
r r

r r
r

r

r r r
r

X I = [0, 1]
IX X 0X

1X φ X
Ac 1X − A

A X

(X, τ) X τ ⊆ IX

0X 1X ∈ τ
∀A, B ∈ IX A, B ∈ τ (A ∩ B) ∈ τ

{Ai : i ∈ J} ⊆ IX

Ai ∈ τ ∪i∈J Ai ∈ τ

(X, τ) X τ : IX → I

τ(0X) = τ(1X) = 1
∀A, B ∈ IX , τ(A ∩ B) ≥ τ(A) ∧ τ(B);

{Ai : i ∈ J} ⊆
IX , τ(∪i∈J Ai) ≥ ∧i∈J τ(Ai)
τ : IX → I X
τ(A) A

τ∗ : IX → I

τ∗(0X) = τ∗(1X) = 1
∀A,B ∈ IX , τ∗(A ∪ B) ≥ τ∗(A) ∧ τ∗(B);

{Ai : i ∈ J} ⊆
IX , τ∗(∩i∈J Ai) ≥ ∧i∈J τ∗(Ai)

(X, T ) X
T : IX → I

T (0X) = 1

∀A,B ∈ IX , T (A ∩ B) ≥ T (A) ∧ T (B);

{Ai : i ∈ J} ⊆
IX , T (∪i∈J Ai) ≥ ∧i∈J T (Ai)

T : IX → I
X T (A)

A

⇒ ⇒

T ∗ : IX → I

T ∗(1X) = 1

∀A,B ∈ IX , T ∗(A ∪ B) ≥ T ∗(A) ∧ T ∗(B);

{Ai : i ∈ J} ⊆
IX , T ∗(∩i∈J Ai) ≥ ∧i∈J T ∗(Ai)

T ∗ : IX → I
X T ∗(A)

A

T X
T ∗ : IX → I T ∗(A) =

T (Ac) Ac A
X T ∗

X T : IX → I
T (A) = T ∗(Ac) X
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(X, T ) A ∈ IX

r A qClr(A)

qClr(A) = ∩{K ∈ IX : T ∗(K) ≥ r,A ⊆ K},
T ∗(K) = T (Kc)

r A qIntr(A)

qIntr(A) = ∪{K ∈ IX : T (K) ≥ r,K ⊆ A}.
A r

T (A) ≥ r A r T ∗(A) ≥
r

(X, T ) A,B ∈ IX

qIntr(0X) = 0X qClr(1X) = 1X

qIntr(A) ⊆ A A ⊆ qClr(A)
A ⊆ B ⇒ qIntr(A) ⊆ qIntr(B) qClr(A) ⊆

qClr(B)

(X, T ) A ∈ IX

qClr(A)c = qIntr(Ac)
qIntr(A)c = qClr(Ac)

A ∈ IX

qClr(A)c = (∩{K ∈ IX : T ∗(K) ≥ r,A ⊆ K})c

= ∪{Kc : K ∈ IX , τ(Kc) ≥ r,Kc ⊆ Ac}
= ∪{U ∈ IX : τ(U) ≥ r, U ⊆ Ac}
= qIntr(Ac).

(X, T )

T (Ai) ≥ r i ∈ J T (∪i∈J Ai) ≥ r
T ∗(Ai) ≥ r i ∈ J T ∗(∩i∈J Ai) ≥ r

i ∈ J T (Ai) ≥ r
T (∪i∈J Ai) ≥ ∧i∈J T (Ai) ≥ r

(X, T ) A ∈ IX

A r A = qIntr(A)
A r A = qClr(A)

(X, T ) A,B ∈ IX

qIntr(qIntr(A)) = qIntr(A)
gClr(qClr(A))) = qClr(A)

f : (X, T1) → (Y, T2)
f r

A ∈ IY

T2(A) ≥ r ⇒ T1(f−1(A)) ≥ r.

(X, T1) (Y, T2)

f r

r A Y f−1(A)
r X

T2
∗(B) ≥ r ⇒ T1

∗(f−1(B)) ≥ r B ∈ IY .

r A Y f−1(A)
r X

f(qClr(A)) ⊆ qClr(f(A) A ∈ IX

qClr(f−1(B)) ⊆ f−1(qClr(B)) B ∈ IY

f−1(qIntr(B)) ⊆ qIntr(f−1(B)) B ∈ IY

⇒ A r
T2(A) ≥ r r

T1(f−1(A)) ≥ r f−1(A) r

⇒ B ∈ IY , T2
∗(B) ≥ r T2(Bc) ≥

r Bc r f−1(Bc)
r

T1(f−1(Bc)) = T1((f−1(B))c) = T1
∗(f−1(B)) ≥ r.

T1
∗(f−1(B)) ≥ r.

⇒

⇒ A ∈ IX

f−1(qClrf(A)) = f−1[∩{F ∈ IY : f(A) ⊆ F,

F r }]
= ∩{f−1(F ) ∈ IX : A ⊆ f−1(F ),

f−1(F ) r }.

qClr(A) ⊆ f−1(qClrf(A)) f(qClr(A)) ⊆
qClrf(A)

⇒

⇒

⇒ B ∈ IY T2(B) ≥ r B
r

f−1(B) = f−1(qIntr(B)) ⊆ qIntr(f−1(B)).

f−1(B) r
T1(f−1(B)) ≥ r f r
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f : (X, T1) → (Y, T2)
f r

r A X f(A) r
Y

(X, T1) (Y, T2)

f r
A ∈ IX T1(A) ≥ r ⇒ T2(f(A)) ≥ r

f(qIntr(A)) ⊆ qIntr(f(A)) A ∈ IX

qIntr(f−1(B)) ⊆ f−1(qIntr(B)) B ∈ IY

⇔ r

⇒ A ∈ IX qIntr(A) r
f r f(qIntr(A)) r

f(qIntr(A)) = qIntr(f(qIntr(A))) ⊆ qIntr(f(A)).

⇒

⇒ A r

qIntr(A) ⊆ qIntr(f−1(f(A))) ⊆ f−1(qIntr(f(A))).

A = qIntr(A) f(A) ⊆ qIntr(f(A))
f(A) r

f : (X, T1) → (Y, T2)
f r

r A X f(A)
r Y

(X, T1) (Y, T2)

f r
A ∈ IX T1

∗(A) ≥ r ⇒ T2
∗(f(A)) ≥ r

qClr(f(A)) ⊆ f(qClr(A)) A ∈ IX

⇔

⇒ A ∈ IX gClr(A) r
f r f(qClr(A))

r

qClr(f(A)) ⊆ qClr(f(qClr(A))) = f(qClr(A)).

⇒ A r
qClr(A) = A

qClr(f(A)) ⊆ f(qClr(A)) = f(A).

f(A) r

r
r
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