.8. Let F(X,Y) = {(u,p) € LX x LY}
(resp. G(X,Y) or H(X,Y)) be a family of formal con-
cepts(resp.  attribute oriented concepts or object oriented
concepts). Then:

(1) attribute a« € Y is said to be dispensable if
F(X,)Y) 2 F(X,Y —{a}) (resp. G(X,Y) 2 G(X,Y —
{a}) or H(X,Y) 2 H(X,Y — {a})) , otherwise attribute
a € Y issaid to beindispensable.

(2) attributes set B C Y is said to be a consistent set
if 7(X,Y) &2 F(X,B) (resp. G(X,Y) = G(X,B) or
H(X,Y) = H(X, B)). Furthermore, B is called otherwise
atribute o € Y issaid to be indispensable.
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(3) B C Y iscdled areduct if B is a consistent
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We obtain an object oriented concept family as follows:

H(X,Y) = {((0,0), 0, 3, )) (3, ),(0, 7%)),
(35, (31 ). (15, 10 (), (1L 1))
v € Y is dispensable for H(X,Y') because H(X,Y) =
H(X,Y — {v}). B = {u, w} is a consistent set for

H(X,Y) because H(X,Y) = H(X, B) where
H(X, B) = {((0,0),(0,0)), ((3,0), (0, 3)),
((3:2)s (3:3)): (1, 3), (5:1)), ((1,1), (1, 1))}

Moreover, B is areduct for H

H(X,Y) because B is acon-
sistentsetand H(X,Y) ¥ H(X, B

—{u}) and H(X,Y) %

H(X, B — {w}).
We defineW : F(X,Y) — H(X,Y) asfollows
W((0,0),(1,1,1)) = ((1,1),(1,1,1))
W0, ). (5,11 = (1 ), (5. 1.1)
W((§7 5)7 (57 1a %)) = ((%7 5)7 (%7 ’ %))
W((§7 1)v ( 717 %)) = ((%a O)a (07 1a %))
W((1,1),(0,3,0)) = ((1,1),(0, 3,0)).
Then F(X, Y) ~ H(X, Y).
WedefineU : G(X,Y) — H(X,Y) asfollows
U((Ov O)a (0707 O)) = ((17 1)1 (17 1, 1))
U((07 %1)7 (%1’ 0, 0)) = ((L %)a (%7 1, 1))
U((%v E)v (5707 %)) = ((%» %)’ (%7 ) %))
U((ﬁv 1)7 (1’0’ %)) = ((%v O)a (07 1, %))
U((lv 1)a (1’ %’ 1)) = ((17 1)7 (Oa %v O))
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