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Abstract

In this paper, using fuzzy complex valued functions and fuzzy complex valued fuzzy measures ([11]) and interval-valued Choquet
integrals ([2-6]), we define Choquet integral with respect to a fuzzy complex valued fuzzy measure of a fuzzy complex valued function

and investigate some basic properties of them.
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1. Introduction

Buckley [1] first defined the concept of fuzzy complex
numbers and have studied the theory of fuzzy complex
numbers, the differentiability and integrability of fuzzy
complex valued functions on a complex plane C. Wang
and Li [11] studied generalized Lebesgue integrals of fuzzy
complex valued functions.

By using the method of establishing the basic framework
for fuzzy complex analysis, we will define Choquet in-
tegrals with respect to a fuzzy complex valued fuzzy meas-
ure of fuzzy complex valued functions. We note that inter-
val-valued Choquet inetgrals were defined by Jang [2-6].

Let (X,Q) be a measurable space. A mapping
p: 2 —[0,00] on X is called a fuzzy measure if it is sat-
isfying the following conditions;

(i) u(@)=0,

(i) p(4) < u(B),

whenever A,B €, A C B.

(iii) for every increasing sequence {4, } of measurable

sets, we have

p(Uy_1A,) =limp(A4,).

n—0o

(iv) for every decreasing sequence {A,} of measurable

sets and p(4,) < oo, we have

p(nNe_ A) =1limp(A4,).

n—oo

In many papers, a fuzzy measure is satisfying the con-
ditions (i) and (ii). In this paper, we assume that a fuzzy
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measure is satisfying the four conditions (i)-(iv).

Definition 1.1 ([2-6]) (1) The Choquet integral of a meas-
urable function f with respect to a fuzzy measure p on
AE( is defined by

© [ sau= [ ullali@)> i A)ar

where the integral on the right-hand side is an ordinary
one.

(2) A measurable function f is said to be integrable if
the Choquet integral of f can be defined and its value is
finite.

Instead of (C)/ fdu, we will write (C)/fdu.
X

Throughout this paper, R* will denote the interval [0,00).

Definition 1.2 ([2-6]) A set V<2 is called a null set with
respect to p if u(AUN)=pu(4), for all AS0.

We note that [P(z) p—a.e on A] means there exists
a null set NV such that P(z) is true for all zEA— N,
where P(z) is a proposition concerning the point of A.

Definition 1.3 ([2-8]) Let f,g be measurable nonnegative
functions. We say that f is comonotonic to ¢, in symbol
f~g if and only if f(z)< f(2') =g(a) < g(z’) for
all z,2' €X.

Theorem 1.4 ([2-8]) Let f,g,h be
Then we have

I f~r

) If f~g, then g~ f.

(3) For all aER™, we have f~a

measurable functions.
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@) If f~g and f~h, then f~ g+h.

Theorem 1.5 ([2-8]) Let f,g,h be measurable functions.
(1) If f < g, then (C)/fd,ué(C’)/gdu.
) If AC Band A,B €2, then
C du < (C du.
0 f san=(0 [ san
B3) If f~g and a,bER", then
(©) [ (o +b9)du=a(C) [ au+b(C) | gan.

@ If (fvg)(z)=maz{f(x),g(x)} and
(fAg)(x) =min{f(z),g(x)} for all xEX, then

(C)/(ng)d,u2(0)/fduV(C’)/gd,u and
() [ trg)an= () [ fanr () [ gin

Throughout this paper, Z(R") is the class of all intervals
in R, that is,

IRY) ={la",a"]la",a" € RTanda™ < a*}.

For any aER", we define a=laal. Obviously,
a€I(RT).

Definition 1.6 ([5,6]) If a,bEI(R") and k € R, then we
define

(1) atb=[a +b,a" +b"],

@) ka=lka ", ka'],

3) ab=lab,adb'],

@) aAb=la Ab ,a" AbT],

(5) aVb=la Vb ,a Vb,

(6) a< b if and only if

a <b and a" <b",

(7) a<b if and only if a< b and a# b,
(8) ac b if and only if

b <a and a" <b".

Theorem 1.7 ([5,6]) Let a,b € I(R"). Then the followings
hold.

(1) idempotent law: aAa=a,aV a=a,
(2) commutative law:

aAb=bAa, aVb=bVa,
(3) associative law:

(anb)Ae=an(bAc),

(avb)Ve=aVv(bVe),

Functions
(4) absorption law:
an(avb)=aV(and)=a,
(5) distributive law:
an (5v2) = @ADV (a0,
aVv(bAe)=(aVb)AlaVe).
Definition 1.8 ([5,6]) A set function

dy: IRY) X R™)—[0,00] is called the Hausdorff metric
if
dy(A4, B)=max{sup, . 4 inf, ¢ g lz — 9,
sup, < p inf, c 4 lz—yl},
for all A,B€ I(R").

Theorem 1.9 ([5,6]) If dj: I(R")x I(RT)—[0,00] is the
Hausdorff metric, then we have for

b=[b",b"] e I(RY),

a=la",a"],

dy(a,b) =maxila” —b 7 la" —b*1}.

For a sequence of intervals {a_n}c IR")and «=IR"),

we say that {a_n} converges to a, in symbol,

dy—lima,=a if dy(a,,a)—0(n—>0).

n?
n—»0o

Obviously, we obtain d,—lima,=a if and only if

a, —a and aZHaJ’(nHOO).

A fuzzy number won R isa fuzzy set satisfying the
following conditions (see[6,9,11]);

(i)(normality) u(z) =1 for some zER",

(ii)(fuzzy convexity) for every A< (0,1],

17)\: {z€RTulz) = A} (RT).

Let FN(R") denote the set of fuzzy numbers, we de-
fine basic arithmetic operations on FN(R™) (see [6,9,11]);
for each pair ﬂ,aEFN(Rﬂ and kER+,

(ut+0), =uy+v,, (ku), =ku,,
u< v if and only if u,< v, for all AE(0,1],

u< v if and only if u< v and u# v,

In section 2, we introduce fuzzy complex numbers and
discuss their basic arithmetic properties of them. And also
we consider an interval-valued fuzzy measure. In section 3,
we consider fuzzy valued functions and fuzzy complex
valued fuzzy measures. And also we define Choquet in-
tegrals with respect to a fuzzy complex valued fuzzy meas-
ure of fuzzy complex valued functions.
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2. Fuzzy Complex Fuzzy Measures.

Definition 2.1 ([11]) Let a,b € FN(R'). We define a or-
dered fuzzy numbers (a,b) as follows:

(ZL,E) : Ct=0,1],

z=x+yi> (Zz,b)(z) =a(x)/\b(y).

Then the mapping (&5) determines a fuzzy complex num-

ber, where a and b is called a real part and an imaginary
part of (a,b), respectively. Let C' =(a,b), then a=Re C,
b=1In C.

Let CT={z+iyl z.y € R"} and FCN(C") be the set
of fuzzy complex numbers on C 7, writing

c=a+bi=(a,b), a,bEFNR").

We note that if c=a+0bi is a complex number, then it's

membership function is

_ |1 z=a,y=b
C(Z)_{O otherwise,

whenever z=(:r:,y)E(C+. If Cl,CZEFCN(C+) and we
define

C, % Cy=(Re C, * ReCy,Im C, % InCy)
for operation > e{+,— +,A,V }, then clearly we have

C, % Cy belongs to FCN(C"). Now we introduce some
order relations and equality relation on FCN(C").

Definition 2.2 ([11]) Let C,,C, € FCN(C™).
(1) C,< G, if and only if

Re C,<ReC,, In C, < nG,.

2) ¢, <, if and only if €} <C, and Re C; <
ReCy or Im C'; <InC,.
(3) C, =, if and only if

<0, Cy,=<C.

We will define the new metric D on FCN(CT) as
follows.

Definition 2.3 (1) If CEFCN(C'), then C, is closed
rectangle region on (C+, for all Ae(0,1], defined as
c, ={zect|c(z) = \}.
a,b EFN(R"), then (a,b),=(a,,b,) for all AE (0,1].
(2) A mapping
D: FON(C") x FON(C")—0,0]
is defined by
D(Cy, Cy) ,
:max{A(ReCl,ReCQLA(ﬁnCl,ﬁnCQ)}

Obviously, if
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where

A(ReCp,ReC,y)
= Ve udnl(Re )y (Re Gy),)

and
A(InC,InGCy)
=Vie (O,I]dH((ﬁnq)A’(InlCZ)A)'
It is clearly to see that (FCN(C"),D) is a metric
space. By using this metric, we define the concept of con-
vergence of a sequence in the metric space

(FenN(Cct), D).

Definition 2.4 Let {C,} C FCN(C") be a sequence of
fuzzy complex valued numbers and C EFCN(C"). The
sequence  {C,} converges to C, in  symbol,
D—1imC, = C if

n—>00

limD(C,, C) =0.
We also consider an interval-valued fuzzy measure as
follows.

Definition 2.5 ([11]) Let (X;f2) be a measurable space, a
mapping

ﬁ: 02 HI(]R*) is called an interval-valued fuzzy meas-
ure if it is satisfying

() u(@)=[0,0],

(i) p(A4) < u(B), whenever

AB €0, AC B.

(iii)y If (4,)C 22 and

w(A4,)—pu(4).

A,/7A or A,NA implies

AEN,
w(A) = (A),u"(A)] or simply write as p=[u",u"].

We note that for any denote

Proposition 2.6 ([11]) A mapping p: 2 — I[(R") is an in-
terval-valued fuzzy measure if and only if x and ,u+ are
fuzzy measure under Sugeno's sense.

3. Choquet Integrals of Fuzzy Complex Valued
Functions

In this section, we define a fuzzy complex valued fuzzy
measure and Choquet integral with respect to a fuzzy com-
plex valued fuzzy measure of fuzzy complex valued
functions. Let CT={z+yi|lz,y € R*} and (CT, 2) be a
measurable space. We consider a fuzzy complex valued
function as follows.

Definition 3.1 ([11]) If a mapping f: Ct— FCN(CT) is
defined by
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z=a+yi— f(2)=(Ref i f)(z)
= Bef(;zc)/\]mf(y)7
then ;‘ is called a fuzzy complex valued function on C™.

We note that Re f(z) € FN(RY), In f(y)EF(R"). For
any A< (0,1], let

£ = (F(2), = (Re f,(2),5m f,(2)),
(Re f), =Re f,=(Re f, ,Re f,*), and

(Im })A =Im f;: (Bnf, Jnf,").

Theorem 3.2 ([11]) Let ]71,]?2 be fuzzy complex valued

measurable functions on (C,£2), then flif; and }71 s fy
are fuzzy complex valued measurable functions.

Definition 3.3 ([11]) Let (C*,£2) be a measurable space, a
mapping p: 22— FCN(C") is called a fuzzy complex val-
ued fuzzy measure, if the following conditions are satisfied:

(1) /NL(Q) = [676], where 6 EFCN(C+),

) wA4) = u(B),

whenever 4,B € (2,A C B, and

(3) if (4,)c2? and A,7A or A,\A, then

ﬁ(An)H/;(A) (n—0) in meaning of the metric [, in

symbol,

D—limp,=p.

n—>0co0

We note that (C™, (2, L) is called a fuzzy complex val-
ued fuzzy  measure space and denote that
ﬁ(A) = (ﬁR(A),ﬁj(A)) or simply write as ﬁ= (,1137 ,u])
for any A€ (2. Now, we will define the Choquet integral
with respect to a fuzzy complex fuzzy measure of a fuzzy
complex valued function as follows. The idea of the fol-
lowing definition is similar to the idea of the generalized
Lebesgue integral in Wang and Li [11].

Definition 3.4 Let p= (1 » ﬁ,) be a fuzzy complex valued

fuzzy measure and f=(Ref, Inf) a fuzzy complex valued
measurable function.
(1) For any A€ {2 , the Choquet integral with respect

to o of f is defined by
([ Fai) =((0) [ RefiGin
by

(C)/A]m}‘)\d(/zl))\)
for all A& (0,1], where

(C)/ARe})\d(;’/R))\ =

Functions

(0 (reDratns, (€ [ (hepyiatiny]

and

(©) f Il =

(@) [ (71365 (0) [ (mFriaG,)i).

(2) If there exists we FCN(C') such that

(ﬂ)A :((C’)/ j;d;; for all A= (0,1], then } is said
4 A
to be Choquet integrable on A.

(3) f is said to be Choquet integrably bounded if Ref

and Im} are Choquet integrably bounded.

Instead of (CO) / fdp, we will write (O) / fdp.
X

Remark 3.5 Re;‘ and [m;‘ are Choquet integrably bounded
if and only if for all A& (0,1], interval-valued measurable

functions (Re;‘) y and ([m}") , are Choquet integrably
bounded (see [5,6]). And we also see that

(0 f (e P (©) [ (Rep)aGips.
(0 f (mmPraGe); and () [ (mf)iate);

are finite, that is, they are well-defined (see [2-4]).

Lemma 3.6 ([6,9])

family of nonempty intervals in Z(R™). If (i) for all
0< A <A, [aAﬁbAJD[aA;bAJ and (ii) for any non-

Let {la,,b,]Ix € (0,1]} be given a

increasing sequence {)\k} in (0,1] converging to A\,
[aA,bA]: ﬂ[awbh]. Then there exists a unique fuzzy
k=1

number u€E FN(R") such that the family [aA,b)J repre-
sents the A-level sets of a fuzzy number ue FN(R").
Conversely, if [aA,bA] are the A-level set of a fuzzy num-

ber ue FN(R'), then the conditions (i) and (ii) are
satisfied.

By using the definition of a fuzzy complex valued fuzzy
measure with condition (iii), we easily obtain the following
lemma.

Lemma 3.7 Let {\,} be a nonincreasing sequence in

(0,1] converging to A. If we put
g/fm (a) = (;LH);A({Z.KREE.)K,,, (l’) > CM}),

h,fm(a) = (/ZR)IK{M(R@}‘);” (z) > a}), and
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g (@) = () ({2 (), (2) > a}),

W (0) = (i ({1 )5, () > ), and

g (@) = (ng) ({z|(Ref); (@) > a}),

hf(a) = (ﬁ[)I({x\(Re})I(x) > a}), and

gt (0) = ()5 ({z1 ()5 (2) > o)),
(i) ({21 (D) () > o)),

for all a€R" and kmeEN, then we have
g (a)Ngi(a), hff(a)Nhi(a), gf,.(a)Ngi(a), and
Ry, (a) N\ RS ().

hi (o)

Remark 3.8 (1) For all 0 <A, < ),, we obtain

(©) /Ame});‘d(ﬁ,%); > (0) /A<Re}>;7d<ﬁg>;_,
(©) /Amef);ld(ﬁ]%):l > (0) /Ame})gd(ﬁ]g);z,

(©) /Awn});ld(ﬁ,); > (0) /Awn%)gd(ﬁ,);,
and

© f tmPiaG;, = (© [ (nfriaGi;,

(2) If we take k= m, then we obtain the followings:
For any nonincreasing sequence {)\k} in (0,1] convers-

ing to A,
(0 f (Repatu s

= ﬁ((C)fA(R"’})id(ﬁn)L ,

k=1

(© f (ReD3d )

Al J (mepiati,y).

(©) f tmprd); and

(C)fA(ﬁn})Id(ﬁ Pl
_ ké(@ /Aum});d@,);)

From Definition 3.4, Remark 3.5, Lemma 3.7 and
Remark 3.8, we obtain the following theorem.

Theorem 3.9 Let (C*,(2, ,11) be fuzzy complex valued fuz-

228

zy measure space. If f is a fuzzy complex valued in-
tegrably bounded function, then we have

(i) for all 0 <A, < A,
> f Fai)

((c) /A}dﬁ) A

(ii) for any nonincreasing sequence {)\k} in (0,1] con-

A

versing to A\,

o

((0) / A}d’z)f ;Ql((c) / A}dﬁ)

A

Remark 3.10 From Theorem 3.9 and Lemma 3.6, there ex-
ists a fuzzy complex number uwe FON(C') such that

@), =0 f Fai
A A
for all A& (0,1]. That is, if a fuzzy complex valued func-

tion ]? is

integrable.

integrably bounded, then it is Choquet
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