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Abstract

It is well-known that the space E" of fuzzy numbers (i.e., normal, upper-semicontinuous, compact-supported and convex
fuzzy subsets) in the n-dimensional Euclidean space R" is separable but not complete with respect to the L p-metric.

In this paper, we introduce the space Fy(R") that is separable and complete with respect to the L,-metric. This will
be accomplished by assuming p-th mean bounded condition instead of compact-supported condition and by removing

convex condition.
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1. Introduction

The metric in a space of fuzzy sets plays an important
role both inthetheory andinitsapplications. Therearevar-
ious useful metrics defined on the fuzzy number space E"
of normal, upper-semicontinuous, compact-supported and
convex fuzzy subsets of n-dimensional Euclidean space R".
The readers may refer to [2] for supremum metric, sendo-
graph metric and Lp-metric, and refer to [6] for Skorohod
metric.

It iswell-known that E" is complete and separable if it
is equipped with the metric except L p-metric. Characteriza-
tions of compact subsets of E" equipped supremum metric,
sendograph metric and the Skorohod metric were given by
Greco [4], Greco and Moschen [5], Greco [3], Zhao and
Wu [10], Joo and Kim [6], respectively.

However, it is known that E" is separable but not com-
plete with respect to the Lp-metric. This problem arises
from the fact that compact-supported condition is inade-
quate for the Lp-metric.

Related to this problem, Kraschmer [ 7] dealt with com-
pletion of E" w.r.t. the Lp-metric by introducing the notion
of support function for noncompact fuzzy number and De-
gang et a. [1] proposed the completion of E! w.rt. the
L1-metric by using representation theorem of honcompact
fuzzy number in EL. But these approaches cannot be valid
any more if we drop the convexity condition.

In this paper, we introduce the space Fp(R") without
convexity that is complete and separable with respect to
the Lp-metric.
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2. Preliminaries

Let K(R") denote the family of all non-empty compact
subsets of the n-dimensional Euclidean space R" with the
usual norm |- |. Then the space K(R") is metrizable by the
Hausdorff metric h defined by

h(A,B) = max[sup inf |a—b|,sup inf |a—b]].
acA beB beB acA

The norm of A € K(R") is defined by

Il = h(A, {0}) = sup|al.

It iswell-known that K(R") is complete and separable with
respect to the Hausdorff metric h. Also, if we denote by
Kc(R") the family of al A € K(R") which is convex, then
Kc(R") isaclosed subspace of (K(R"),h).

Let F(R") denote the family of all fuzzy setsu: R" —
[0, 1] with the following properties;

(i) uisnormal, i.e., there exists x € R" such that u(x) =
1

(i) Leu={x€R":u(x) > a} isacompact subset of R"
foreachO<a<1.

Lqu is caled the o-level set of u. We denote by
Fc(R") the family of all u e F(R") which is convex, i.e.,
u(Ax+ (1= A)y) > min(u(x),u(y)) for dl x,y € R" and
0<A<1 Thenue FR(R") if and only if Lou € K¢(R")
foreachO< o <1.



Also, we denote by F..(R") (resp. Fe..(R")) the family
of al ue F(R") (resp. F:(R")) with compact support, i.e.,
Lou= {x € R": u(x) > 0} is compact, where A denotes the
closure of Aw.r.t. theusua normin R". Briefly, Fe..(R") is
denoted by E" and a member of E" is called a fuzzy num-
ber.

Joo and Kim [6] showed that u € F..(R") can be
characterized by a function f, defined as f, : [0,1] —
K(R"), fu(or) = Lgu, which is non-increasing, left-
continuous on (0, 1], right-continuous at 0 and right-limits
on [0,1). By very similar arguments, we can obtain the fol-
lowing lemma.

Lemma 2.1. For u € F(R"), we define
fu . (O, 1} — (I‘<(F’2n),h)7 fu(a) = Luu.
Then the followings hold;

(i) fu is non-increasing, i.e, o < B implies fy(a) D

fu(B),
(i) fyisleft continuouson (0, 1],
(iii) fy hasright-limitson (0,1).

Conversely, if g: [0,1] — K(R") is a function satisfying
the above conditions (i) — (iii), then there exists a unique
ve F(R") suchthat g(a) = LV for all o € (0, 1].

If we denote by L+ u the right-limit of f, at o € (0,1),
then it is well-known that

Loru={x€ R :u(x) > a}.
3. Main Results

The LP-metric dp, on the fuzzy number space E" is de-
fined as follows;

1
dp(U,v) = ( /0 h(Lo, LoV)P dot) /P,

Itiswell-known that (E",dp) is separable but not com-
plete. Thisfact seemsto be natural since E" istoo small for
it to be complete w.r.t. dp. In order to achieve complete-
ness, we need to introduce a new family of fuzzy sets that
includesE".

For 1< p<eo, let Fp(R") (resp. Fc p(R")) bethefamily
of al fuzzy setsu € F(R") (resp. F:(R")) such that

1
/ ILou]|Pdot < oo,
0

It is obvious that F.(R") C Fp(R") but F.(R") #
Fp(R"). Itis easy to prove that the dp on Fp(R") satisfies
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the axioms of metric. We first prove the completeness of
(Fp(R"),dp).

Theorem 3.1. (Fp(R"),dp) is complete.

Proof. Let {u;} bea Cauchy sequencein (Fp(R"),dp) such
that [§ h(LoUi, Lou;)Pdo — 0asi, j — oo.

Step 1: First, we show that there exists a subsequence
{ui } of {u} such that {Lyu; } is a Cauchy sequence in
(K(R"),h) for dmost al o.

We note that for each e > 0,

H{o: h(Lali, Louj) > €}

1 1
< 5/0 h(LaUi, Leuj)Pdo — O

asi, | — o, where 1 denote the L ebesgue measure.
For any positive integer k, we find an integer Ny such

that L L
H({o: h(Loui, Louj) > ?}) < oK

fori, j > Ng. Now we write
i1 =Ny, ix=(ike1+1) VNcfork > 2,

then {u;, } isasubsequence of {u;}.
Let Ik = {a: h(LqUi, Loli,,) > 5} and

lo = limsuplk = N1 Yk k-

Then since

. e 1
MUCmlk) < 3 M) < 5,

k=m

we have that p(lp) = 0. And if o ¢ lo, then there exists m
such that o ¢ Uyl and so for k,| > m,
> 1
h(L(Xuik;L(th) < z h(LOLuikvL(xuik+1) < Wa

k=m
which implies {L,u;, } is a Cauchy sequence in
(K(R"),h).

Step 2: By completeness of (K(R"),h), {Lyu,} con-
vergesto A, for some A, € K(R") for each o ¢ Io.
If 0<a<1lando e lg, then wedefine

Ao = M<a,peloPp-

Then by Lemma 2.1, thereexistsau € F(R") such that
Lou = A, for each 0 < o < 1. Now we have to show that
ue Fp(R") and dp(uj,u) — 0asi — eo.
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Since {u;, } is Cauchy sequence in (Fyp(R"),dp), there

exist an M such that for k,1 > M,
1
/ h(LaUi,, Lo Ui )Pdo < 1.
0

For afixedk > M, since
IlLrD: h(L(Xuika L(Xui| ) = h(LOCuik7 L(Xu)

for amost dl o, we have that by Fatou's lemma,

1
/ h(LaUi,, Lou)Pdao
0

1
< liminf [ h(Laui,,Laui,)Pdo < 1.

|—e Jo

Thus,

1
/ Lo dot
0
1 1
< 29/ ||Lauikad0L+2p/ h(La Ui, LoU)Pdot < oo,
0 JO

whichimpliesu € Fp(R").
Finally, the triangle inequality

dp(ui,u) < dp(Ui, Uiy ) +dp (Ui, u)

shows that dp(uj,u) — 0 asi — eo. O

Corollary 3.2.  Fep(R") is a closed subspace of
(Fp(R"),dp) and so it is complete.

Proof. Let {u;} be a sequence in (Fcp(R"),dp) such that
for somev € Fp(R"),

dp(Ui,v) = 0 &8s i — oo

Thenthereexistsal C (0, 1] with Lebesgue measure 0 such
that foral o ¢ 1,

h(LgUi,LgV) — 0 as i — eo.

Since Lyui € K(R") and K¢(R") is a closed subspace of
KR, Leve Ke(RY) fordla¢l. IfO<a<ladacl,
then we can choose aincreasing sequence { oy} with oy ¢ |
so that o — o as k — e-. Then by |eft-continuity of Lyv as
afunction of o, we have h(Ly,V,LyV) — 0 ask — o, and
50 LoV € Ke(R"). This completes the proof. O

Now we prove that (Fp(R"),dp) is separable. To do
this, we need some lemmas.

Lemma3.3. If Aj,Bj € K(R"), j = 1,2, then

h(Al UA2,B1U Bz) < max [h(Aj_7 B]_)7 h(Az, Bz)].
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Proof. It follows from the fact that

sup inf
acAUA, bEB1UB,

= max(sup inf

[a—b]

|a—b|,sup inf Ja—b|)
B

acA, PEB1UB acA, beB1U
< max(sup inf |a—b|,sup inf |a—bl)
achA; beBy acA; beB,

O

Lemma 34. Ifue F(R") and 0 < B < 1, then there
existsa partition p = o < --- < pm = 1 of [B, 1] such that

h(Lgu,Lg: w) <eforal k=1,--.m

Proof. Let € > 0 be given. By applying Lemma 2.1, for
each B < o < 1, we can take §,, > 0 so that

h(Lou, Lo—5,u) <€

and
h(Lg+u,Lots,u) <E.

Also, we can choose 63,81 > 0 so that
h(Lg+u, L+, uy<e

and
h(Liu,L;_5,u) <e.

Let g = [BvB+SB),|1 = (1-63,1] and for each B <
a<l,
I(X: ((X*SQ,(sta).

Then by the compactness of [B,1], there exists
o1, 0N € (B, 1) such that

0,1 =g Ul U (UX4lg,).

The collection of points {8, +8g,1— 81,1} U {o —
8,0, 0 + 8 11 =1,--- N} forms a partition of [B,1].
We denote these points in ascending order by

B=Bo<Pr<- <Pm=1
Thenitisobviousthat forall k=1,2,---,m,

h(LﬁkU, LBktlu) < E.

Theorem 3.5. (Fp(R"),dp) is separable.



Proof. Since (K(R"),h) is separable, there exists a count-
able dense subclass K of K(R").

Now let F bethefamily of fuzzy setsv which for some
positive m, there exist afinite unions A1 O --- D Ay of sets
in K and rationa points0< o < --- < oyn_1 < 1 such that

m-1

V(X) = lgl ol a0\ A1 (X) + 1A (X),

where | 5 denotes the indicator function of A.
Thenitisobviousthat 7 iscountable subset of Fp(R").
Now it sufficesto provethat F isdensein (Fp(R"),dp).

Let u e Fy(R") and € > 0 be given. First we choose

0< B < 1sothat

[ auiPae < (/16 ®

And then, by applying Lemma 3.4, we choose a partition
B=Po<: - <Pm=1o0f [B,1] suchthat

h(Lg,u, LB:_lu) <g/8fordl k=1,---,m.
If wetakeBy € K, k=1,2,--- ,mso that
h(B, Lp,u) < €/8 for each k.
and let Ax = U™, Bj, then by lemma 3.3,
h(Lgu,Ax) <¢/8,
and

h(Lgs UA) <h(Lg: uLpu)+h(lsuA) <e/d (2

Let om = Bm: 1 and for each k = :]_7~~»7m7:|_7 we
choose rational points oy so that

Br—1 < ouc < Pk, h(Le U, LBkU) <g/8

and
mo B
> [ (ol + lA])? do < e9/4. ©
k=1"Ck

Then
h(Loy U, Ax) < h(Leyu,Lg u) +h(Lg u,Ac) <e/4.  (4)

Now if we define

m-1

V(X) = kZ ol a0\ A1 (X) + 1A (X),
=1

then

(A f
L“V_{Ak it

O<a<oay,
o1 <oa<oxk=2---.n
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Sincefor 0 < o < B,

h(LaU, LaV) h(LaU, Lﬁ-*— U) + h(LB+ U,Al)

2|ILqu|l +€/4 by (2),

IAIA

we have

B
/ h(Lou, Lov)Pdo
0

IN

2040 [ |LaulPdoc+ (e/4)Pp
(€/2P(1+B) by (1)

IN

Andforl<k<m,

Bk
/ h(LgU, LoVv)P dot
B

k—1

Ok Bk
- / h(Lot, Lov)P doit | h(Lg, Lov)P dor

Br-1 Jog

< [h(Lgy UA) v h(Loy u AP (0% — Br-1)
Bx
+ (el + )P o
Br
< (e/AP(Be—Ben)+ [ (ILoul + AP da

by (2) and (4).
Therefore, we conclude that

db(u,v)
= /‘Bh(Lau,Al)PdoH-i /.Bk h(Lu, Ac)Pdo
70 k=1"Br-1
< (e/2P(1+B) + (¢/4)P(1—B)
m Bk
£ 3 [l + AP do
k=17 0k

< 2¢P by(3).
This completes the proof. O

We note that ¥ C F..(R") in the proof of Theorem 3.5.
This meansthat Fp(R") is the completion of (F..(R"),dp).

Remark. The results established in the above are valid
even though R" is replaced by any real separable Banach
space.
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