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Abstract

It is well-known that the space En of fuzzy numbers (i.e., normal, upper-semicontinuous, compact-supported and convex
fuzzy subsets) in the n-dimensional Euclidean space Rn is separable but not complete with respect to the Lp-metric.

In this paper, we introduce the space Fp(Rn) that is separable and complete with respect to the Lp-metric. This will
be accomplished by assuming p-th mean bounded condition instead of compact-supported condition and by removing
convex condition.

: Fuzzy numbers, Compact sets, Lp-metric.

1. Introduction

The metric in a space of fuzzy sets plays an important
role both in the theory and in its applications. There are var-
ious useful metrics defined on the fuzzy number space En

of normal, upper-semicontinuous, compact-supported and
convex fuzzy subsets of n-dimensional Euclidean space Rn.
The readers may refer to [2] for supremum metric, sendo-
graph metric and Lp-metric, and refer to [6] for Skorohod
metric.

It is well-known that En is complete and separable if it
is equipped with the metric except Lp-metric. Characteriza-
tions of compact subsets of En equipped supremum metric,
sendograph metric and the Skorohod metric were given by
Greco [4], Greco and Moschen [5], Greco [3], Zhao and
Wu [10], Joo and Kim [6], respectively.

However, it is known that En is separable but not com-
plete with respect to the Lp-metric. This problem arises
from the fact that compact-supported condition is inade-
quate for the Lp-metric.

Related to this problem, Kraschmer [7] dealt with com-
pletion of En w.r.t. the Lp-metric by introducing the notion
of support function for noncompact fuzzy number and De-
gang et al. [1] proposed the completion of E1 w.r.t. the
L1-metric by using representation theorem of noncompact
fuzzy number in E1. But these approaches cannot be valid
any more if we drop the convexity condition.

In this paper, we introduce the space Fp(Rn) without
convexity that is complete and separable with respect to
the Lp-metric.

2. Preliminaries

Let K(Rn) denote the family of all non-empty compact
subsets of the n-dimensional Euclidean space Rn with the
usual norm | · |. Then the space K(Rn) is metrizable by the
Hausdorff metric h defined by

h(A,B) = max[sup
a∈A

inf
b∈B

|a−b|,sup
b∈B

inf
a∈A

|a−b|].

The norm of A ∈ K(Rn) is defined by

‖A‖ = h(A,{0}) = sup
a∈A

|a|.

It is well-known that K(Rn) is complete and separable with
respect to the Hausdorff metric h. Also, if we denote by
Kc(Rn) the family of all A ∈ K(Rn) which is convex, then
Kc(Rn) is a closed subspace of (K(Rn),h).

Let F(Rn) denote the family of all fuzzy sets u : Rn →
[0,1] with the following properties;

(i) u is normal, i.e., there exists x ∈ Rn such that u(x) =
1.

(ii) Lαu = {x ∈ Rn : u(x) ≥ α} is a compact subset of Rn

for each 0 < α ≤ 1.

Lαu is called the α-level set of u. We denote by
Fc(Rn) the family of all u ∈ F(Rn) which is convex, i.e.,
u(λx + (1 − λ)y) ≥ min(u(x),u(y)) for all x,y ∈ Rn and
0 ≤ λ ≤ 1. Then u ∈ Fc(Rn) if and only if Lαu ∈ Kc(Rn)
for each 0 < α ≤ 1.
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Also, we denote by F∞(Rn) (resp. Fc∞(Rn)) the family
of all u ∈ F(Rn) (resp. Fc(Rn)) with compact support, i.e.,
L0u = {x ∈ Rn : u(x) > 0} is compact, where A denotes the
closure of A w.r.t. the usual norm in Rn. Briefly, Fc,∞(Rn) is
denoted by En and a member of En is called a fuzzy num-
ber.

Joo and Kim [6] showed that u ∈ F∞(Rn) can be
characterized by a function fu defined as fu : [0,1] →
K(Rn), fu(α) = Lαu, which is non-increasing, left-
continuous on (0,1], right-continuous at 0 and right-limits
on [0,1). By very similar arguments, we can obtain the fol-
lowing lemma.

Lemma 2.1. For u ∈ F(Rn), we define

fu : (0,1] −→ (K(Rn),h), fu(α) = Lαu.

Then the followings hold;

(i) fu is non-increasing, i.e., α ≤ β implies fu(α) ⊃
fu(β),

(ii) fu is left continuous on (0,1],

(iii) fu has right-limits on (0,1).

Conversely, if g : [0,1] → K(Rn) is a function satisfying
the above conditions (i)− (iii), then there exists a unique
v ∈ F(Rn) such that g(α) = Lαv for all α ∈ (0,1].

If we denote by Lα+u the right-limit of fu at α ∈ (0,1),
then it is well-known that

Lα+u = {x ∈ Rn : u(x) > α}.

3. Main Results

The Lp-metric dp on the fuzzy number space En is de-
fined as follows;

dp(u,v) = (
∫ 1

0
h(Lαu,Lαv)p dα)1/p.

It is well-known that (En,dp) is separable but not com-
plete. This fact seems to be natural since En is too small for
it to be complete w.r.t. dp. In order to achieve complete-
ness, we need to introduce a new family of fuzzy sets that
includes En.

For 1≤ p < ∞, let Fp(Rn) (resp. Fc,p(Rn)) be the family
of all fuzzy sets u ∈ F(Rn) (resp. Fc(Rn)) such that

∫ 1

0
‖Lαu‖p dα < ∞.

It is obvious that F∞(Rn) ⊂ Fp(Rn) but F∞(Rn) 	=
Fp(Rn). It is easy to prove that the dp on Fp(Rn) satisfies

the axioms of metric. We first prove the completeness of
(Fp(Rn),dp).

Theorem 3.1. (Fp(Rn),dp) is complete.

Proof. Let {ui} be a Cauchy sequence in (Fp(Rn),dp) such
that

∫ 1
0 h(Lαui,Lαu j)p dα → 0 as i, j → ∞.

Step 1: First, we show that there exists a subsequence
{uik} of {ui} such that {Lαuik} is a Cauchy sequence in
(K(Rn),h) for almost all α.

We note that for each ε > 0,

µ{α : h(Lαui,Lαu j) > ε}
≤ 1

εp

∫ 1

0
h(Lαui,Lαu j)p dα → 0

as i, j → ∞, where µ denote the Lebesgue measure.
For any positive integer k, we find an integer Nk such

that

µ({α : h(Lαui,Lαu j) ≥ 1
2k }) <

1
2k

for i, j ≥ Nk. Now we write

i1 = N1, ik = (ik−1 +1)∨Nk for k ≥ 2,

then {uik} is a subsequence of {ui}.
Let Ik = {α : h(Lαuik ,Lαuik+1) ≥ 1

2k } and

I0 = limsup
k→∞

Ik = ∩∞
m=1 ∪∞

k=m Ik.

Then since

µ(∪∞
k=mIk) ≤

∞

∑
k=m

µ(Ik) <
1

2m−1 ,

we have that µ(I0) = 0. And if α /∈ I0, then there exists m
such that α /∈ ∪∞

k=mIk and so for k, l ≥ m,

h(Lαuik ,Lαuil ) ≤
∞

∑
k=m

h(Lαuik ,Lαuik+1) <
1

2m−1 ,

which implies {Lαuik} is a Cauchy sequence in
(K(Rn),h).

Step 2: By completeness of (K(Rn),h), {Lαuik} con-
verges to Aα for some Aα ∈ K(Rn) for each α /∈ I0.

If 0 < α ≤ 1 and α ∈ I0, then we define

Aα = ∩β<α,β/∈I0Aβ.

Then by Lemma 2.1, there exists a u ∈ F(Rn) such that
Lαu = Aα for each 0 < α ≤ 1. Now we have to show that
u ∈ Fp(Rn) and dp(ui,u) → 0 as i → ∞.
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Since {uik} is Cauchy sequence in (Fp(Rn),dp), there
exist an M such that for k, l ≥ M,

∫ 1

0
h(Lαuik ,Lαuil )

p dα < 1.

For a fixed k ≥ M, since

lim
l→∞

h(Lαuik ,Lαuil ) = h(Lαuik ,Lαu)

for almost all α, we have that by Fatou’s lemma,

∫ 1

0
h(Lαuik ,Lαu)p dα

≤ liminf
l→∞

∫ 1

0
h(Lαuik ,Lαuil )

p dα ≤ 1.

Thus,

∫ 1

0
‖Lαu‖p dα

≤ 2p
∫ 1

0
‖Lαuik‖p dα + 2p

∫ 1

0
h(Lαuik ,Lαu)p dα < ∞,

which implies u ∈ Fp(Rn).
Finally, the triangle inequality

dp(ui,u) ≤ dp(ui,uik)+dp(uik ,u)

shows that dp(ui,u) → 0 as i → ∞.

Corollary 3.2. Fcp(Rn) is a closed subspace of
(Fp(Rn),dp) and so it is complete.

Proof. Let {ui} be a sequence in (Fcp(Rn),dp) such that
for some v ∈ Fp(Rn),

dp(ui,v) → 0 as i → ∞.

Then there exists a I ⊂ (0,1] with Lebesgue measure 0 such
that for all α /∈ I,

h(Lαui,Lαv) → 0 as i → ∞.

Since Lαui ∈ Kc(Rn) and Kc(Rn) is a closed subspace of
K(Rn), Lαv ∈ Kc(Rn) for all α /∈ I. If 0 < α ≤ 1 and α ∈ I,
then we can choose a increasing sequence {αk} with αk /∈ I
so that αk → α as k → ∞. Then by left-continuity of Lαv as
a function of α, we have h(Lαk v,Lαv) → 0 as k → ∞, and
so Lαv ∈ Kc(Rn). This completes the proof.

Now we prove that (Fp(Rn),dp) is separable. To do
this, we need some lemmas.

Lemma 3.3. If A j,Bj ∈ K(Rn), j = 1,2, then

h(A1 ∪A2,B1 ∪B2) ≤ max [h(A1,B1),h(A2,B2)].

Proof. It follows from the fact that

sup
a∈A1∪A2

inf
b∈B1∪B2

|a−b|

= max( sup
a∈A1

inf
b∈B1∪B2

|a−b|, sup
a∈A2

inf
b∈B1∪B2

|a−b|)

≤ max( sup
a∈A1

inf
b∈B1

|a−b|, sup
a∈A2

inf
b∈B2

|a−b|)

Lemma 3.4. If u ∈ F(Rn) and 0 < β < 1, then there
exists a partition β = β0 < · · · < βm = 1 of [β,1] such that

h(Lβk
u,Lβ+

k−1
u) < ε for all k = 1, · · · ,m.

Proof. Let ε > 0 be given. By applying Lemma 2.1, for
each β < α < 1, we can take δα > 0 so that

h(Lαu,Lα−δαu) < ε

and
h(Lα+u,Lα+δαu) < ε.

Also, we can choose δβ,δ1 > 0 so that

h(Lβ+u,Lβ+δβu) < ε

and
h(L1u,L1−δ1

u) < ε.

Let Iβ = [β,β + δβ), I1 = (1− δ1,1] and for each β <
α < 1,

Iα = (α−δα,α−δα).

Then by the compactness of [β,1], there exists
α1, · · · ,αN ∈ (β,1) such that

[0,1] = Iβ ∪ I1 ∪ (∪N
i=1Iαi).

The collection of points {β,β + δβ,1− δ1,1} ∪ {αi −
δαi ,αi,αi + δαi : i = 1, · · · ,N} forms a partition of [β,1].
We denote these points in ascending order by

β = β0 < β1 < · · · < βm = 1.

Then it is obvious that for all k = 1,2, · · · ,m,

h(Lβk
u,Lβ+

k−1
u) < ε.

Theorem 3.5. (Fp(Rn),dp) is separable.
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Proof. Since (K(Rn),h) is separable, there exists a count-
able dense subclass K of K(Rn).

Now let F be the family of fuzzy sets v which for some
positive m, there exist a finite unions A1 ⊃ ·· · ⊃ Am of sets
in K and rational points 0 < α1 ≤ ·· · ≤ αm−1 < 1 such that

v(x) =
m−1

∑
k=1

αkIAk\Ak+1
(x)+ IAm(x),

where IA denotes the indicator function of A.
Then it is obvious that F is countable subset of Fp(Rn).
Now it suffices to prove that F is dense in (Fp(Rn),dp).

Let u ∈ Fp(Rn) and ε > 0 be given. First we choose
0 < β < 1 so that

∫ β

0
‖Lαu‖p dα < (ε/16)p. (1)

And then, by applying Lemma 3.4, we choose a partition
β = β0 < · · · < βm = 1 of [β,1] such that

h(Lβk
u,Lβ+

k−1
u) < ε/8 for all k = 1, · · · ,m.

If we take Bk ∈ K , k = 1,2, · · · ,m so that

h(Bk,Lβk
u) < ε/8 for each k.

and let Ak = ∪m
i=kBi, then by lemma 3.3,

h(Lβk
u,Ak) < ε/8,

and

h(Lβ+
k−1

u,Ak) ≤ h(Lβ+
k−1

u,Lβk
u)+h(Lβk

u,Ak) < ε/4. (2)

Let αm = βm = 1 and for each k = 1, · · · ,m− 1, we
choose rational points αk so that

βk−1 < αk ≤ βk, h(Lαku,Lβk
u) < ε/8

and

m

∑
k=1

∫ βk

αk

(‖Lαu‖+‖A1‖)p dα < εp/4. (3)

Then

h(Lαku,Ak) ≤ h(Lαku,Lβk
u)+h(Lβk

u,Ak) < ε/4. (4)

Now if we define

v(x) =
m−1

∑
k=1

αkIAk\Ak+1
(x)+ IAm(x),

then

Lαv =
{

A1 i f 0 < α ≤ α1,
Ak i f αk−1 < α ≤ αk, k = 2, · · · ,n.

Since for 0 < α ≤ β,

h(Lαu,Lαv) ≤ h(Lαu,Lβ+u)+h(Lβ+u,A1)
≤ 2‖Lαu‖+ ε/4 by (2),

we have

∫ β

0
h(Lαu,Lαv)p dα

≤ 2p[4p
∫ β

0
‖Lαu‖p dα+(ε/4)pβ]

≤ (ε/2)p(1+β) by (1).

And for 1 ≤ k ≤ m,

∫ βk

βk−1

h(Lαu,Lαv)p dα

=
∫ αk

βk−1

h(Lαu,Lαv)p dα+
∫ βk

αk

h(Lαu,Lαv)p dα

≤ [h(Lβ+
k−1

u,Ak)∨h(Lαku,Ak)]p(αk −βk−1)

+
∫ βk

αk

(‖Lαu‖+‖Ak‖)p dα

≤ (ε/4)p(βk −βk−1)+
∫ βk

αk

(‖Lαu‖+‖Ak‖)p dα

by (2) and (4).

Therefore, we conclude that

dp
p(u,v)

=
∫ β

0
h(Lαu,A1)p dα+

m

∑
k=1

∫ βk

βk−1

h(Lαu,Ak)p dα

< (ε/2)p(1+β) +(ε/4)p(1−β)

+
m

∑
k=1

∫ βk

αk

(‖Lαu‖+‖A1‖)p dα

≤ 2εp by (3).

This completes the proof.

We note that F ⊂ F∞(Rn) in the proof of Theorem 3.5.
This means that Fp(Rn) is the completion of (F∞(Rn),dp).

Remark. The results established in the above are valid
even though Rn is replaced by any real separable Banach
space.
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