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LIGHTLIKE SUBMANIFOLDS OF
A SEMI-RIEMANNIAN MANIFOLD WITH

A SEMI-SYMMETRIC NON-METRIC CONNECTION

Ahmet Yücesan and Erol Yaşar

Abstract. In this paper, we study lightlike submanifolds of a semi-
Riemannian manifold admitting a semi-symmetric non-metric connection.
We obtain a necessary and a sufficient condition for integrability of the
screen distribution. Then we give the conditions under which the Ricci
tensor of a lightlike submanifold with a semi-symmetric non-metric con-
nection is symmetric. Finally, we show that the Ricci tensor of a lightlike
submanifold of semi-Riemannian space form is not parallel with respect
to the semi-symmetric non-metric connection.

1. Introduction

The idea of a semi-symmetric non-metric connection on a Riemannian mani-
fold was introduced by Ageshe and Chafle [1]. They defined a linear connection
on a Riemannian manifold admitting a semi-symmetric non-metric connection,
and studied some properties of the curvature tensor of a Riemannian manifold
with respect to the semi-symmetric non-metric connection. De and Kamilya
[4] gave basic properties of a hypersurface of a Riemannian manifold with a
semi-symmetric non-metric connection. Ageshe and Chafle [2] obtained the
equations of Gauss, Codazzi and Ricci associated with a semi-symmetric non-
metric connection and studied some properties of the submanifold of a space
of constant curvature admitting a semi-symmetric non-metric connection. In
an earlier paper [14], we studied lightlike hypersurfaces of a semi-Riemannian
manifold admitting a semi-symmetric non-metric connection.

In this paper, we study lightlike submanifolds of a semi-Riemannian man-
ifold with respect to the semi-symmetric non-metric connection because of
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the following motivation: It is well known that while the geometry of semi-
Riemannian manifold is fully developed, its counter part of lightlike subman-
ifolds (for which the local geometry is completely different from the non-
degenerate case) is relatively new and in a developing stage. When the need in
general relativistic theories is considered, to study the general theory of light-
like submanifold for differential geometry is a very important topic. Several
papers have been written on lightlike submanifolds in recent years (see [3], [7],
[9] for instance) but the use of semi-symmetric non-metric connections has not
been handled widely.

In the present paper, we have proved that on lightlike submanifold the con-
nection induced from semi-symmetric non-metric connection is semi-symmetric
non-metric, and also on screen distribution the connection induced from that
connection is semi-symmetric non-metric connection. We have defined the in-
duced geometrical objects with respect to the semi-symmetric non-metric con-
nection on the triplet (S(TM), S(TM⊥), tr(TM)). Then we have investigated
the integrability condition of the screen distribution with respect to the semi-
symmetric non-metric connection. Also, we have given the conditions under
which the Ricci tensor of a lightlike submanifold with respect to the semi-
symmetric non-metric connection is symmetric. Moreover, we have shown that
the Ricci tensor of a lightlike submanifold of semi-Riemannian space form is
not parallel with respect to the semi-symmetric non-metric connection.

2. Preliminaries

Let (M̃, g̃) be a real (m+n)-dimensional semi-Riemannian manifold of con-
stant index such that 1 ≤ ν ≤ m + n − 1 and (M, g) be an m-dimensional
submanifold of M̃ . In case g̃ is degenerate on the tangent bundle TM of M ,
M is called a lightlike submanifold of M̃ . Denote by g the induced tensor field
of g̃ on M and suppose g is degenerate. Then, for each tangent space TxM we
consider

TxM⊥ =
{

Yx ∈ TxM̃ | g̃x (Yx, Xx) = 0, ∀Xx ∈ TxM
}

which is a degenerate n-dimensional subspace of TxM̃ . Thus, both TxM and
TxM⊥ are degenerate orthogonal subspaces but no longer complementary sub-
spaces. For this case, there exists a subspace RadTxM = TxM ∩ TxM⊥ called
radical (null) subspace. If the mapping

RadTM : x ∈ M −→ RadTxM

defines a smooth distribution on M of rank r > 0, the submanifold M of M̃ is
called r-lightlike (r-degenerate) submanifold and RadTM is called the radical
(lightlike) distribution on M. In the following, there are four possible cases:

Case 1. M is called a r-lightlike submanifold if 1 ≤ r < min{m, n}.
Case 2. M is called a coisotropic submanifold if 1 < r = n < m.
Case 3. M is called an isotropic submanifold if 1 < r = m < n.
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Case 4. M is called a totally lightlike submanifold if 1 < r = m = n [5].
In this paper, we have considered Case 1 where there exists a non-degenerate

screen distribution S(TM) which is a complementary vector subbundle to
RadTM in TM. Therefore,

(2.1) TM = RadTM ⊥ S (TM) ,

in which ⊥ denotes orthogonal direct sum. Although S(TM) is not unique, it
is canonically isomorphic to the factor vector bundle TM/RadTM. Denote an
r-lightlike submanifold by (M, g, S(TM), S(TM⊥)), where S(TM⊥) is a com-
plementary vector bundle of RadTM in TM⊥ and S(TM⊥) is non-degenerate
with respect to g̃. Let us define that tr(TM) is a complementary (but never
orthogonal) vectors bundle to TM in TM̃|M and

(2.2) tr(TM) = ltr(TM)⊥S(TM⊥),

where ltr(TM) is an arbitrary lightlike transversal vector bundle of M . Then
we have

TM̃|M = TM ⊕ tr(TM)

= (RadTM ⊕ ltr(TM))⊥S(TM)⊥S(TM⊥),(2.3)

where ⊕ denotes direct sum, but it is not orthogonal [5].
Now we assume that U is a local coordinate neighborhood of M . We consider

the following local quasi-orthonormal field of frames on M̃ along M :

(2.4) {ξ1, . . . , ξr, Xr+1, . . . , Xm, N1, . . . , Nr,Wr+1, . . . ,Wn},
where {ξ1, . . . , ξr} and {N1, . . . , Nr} are lightlike basis of Γ(Rad(TM)|U )
and Γ(ltr(TM)|U ), respectively and {Xr+1, . . . , Xm} and {Wr+1, . . . , Wn} are
orthonormal basis of Γ(S(TM)|U ) and Γ(S(TM⊥)|U ), respectively, where the
following conditions are satisfied ([5])

g̃(Ni, ξj) = δij , 1 ≤ i, j ≤ r, g̃(Ni, Nj) = g̃(Ni, Xk) = 0, r + 1 ≤ k ≤ m,

Xk ∈ Γ(S(TM)|U ), Ni ∈ Γ(ltr(TM)|U ).

Example 2.1 ([5]). Consider in R4
2 the 1-lightlike submanifold M given by

the equations:

x3 =
1√
2
(x1 + x2), x4 =

1
2

log(1 + (x1 − x2)2).

Then we have TM = Span{U1, U2} and TM⊥ = Span{H1,H2} where we set

U1 =
√

2(1 + (x1 − x2)2)
∂

∂x1
+ (1 + (x1 − x2)2)

∂

∂x3
+
√

2(x1 − x2)
∂

∂x4
,

U2 =
√

2(1 + (x1 − x2)2)
∂

∂x2
+ (1 + (x1 − x2)2)

∂

∂x3
−
√

2(x1 − x2)
∂

∂x4
,

and
H1 =

∂

∂x1
+

∂

∂x2
+
√

2
∂

∂x3
,
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H2 = 2(x2 − x1)
∂

∂x2
+
√

2(x2 − x1)
∂

∂x3
+ (1 + (x1 − x2)2)

∂

∂x4
.

It follows that Rad(TM) is a distribution on M of rank 1 spanned by ξ = H1.
Choose S(TM) and S(TM⊥) spanned by U2 and H2 which are timelike and
spacelike respectively. Finally, the lightlike transversal vector bundle

ltr(TM) = Span
{

N = −1
2

∂

∂x1
+

1
2

∂

∂x2
+

1√
2

∂

∂x3

}
,

and the transversal vector bundle

tr(TM) = Span{N,H2}.
are obtained.

3. Semi-symmetric non-metric connection

Let M̃ be an (m + n)-dimensional semi-Riemannian manifold with a semi-
Riemannian metric g̃ of index 1 ≤ ν ≤ m + n− 1. A linear connection ∇̃ on M̃
is called a semi-symmetric non-metric connection if

(∇̃ eX g̃)(Ỹ , Z̃) = −π̃(Ỹ )g̃(X̃, Z̃)− π̃(Z̃)g̃(X̃, Ỹ )

and the torsion tensor T̃ of ∇̃ satisfies

T̃ (X̃, Ỹ ) = π̃(Ỹ )X̃ − π̃(X̃)Ỹ

for any X̃, Ỹ , Z̃ ∈ Γ(TM̃), where π̃ is a 1-form on M̃ [1].
We can now suppose that the semi-Riemannian manifold M̃ admits a semi-

symmetric non-metric connection ∇̃ given by

(3.1) ∇̃ eX Ỹ =
◦
∇̃ eX Ỹ + π̃(Ỹ )X̃

for any X̃, Ỹ ∈ Γ(TM̃), where
◦
∇̃ is a Levi-civita connection with respect to g̃

and π̃ is a 1-form associated with the vector field Q̃ on M̃ given by

π̃(X̃) = g̃(X̃, Q̃)

(see [1]). By using the first form of the decomposition (2.3), we can write

(3.2) Q̃ = Q +
r∑

i=1

λiNi +
n∑

α=r+1

λαWα,

where Q is a vector field and λa, 1 ≤ a ≤ n are real valued functions on M .

If we denote by
◦
∇ the symmetric linear connection induced on M from

◦
∇̃

on M̃ , then we have the Gauss formula with respect to
◦
∇ for X, Y ∈ Γ(TM),

Ni ∈ Γ(ltr(TM)), 1 ≤ i ≤ r and Wα ∈ Γ(S(TM⊥)), r + 1 ≤ α ≤ n

(3.3)
◦
∇̃XY =

◦
∇XY +

r∑

i=1

◦
h

`

i(X,Y )Ni +
n∑

α=r+1

◦
h

s

α(X, Y )Wα,
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where {
◦
h

`

i} and {
◦
h

s

α} are called the local lightlike second fundamental forms and
the local screen second fundamental forms of M which are symmetric bilinear
forms [5]. Let us define the connection ∇ on M that is induced from the
semi-symmetric non-metric connection ∇̃ on M̃ given by the equation below
is called the Gauss formula with respect to ∇̃ for any X, Y ∈ Γ(TM)

(3.4) ∇̃XY = ∇XY +
r∑

i=1

h`
i(X,Y )Ni +

n∑
α=r+1

hs
α(X, Y )Wα,

where {h`
i} and {hs

α} are called the local lightlike second fundamental forms
and the local screen second fundamental forms of M which are tensors of type
(0, 2) on M.

In view of (3.1), we get

∇̃XY =
◦
∇̃XY + π̃(Y )X

and therefore, by using (3.3) and (3.4), we can also write

∇XY +
r∑

i=1

h`
i(X, Y )Ni +

n∑
α=r+1

hs
α(X, Y )Wα(3.5)

=
◦
∇XY +

r∑

i=1

◦
h

`

i(X, Y )Ni +
n∑

α=r+1

◦
h

s

α(X, Y )Wα + π̃(Y )X

from which we have

(3.6) ∇XY =
◦
∇XY + π(Y )X,

where π(Y ) = π̃(Y ) and we also have

(3.7) h`
i =

◦
h

`

i and hs
α =

◦
h

s

α, 1 ≤ i ≤ r, r + 1 ≤ α ≤ n

for any X, Y ∈ Γ(TM).
Taking account of (3.6) and the connection induced on lightlike submanifold

from Levi-Civita connection is not metric, we get

(∇Xg) (Y, Z) =
r∑

i=1

{h`
i(X, Y )ηi(Z) + h`

i(X, Z)ηi(Y )}

−π(Y )g(X,Z)− π(Z)g(X, Y ),(3.8)

where

(3.9) ηi(Z) = g(Ni, Z), 1 ≤ i ≤ r

for any X, Y, Z ∈ Γ(TM) and Ni ∈ Γ(ltr(TM)). We also obtain from (3.6)

(3.10) T (X,Y ) = π(Y )X − π(X)Y

in which T denotes the torsion tensor of the connection ∇. Then from (3.8)
and (3.10) we have:
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Proposition 3.1. The induced connection on a lightlike submanifold of a semi-
Riemannian manifold with a semi-symmetric non-metric connection is also
semi-symmetric non-metric connection.

The Weingarten formulae with respect to
◦
∇̃ is given by

(3.11)
◦
∇̃XNi = −

◦
ANi

X +
◦
∇

`

XNi +
◦
D

s

(X, Ni), 1 ≤ i ≤ r,

and

(3.12)
◦
∇̃XWα = −

◦
AWα

X +
◦
D

`

(X,Wα) +
◦
∇

s

XWα, r + 1 ≤ α ≤ n

for any X ∈ Γ(TM), Ni ∈ Γ(ltr(TM)) and Wα ∈ Γ(S(TM⊥)), where

◦
∇

`

X : Γ(ltr(TM) −→ Γ(ltr(TM);
◦
∇

`

X(LV ) =
◦
D

`

X(LV ),

◦
∇

s

X : Γ(S(TM⊥)) −→ Γ(S(TM⊥));
◦
∇

s

X(SV ) =
◦
D

s

X(SV ),

◦
D

`

: Γ(TM)× Γ(S(TM⊥)) −→ Γ(ltr(TM));
◦
D

`

(X, SV ) =
◦
D

`

X(SV ),
◦
D

s

: Γ(TM)× Γ(ltr(TM)) −→ Γ(S(TM⊥));
◦
D

s

(X, LV ) =
◦
D

s

X(LV )

for any V ∈ Γ(tr(TM)) such that L and S are the projection morphisms of

tr(TM) on ltr(TM) and S(TM⊥) respectively. Also
◦
∇

`

and
◦
∇

s

are linear

connections on ltr(TM) and S(TM⊥), respectively,
◦
ANi and

◦
AWα are called

the shape operators of M with respect to Ni and Wα, respectively [5]. We
define

ρij(X) = g̃(
◦
∇

`

XNi, ξj), 1 ≤ i, j ≤ r,

σiα(X) = εαg̃(
◦
D

s

(X, Ni),Wα), r + 1 ≤ α ≤ n, 1 ≤ i ≤ r,

γαj(X) = g̃(
◦
D

`

(X,Wα), ξj), r + 1 ≤ α ≤ n, 1 ≤ j ≤ r,

µαβ(X) = εβ g̃(
◦
∇

s

XWα,Wβ), r + 1 ≤ α, β ≤ n

for any X ∈ Γ(TM), Ni ∈ Γ(ltr(TM) and Wα ∈ Γ(S(TM⊥)). Thus, (3.11)
and (3.12) become

(3.13)
◦
∇̃XNi = −

◦
ANiX +

r∑

j=1

ρij(X)Nj +
n∑

α=r+1

σiα(X)Wα, 1 ≤ i ≤ r

and

(3.14)
◦
∇̃XWα = −

◦
AWαX +

r∑

j=1

γαj(X)Nj +
n∑

β=r+1

µαβ(X)Wβ , r+1 ≤ α ≤ n.
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Let us denote by P the projection morphism of TM on S(TM) with respect
to the decomposition (2.1). Then we can write X = PX +

∑r
i=1 ηi(X)ξi for

any X ∈ Γ(TM). Next, by using (3.1) and (3.2) we have

∇̃XNi =
◦
∇̃XNi + ηi(Q)X, 1 ≤ i ≤ r,

∇̃XWα =
◦
∇̃XWα + εαλαX, r + 1 ≤ α ≤ n.

Substituting (3.13) and (3.14) into the above equations, we obtain
(3.15)

∇̃XNi = (−
◦
ANi

+ ηi(Q)I)X +
r∑

j=1

ρij(X)Nj +
n∑

α=r+1

σiα(X)Wα, 1 ≤ i ≤ r,

(3.16)

∇̃XWα = (−
◦
AWα

+ εαλαI)X +
r∑

i=1

γαj(X)Nj

+
n∑

β=r+1

µαβ(X)Wβ , r + 1 ≤ α ≤ n,

where I is the identity tensor and π̃(Ni) = g̃(Ni, Q̃) = ηi(Q). Let us define that
ANi , 1 ≤ i ≤ r, and AWα , r + 1 ≤ α ≤ n are

ANi =
◦
ANi − ηi(Q)I,

and
AWα =

◦
AWα − εαλαI,

respectively. Then (3.15) and (3.16) become

(3.17) ∇̃XNi = −ANiX +
r∑

j=1

ρij(X)Nj +
n∑

α=r+1

σiα(X)Wα, 1 ≤ i ≤ r

and

(3.18) ∇̃XWα = −AWαX +
r∑

j=1

γαj(X)Nj +
n∑

β=r+1

µαβ(X)Wβ , r+1 ≤ α ≤ n

for any X ∈ Γ(TM), Ni ∈ Γ(ltr(TM)) and Wα ∈ Γ(S(TM⊥)). We will call
(3.17) and (3.18) the Weingarten formulae with respect to ∇̃.

By using (3.1), (3.4), (3.17), (3.18) and taking into account that
◦
∇̃ is a

metric connection, we have

(3.19) g̃(Ni, AWαX) = σiα(X)εα − εαλαηi(X), 1 ≤ i ≤ r, r + 1 ≤ α ≤ n,

(3.20) g̃(AWαX,Y ) + εαλαg(X, Y ) = εαhs
α(X, Y ) +

r∑

i=1

γαi(X)ηi(Y ),
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(3.21) h`
i(X, Y ) + g̃(∇Xξi, Y ) = λig(X,Y )

for any X, Y ∈ Γ(TM), ξi ∈ Γ(RadTM), Wα ∈ Γ(S(TM⊥)), Ni ∈ Γ(ltr(TM)).
Now, we give geometrical objects for screen distribution. With the analysis

of (2.1), we get

(3.22)
◦
∇XPY =

◦
∇
∗
XPY +

r∑

i=1

◦
h
∗
i (X,PY )ξi,

(3.23)
◦
∇Xξi = −

◦
A
∗
ξi

X +
◦
∇
∗ t

X ξi, 1 ≤ i ≤ r

for any X, Y ∈ Γ(TM) and ξi ∈ Γ(RadTM), 1 ≤ i ≤ r, where {
◦
∇
∗
XPY,

◦
A
∗
ξi

X} and {∑r
i=1

◦
h
∗
i (X,PY )ξi,

◦
∇
∗ t

X ξi} belong to Γ(S(TM)) and Γ(RadTM),

respectively. It follows that
◦
∇
∗

and
◦
∇
∗ t

are metric linear connections on

complementary distributions S(TM) and Rad(TM), respectively,
◦
A
∗
ξi

are shape

operator of S(TM) with respect to ξi,
◦
h
∗
i are bilinear forms on Γ(TM) ×

Γ(S(TM)). Also by using (3.3) and (3.23) we obtain

(3.24)
◦
h

`

i(X, PY ) = g̃(
◦
A
∗
ξi

X,PY ), 1 ≤ i ≤ r

for any X, Y ∈ Γ(TM) [5]. We define

uij(X) = g(
◦
∇
∗ t

X ξi, Nj), 1 ≤ i, j ≤ r

for any X ∈ Γ(TM) and ξi ∈ Γ(RadTM), 1 ≤ i ≤ r. Hence, (3.23) can be
written as

(3.25)
◦
∇Xξi = −

◦
A
∗
ξi

X +
r∑

j=1

uij(X)ξj , 1 ≤ i ≤ r.

Analogous to the equation (3.22) we have

(3.26) ∇XPY = ∇∗XPY +
r∑

i=1

h∗i (X, PY )ξi

where h∗i is the second fundamental form of distribution S(TM).
From (3.6), we get

(3.27) ∇XPY =
◦
∇XPY + π(PY )X.

Thus, using (3.22) and (3.26), we have

∇∗XPY +
r∑

i=1

h∗i (X,PY )ξi =
◦
∇
∗
XPY +

r∑

i=1

◦
h
∗
i (X,PY )ξi + π(PY )X
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from which

(3.28) ∇∗XPY =
◦
∇
∗
XPY + π(PY )PX

and

(3.29) h∗i (X, PY ) =
◦
h
∗
i (X,PY ) + ηi(X)π(PY ), 1 ≤ i ≤ r

for any X, Y ∈ Γ(TM). In addition, substituting (3.25) into (3.6) we have

(3.30) ∇Xξi = −A∗ξi
X +

r∑

j=1

uij(X)ξj ,

where A∗ξi
=

◦
A
∗
ξi
− λiI, 1 ≤ i ≤ r. By using (3.28) we get

(3.31) (∇∗Xg)(PY, PZ) = −π(PY )g(PX,PZ)− π(PZ)g(PX,PY ).

We also have from (3.28)

(3.32) T ∗(PX, PY ) = π(PY )PX − π(PX)PY .

Then, in view of (3.31) and (3.32), we have:

Proposition 3.2. The induced connection on a screen distribution of lightlike
submanifold with a semi-symmetric non-metric connection is a semi-symmetric
non-metric connection.

Proposition 3.3. Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold of
semi-Riemannian manifold (M̃, g̃) admitting a semi-symmetric non-metric con-
nection. The screen distribution S(TM) is integrable if and only if ηi, 1 ≤ i ≤
r, are closed forms on S(TM).

Proof. The torsion tensor T of ∇ does not vanish, by using (3.10), (3.26), (3.30)
and equality given by

X = PX +
r∑

i=1

ηi(X)ξi

we can get

[X, Y ] = ∇∗XPY −∇∗Y PX +
r∑

i=1

ηi(X)A∗ξi
Y − ηi(Y )A∗ξi

X

+
r∑

i=1

{h∗i (X, PY )− h∗i (Y, PX) + X(ηi(Y ))− Y (ηi(X))}ξi(3.33)

+
r∑

i,j=1

{ηi(Y )uij(X)− ηi(X)uij(Y )}ξj

+ {π(PX) +
r∑

i=1

ηi(X)λi}PY − {π(PY ) +
r∑

i=1

ηi(Y )λi}PX
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+
r∑

i=1

{π(PX)ηi(Y )− π(PY )ηi(X)}ξi.

After that, by taking the scalar product of the equation above with Ni, 1 ≤
i ≤ r, we have

g̃([X, Y ], Ni) = h∗i (X, PY )− h∗i (Y, PX) + X(ηi(Y ))− Y (ηi(X))

+
r∑

j=1

{ηi(Y )uij(X)− ηi(X)uij(Y )}(3.34)

+ π(PX)ηi(Y )− π(PY )ηi(X).

From (3.9) and (3.34), we obtain

2dηi(X, Y ) = h∗i (Y, PX)− h∗i (X,PY ) +
r∑

j=1

{ηi(X){uij(Y ) + π(PY )}

− ηi(Y ){uij(X) + π(PX)}}
or

2dηi(PX,PY ) = h∗i (PY, PX)− h∗i (PX,PY ), 1 ≤ i ≤ r

which prove the assertion of the proposition. �

4. The Gauss and Codazzi equations

We denote by

R̃(X̃, Ỹ )Z̃ = ∇̃ eX∇̃eY Z̃ − ∇̃eY ∇̃X̃ Z̃ − ∇̃[ eX,eY ]Z̃

the curvature tensor of M̃ with respect to the semi-symmetric non-metric con-
nection ∇̃ and by

R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

that of M with respect to induced connection ∇, where X̃, Ỹ , Z̃ ∈ Γ(TM̃) and
X, Y , Z ∈ Γ(TM). Then by using (3.4), (3.17), (3.18), we get

R̃(X, Y )Z = R(X, Y )Z +
r∑

i=1

{(∇Xh`
i)(Y, Z)− (∇Y h`

i)(X,Z)

+ h`
i(π(Y )X − π(X)Y, Z)}Ni

+
n∑

α=r+1

{(∇Xhs
α)(Y,Z)− (∇Y hs

α)(X, Z)

+ hs
α(π(Y )X − π(X)Y,Z)}Wα +

r∑

i=1

{h`
i(X, Z)ANiY

− h`
i(Y, Z)ANiX +

n∑
α=r+1

hs
α(X, Z)AWαY − hs

α(Y, Z)AWαX(4.1)
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+
r∑

i,j=1

{h`
i(Y, Z)ρij(X)− h`

i(X, Z)ρij(Y )

+
n∑

α=r+1

hs
α(Y,Z)γαj(X)− hs

α(X, Z)γαj(Y )}Nj

+
n∑

α,β=r+1

r∑

i=1

{h`
i(Y, Z)σiβ(X)− h`

i(X, Z)σiβ(Y )

+ hs
α(Y, Z)µαβ(X)− hs

α(X, Z)µαβ(Y )}Wβ

for any X,Y, Z ∈ Γ(TM), Ni ∈ Γ(ltr(TM)) and Wα ∈ Γ(S(TM⊥)). From
(3.26), (3.30) and (4.1), we have the Gauss and Codazzi equations of the light-
like submanifold with a semi-symmetric non-metric connection:

g̃(R̃(X, Y )PZ, PU)

(4.2)

= g(R(X, Y )PZ, PU)+
r∑

i=1

{h`
i(X, PZ)g(ANiY, PU)−h`

i(Y, PZ)g(ANiX, PU)

+
n∑

α=r+1

hs
α(X, PZ)g(AWαY, PU)− hs

α(Y, PZ)g(AWαX,PU),

g̃(R̃(X, Y )ξi, Ni)(4.3)

= g(R(X, Y )ξi, Ni) +
r∑

j=1

{h`
j(X, ξi)g(ANj Y,Ni)− h`

j(Y, ξi)g(ANj X, Ni)}

+
n∑

α=r+1

{hs
α(X, ξi)g(AWαY, Ni)− hs

α(Y, ξi)g(AWαX,Ni)},

g̃(R(X, Y )ξi, Ni) = h∗i (Y,A∗ξi
X)− h∗i (X, A∗ξi

Y ) + 2duii(X, Y )(4.4)

+
r∑

j=1

{uij(Y )uji(X)− uij(X)uji(Y )}.

Thus, from (4.1) we have the following proposition.

Proposition 4.1. Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold of
semi-Riemannian manifold (M̃, g̃) admitting a semi-symmetric non-metric con-
nection. If M is totally geodesic in M̃ , then

R̃(X, Y )Z = R(X, Y )Z, ∀X,Y, Z ∈ Γ(TM).
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5. The Ricci tensor of lightlike submanifold with a semi-symmetric
non-metric connection

Let (M, g, S(TM), S(TM⊥)) be an m-dimensional lightlike submanifold of
an (m + n)-dimensional semi-Riemannian manifold (M̃, g̃) admitting a semi-
symmetric non-metric connection. Similar to the definition of the Ricci tensor
of M with respect to the symmetric connection, the Ricci tensor of M with
respect to the semi-symmetric non-metric connection is defined by

(5.1) Ric(X,Y ) = trace{Z → R(X,Z)Y }
for any X, Y, Z ∈ Γ(TM). Then the Ricci tensor of an m-dimensional lightlike
submanifold M with respect to the semi-symmetric non-metric connection is
given by

(5.2) Ric(X, Y ) =
r∑

i=1

g̃(R(X, ξi)Y, Ni) +
m∑

k=r+1

εkg(R(X,Xk)Y,Xk),

where {Xr+1, . . . ,Xm} is an orthonormal basis of screen distribution Γ(S(TM)).
Thus, by using (3.6), (4.1) and (5.2) we obtain

(5.3) Ric(X,Y )−Ric(Y,X) =
◦

Ric(X, Y )−
◦

Ric(Y, X) + (m− 1)dπ(X, Y )

for any X, Y ∈ Γ(TM).
From (5.3) we have:

Proposition 5.1. Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold of
semi-Riemannian manifold (M̃, g̃) admitting a semi-symmetric non-metric con-
nection. Then Ricci tensor of a lightlike submanifold with respect to the semi-
symmetric non-metric connection is symmetric if and only if the Ricci tensor
of a lightlike submanifold with respect to the symmetric non-metric connection
is symmetric and the 1-form π is closed.

We assume that the 1-form π is closed. In this case we can define the
sectional curvature for a section in M̃ with respect to the semi-symmetric non-
metric connection (see [1]).

Now, suppose that the semi-symmetric non-metric connection ∇̃ is of con-
stant sectional curvature, then R̃(X̃, Ỹ )Z̃ should be in the form of

(5.4) R̃(X̃, Ỹ )Z̃ = c{g̃(X̃, Z̃)Ỹ − g̃(Ỹ , Z̃)X̃}
for any X̃, Ỹ , Z̃ ∈ Γ(TM̃), where c is a certain scalar. Thus, M̃ is called a
semi-Riemannian space form with respect to the semi-symmetric non-metric
connection and is denoted by M̃(c).

Proposition 5.2. Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold of an
(m+n)-dimensional semi-Riemannian space form M̃(c) with a semi-symmetric
non-metric connection. Then we have

Ric(X,Y ) = (m− 1)cg(X,Y )
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+
r∑

i=1

h`
i(ANiX, Y )−

m∑

k=r+1

εkh`
i(X, Y )g(ANiXk, Xk)}

+
n∑

α=r+1

{hs
α(AWα

X, Y )−
m∑

k=r+1

εkhs
α(X,Y )g(AWα

Xk, Xk)}(5.5)

−
r∑

i,j=1

{h`
i(X, Y )ηj(ANiξj)−

n∑
α=r+1

hs
α(X, Y )ηj(AWαξj)}

for any X, Y, Z ∈ Γ(TM).

Proof. Taking (4.1) in (5.2) and considering (5.4), we obtain (5.5). �

Corollary 5.3. Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold of an
(m + n)-dimensional semi-Riemannian space form M̃(c) admitting a semi-
symmetric non-metric connection. If M is totally geodesic, then M is an
Einstein manifold.

Corollary 5.4. Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold of an
(m+n)-dimensional semi-Riemannian space form M̃(c) with a semi-symmetric
non-metric connection. Then the Ricci tensor of M is symmetric if and only
if the shape tensors with respect to the semi-symmetric non-metric connection
of M is symmetric with respect to the local lightlike second fundamental forms
and the local screen fundamental forms of M .

Proposition 5.5. Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold of
a semi-Riemannian space form M̃(c) with a semi-symmetric non-metric con-
nection. Then the Ricci tensor of M is not parallel with respect to the semi-
symmetric non-metric connection.

Proof. First of all, we compute the derivative of Ricci tensor of M with respect
to the semi-symmetric non-metric connection. We define

(∇ZRic)(X, Y ) = ∇ZRic(X, Y )−Ric(∇ZX, Y )−Ric(X,∇ZY ).

Then, by using equations (3.8) and (5.5), we obtain

(∇ZRic)(X,Y )(5.6)

= c(m− 1)(∇Zg)(X,Y ) +
r∑

i=1

{(∇Zh`
i)(ANiX,Y ) + h`

i(∇ZANiX, Y )}

+
n∑

α=r+1

{(∇Zhs
α)(AWαX,Y ) + hs

α(∇ZAWαX, Y )}

−
m∑

k=r+1

r∑

i=1

εk{h`
i(X, Y )∇Zg(ANiXk, Xk)
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−
n∑

α=r+1

hs
α(X, Y )∇Zg(AWαXk, Xk)}

−
m∑

k=r+1

n∑
α=r+1

εk(∇Zhs
α)(X, Y )g(AWα

Xk, Xk)

−
r∑

j=1

n∑
α=r+1

{(∇Zhs
α)(X,Y )ηj(AWα

ξj) + hs
α(X, Y )∇Zηj(AWαξj)}

−
r∑

i=1

n∑
α=r+1

{h`
i(ANi∇ZX,Y ) + hs

α(AWα∇ZX, Y )}

−
m∑

k=r+1

r∑

i=1

εk(∇Zh`
i)(X, Y )g(ANi

Xk, Xk)

−
r∑

i,j=1

{(∇Zh`
i)(X, Y )ηj(ANiξj) + h`

i(X, Y )∇Zηj(ANiξj)}.

Since the term (∇Zg)(X, Y ) in the right hand side of the equation (5.6) is not
vanishing for any X, Y, Z ∈ Γ(TM), we have the assertion of the theorem. �
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[14] E. Yaşar, A. C. Çöken, and A. Yücesan, Lightlike hypersurfaces in semi-Riemannian
manifold with semi-symmetric non-metric connection, Math. Scand. 102 (2008), no. 2,
253–264.

Ahmet Yücesan
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