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FOURIER TRANSFORM AND
L,-MIXED PROJECTION BODIES

Luuan Liu, WET WANG, AND BINwU HE

ABSTRACT. In this paper we define the Lj,-mixed curvature function of
a convex body. We develop a formula connection the support function
of Ly-mixed projection body with Fourier transform of the L,-mixed
curvature function. Using this formula we solve an analog of the Shephard
projection problem for Lp-mixed projection bodies.

1. Introduction

As usual, vol; () denotes the i-dimensional Lebesgue measure and S™~! de-
notes the unit sphere in R™. Let B,, be the origin-symmetric standard unit ball
in R™, and write w,, for vol,(B,). Note that

n

Wy, = ﬂ%/l“(l + 5)

defines w,, for all non-negative real n (not just the positive integers).
The Shephard problem states as follows: Let K and L be origin-symmetric
convex bodies in R™. Suppose that, for every # € S7~1,

vol,_1(K|0+) < vol,,_1(L|67%).

Does it follow that
vol, (K) < vol,(L)?

This problem was solved independently by Petty [13] and Schneider [15], who
showed that the answer is affirmative if n < 2 and negative if n > 3. It is also
well-known ([16] pp. 422-423), that the Shephard problem has an affirmative
answer if L is a projection body, i.e., if ¥ € S*~1

(1.1) hi(6) = vol, 1 (K|0-) = %/S 10 - uldS(K, u)
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for some convex body K. Here S(K,-) is the surface area measure (see [1]),
and hr(x) = max{z -y : y € L} is the support function of L. On the other
hand, the existence of a convex body, which is not a projection body leads, to
a counterexample. Thus the concept of the projection body represents one of
the crucial steps in the solution of the Shephard problem.

Lutwak, Yang, and Zhang based on the classical projection body, first intro-
duced the notion of L,-projection body (see [11]). Let II, K, p > 1 denote the
compact convex symmetric set whose support function is given by

1
(1.2) h(II,K,8)P = 7/ |6 - ulPdS, (K, u), V0 € S”fl,
NWnCn—2.p Jgn-1
where
Cnp = —ontp
WaWnpWp—1

Here S,(K,-) is the Ly-surface area measure, and its definition can be seen
in [9] due to the L,-Brunn-Minkowski Theory. A convex body M is called
L,-projection body if there is a convex body K such that M =II,K.

Projection body and intersection body are two basic concepts in geometric
tomography. Since Koldobsky found the Fourier analytic characterization of
intersection bodies, the Fourier analytic approach to Busemann-Petty problem
has recently been developed and has led to many results (see [2, 5, 6, 7, 12,
17]). As the duality to intersection body, Koldobsky, Ryabogin, and Zvavitch
[8] characterized the projection body with the Fourier transform. Moreover,
Ryabogin and Zvavitch [14] proved that if the surface area measure of a convex
body K is absolutely continuous, then

NWnCn—2p 77~

(1.3) WL K, £)" = Wfp(f(w)(@-

Here p > 1,p is not an even integer, f,(K,-) is the L,-curvature function of
the body K, and C), is a constant depending only on p. Using this formula,
Ryabogin and Zvavitch considered the Shephard problem for L,-projection
bodies as follows.

Let K and L be origin-symmetric convex bodies in R™ and p > 1. Suppose

I,K CII,L.
Does it follow that
vol, (K) <vol,(L) for 1 <p <n

and
vol, (K) > vol,, (L) for p > n?

By using the Fourier transform analytic approach, they generalized the Shep-
hard problem for L,-projection body as follows:
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Theorem A. Let K and L be origin-symmetric convex bodies in R™ and p >
1, p # n, p is not an even integer. Suppose that the support function hy is

infinitely smooth and the functions Cp,hY (6) >0 for all 0 € S~ 1. If
I,K CII,L,
then
vol, (K) < vol,(L) for 1 <p<n,
and
vol,, (K) > vol, (L) forp > n.

Theorem B. Let K be an origin-symmetric convex body in R™ andp > 1, p #
n, p is not an even integer. If the curvature function fx is positive on S™~!
and C’ph%}((@) is negative on an open subset of S"~!, then there exists a convex
body D so that
II,K C1I,D,
but
vol, (K) > vol,(D) for 1 <p<mn
and
vol,, (K) < vol, (D) for p > n.

At the same time, if p is an even integer, Ryabogin and Zvavitch showed
the answer to the Shephard problem for L,-projection bodies is negative by
perturbing a convex body.

The main object of this article is the ith L,-mixed projection body I, ; K.
Let 1I,;K,i = 0,1,...,n — 1,p > 1, denote the compact convex set whose
support function is given by

1
(1.4) h(IL, K, 0)F = 7/ 0 - uPdS, ;(K,u),v0 € S" 1.
nWnCn—2,p Jsn—1
Here Sp,;(K, ) is the ith L,-mixed surface area measure with n —¢ — 1 copies
of K and i copies of B. More precisely, the Borel measure S, ;(K,-) on S"71,
is defined by ([9])
8, w) = / BAP (u)dS: (6, u)

for each Borel w C ™71 If i = 0, S,;(K,) is just Sp(K,-). A convex body
M is called the ith L,-mixed projection body if there is a convex body K such
that M =11, ;K. Obviously, II, o K =11, K.

In this article, we consider the more general Shephard projection problem:

Shephard problem for L,-mixed projection bodies. Let K and L be
origin-symmetric convex bodies in R” and ¢ =0,1,...,n — 1,p > 1. Suppose

I, ;K CII, ;L.
Does it follow that
Wi(K) <W;(L)for 1<p<n-—i
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and
Wi(K) > W;(L) for p > n —i?
By using the Fourier analytic formula for L,-mixed projection body, we will
generalize Theorem A and Theorem B, respectively.

Theorem 1. Let K and L be origin-symmetric convex bodies in R™, i =
0,1,....n—1andp > 1, p#n—i, pis not an even integer. Suppose that the
support function hy, is infinitely smooth and the functions CphY () > 0 for all
6 e st If
Uy K C Iy, ;L
then
Wi(K) <Wi(L) forl<p<mn-—i
and
Wi(K) > Wi(L) for p>n—i.

Theorem 2. Let K be an origin-symmetric convex body in R™, and i =
0,1,....n—1,p > 1, p # n—1, pis not an even integer. If the mized
curvature function fi(K,-) is positive on S"~' and Cph%.(0) is negative on an
open subset of ST, then there exists a convex body D so that

Hp i K C Ly, ; D,

but
Wi(K) > Wi(D) forl<p<mn-—i
and
Wi(K) < Wi(D) forp>mn—i.

2. Notation and preliminaries
2.1. Fourier transform and Parseval’s formula

Koldobsky’s book [7] is an excellent general reference for the Fourier trans-
form. Some basic notions and the background material are required. As usual,
we denote by S(R™) the space of rapidly decreasing infinitely differentiable test
functions on R™, and by S’(R™) the space of distributions over S(R™). The
Fourier transform f of a distribution f € S’(R™) is defined by (f,¢) = (f, ®)
for every test function ¢, where

(2.1) d(y) = / 6() exp(—i(z, y))dz.

A distribution f is called even homogeneous of degree p € R if (f, ¢(-/a)) =
|a|*TP(f &) for every o € R, # 0. The Fourier transform of an even homo-
geneous distribution of degree p is an even homogeneous distribution of degree
—n — p. A distribution f is called positive if (f,¢) > 0 for every ¢ > 0,
implying that f is necessarily a non-negative Borel measure on R”. We use
Schwartz’s generalization of Bochner’s theorem (see [4]) as a definition, and
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call a homogeneous distribution positive definite if its Fourier transform is a
positive distribution.

Let K and L be infinitely smooth origin-symmetric star bodies in R™, and
let 0 < p < n. Then a version of Parseval’s formula on the sphere ([7] p. 66)
can be expressed by

@2 [ 11RO I @ =ay [ 011017 .

Let p be a finite Borel measure on the unit sphere S"~!. We extend p to
a homogeneous distribution of degree —n —p. A distribution p, . is called the
L, extended measure of p if, for every even test function ¢ € S(R"™),

(23 et = [ 07770 d(e).

In most cases we are only interested in even test functions supported outside
of the origin, for which

@4) (P 60E) = / TP G(re)d / P[P (rE)d

(see [3]) for the general definition of (r+1 P oo(re)).

If u is absolutely continuous with density g € L;(S™"!), we define the
extension g(z),x € R™\{0} as a homogeneous function of degree —n — p :
g(z) = |z|~""Pg(x/|x]), and identify [, . with §.

2.2. Ly-mixed curvature functions and L,-mixed quermassintegrals

The setting for this paper is n-dimensional Euclidean space R™. Let K"
denote the set of convex bodies (compact, convex subsets with non-empty inte-
riors) in R™. For the set of convex bodies containing the origin in their interiors
in R™, we write Kf.

For K,L € K™, and £ > 0, the Minkowski linear combination K + L € K"
is defined by ([1])

(2.5) h(K +¢eL,-)=h(K,-)+eh(L,-).

For K,L € K, and € > 0, the Firey Lj,-combination K +,¢-L € K is
defined by ([9])

(2.6) MK +,e- L, )P = h(K,-)? +eh(L,-)?,

where “-” in € - L denotes the Firey scalar multiplication, i.e., e - L = ev L.
If K,L € Kf in R™, then for p > 1, the L,-mixed volume V,,(K, L) of K and

L is defined by ([9])

(2.7) "y (K, L) = tim L e D) = VIE)
p 7 '

e—0t IS
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Corresponding to each K € Kf, there is a positive Borel measure S, (X, -)
on S"~1 such that ([9])

1
(2.8) L) = [ h(Lards, ()
Sn—l
for each L € K. The measure S,(K,-) is just the L,-surface area measure of
K, which is absolutely continuous with respect to classical surface area measure
S(K,-), and has Radon-Nikodym derivative
dS,(K,-) _
2.9 L = h(K,)'P.
(29) R = <)

A convex body K € K" is said to have a Ly-curvature function (see [10])
fp(K,-) : S"1 — R, if its L,-surface area measure S,(K,-) is absolutely con-
tinuous with respect to spherical Lebesgue measure S and the Radon-Nikodym
derivative
dsS,(K,-)
V) e (KL,

e = ()

The mixed quermassintegral W; (K, L) with n — i — 1 copies of K, i copies
of B, (i=0,1,...,n—1) is defined by ([9])

Wi(K +eL) — Wi(K)

(2.10)

2.11 —)Wi(K,L) = 1i
(211) (n =)WiK, L) = lim, -
For K € K™ and ¢ = 0,1,...,n — 1 there exists a regular Borel measure

Si(K,-) on S"~I(see [9] or [15]), such that the mixed quermassintegral W; (K, L)
has the following integral representation:

(2.12) Wi(K, L) = % / h(L, w)dSs(K,u)
Snfl

for all L € K™. As a general reference for the mixed surface area measure we
recommend the article by Lutwak [9]. From the fact that S;(K, -) is generated
only by 4 copies of B,, and (n — 1 — %) copies of K, we know that the measure
Sn—1(XK, ) is independent of the body K, and is just ordinary Lebesgue measure
S on S"~L. In fact, the ith surface area measure of the unit ball, S;(B,,-) = S
for all . The surface area measure So(K, -) will frequently be written simply as
S(K,-). If 0K is a regular C%-hypersurface with everywhere positive principal
curvatures, then S(K,-) is absolutely continuous with respect to S, and the
Radon-Nikodym derivative is
dS(K,-)

Suppose that R is the set of real numbers. A convex body K € K" is said
to have a continuous ith curvature function f;(K,-) : S"~1 — R, if its mixed
surface area measure S; (K, -) is absolutely continuous with respect to spherical
Lebesgue measure S and the Radon-Nikodym derivative

dsS;(K,-)

(2.14) —g = Sl

(2.13)
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For K, L € Kj andp >1,i=0,1,...,n—1, the L,-mixed quermassintegral
W,i(K, L) with n — ¢ — 1 copies of K, ¢ copies of B is defined by ([9])

(2.15) MWP_’Z_(K, L)= lim Wi(K 4pe-L) — WZ(K)
p

e—0t )

Moreover, Lutwak [9] proved there exists a regular Borel measure S, ;(X,-),
such that the L,-mixed quermassintegral W), ;(K, L) has the following integral
representation:

1
(2.16) WoilK, L) = / h(L, w)?dS, (K, u)
S'rLfl

for all L € Kf. And the measure Sy, ; (K, -) is absolutely continuous with respect
to S;(K,-), and has Radon-Nikodym derivative

dSp,i(K7 ) _ 1-p
(2.17) m =h(K, )P
Of course
(2.18) Spo(K,-) = Sp(K,-),
(2.19) S1i(K, ) = Si(K, ),
(2.20) S10(K,") = S(K,).

For K,L € K{ andp > 1,7=0,1,...,n—1, the L,-mixed curvature function
fpi(K,-) is defined by

_dSpi(K,-)

(221) () = 0L

If the mixed surface area measure S;(K,-) is absolutely continuous with
respect to spherical Lebesgue measure S, we have

(2.22) Fpi (K u) = fi(B, ) h(K u) P
Obviously, from (2.10), (2.13), (2.14), (2.18), (2.19) and (2.20), we have that

(2.23) fpo(K,u) = fp(K, u),
(2.24) J1i(K,u) = fi(K, u),

(2.25) fro(K,u) = f(K,u).
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3. Shephard problem for L,-mixed projection bodies
In order to prove our main results, the following results are required.

Lemma 3.1 ([14]). Let p > —1,p # 2k, k € N U{0}. For every 6 € S"~1,

1
1 fipe(0) = 0 - y[Pdu(y),
(3.1) fip.e(0) =, 0yl (y)

where the constant
_2»ryal((p+1)/2)
: I(—p/2)
is positive for each p € (4k — 2,4k) and negative for each p € (4k, 4k + 2).
Lemma 3.2 ([9]). If K,L € K},i=0,1,...,n—1 and p > 1, then
(3.2) Wi (K, L)"™" > W;(K)" " PW,(L)P,
with equality if and only if K and L are dilates.

The following statement follows from (1.4) and Lemma 3.1.

Lemma 3.3. Let p > 1, p is not an even integer and i =0,1,...,n—1. Then
for every 6 € S™1,
(3.3) SpalE ) (0) = "2 B (I, K O)F,

4rCy,

where Cp is as above. In particular, if Sy ;(K,-) is absolutely continuous with
respect to the spherical Lebesque measure, then

T NWnpCn—2

(3.4) fpi(I,-)(0) = 1C Lh(IL,, K, 0)P.

Taking ¢ = 0 to Lemma 3.3, we immediately obtain that:

Corollary 3.1 ([14]). Let p > 1, p is not an even integral. If Sp(K,-) is
absolutely continuous with respect to the spherical Lebesque measure, then for
every 0 € S"1,

e NWnpCn—2

(3.5) fp(K-)(0) = Wp’ph(ﬂpKv 0)".

Theorem 3.1. Let K and L be origin-symmetric convex bodies in R™, i =
0,1,...,n=1andp>1, p#n—1i, pisnot an even integer. If 11, ;K =1I,,L,
then K = L.

Proof. Applying (1.4) and the uniqueness theorem of the Fourier transform,
we have Sy, ; (K, ) = Sp;.c(L,-). By homogeneity, S, ;(K,-) = Spi(L,-) is the
same as Sy ; (K, ) = Sp; (L, ). It remains to use the uniqueness property of
L,-mixed surface area measures for p # n — i (see [9]). O

Remark 1. Taking p = 1,7 = 0 to Theorem 3.1, it is just Aleksandrov’s projec-
tion theorem.
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Remark 2. In the case p = n — i and p is not an even integer, it follows that
IL,,—; ;K = II,,_; ;L implies K and L are dilates. Theorem 3.1 is not true for
even values of p. Indeed, one can perturb S, ;(K,-) (i.e., to perturb a body K)
without changing h(II, ;K. &) (see the following theorem).

Theorem 3.2. Let K be an origin-symmetric convex body in R™, 1 =0,1,...,
n—1andp>1, p#n—i. If p is an even integer, then there exists an origin-
symmetric convex body L, such that 11, ;K =11, ; L, but W;(K) # W;(L).

Proof. Then there exists a nonzero continuous even function g on S"~! such
that

(3.6) /SM |z - &Pg(x)de =0, £ € S™1.

Indeed, if p = 2k, then |z - £|?* is a polynomial of degree 2k with coefficients
depending on £. So, it is enough to construct a nontrivial even function g,
satisfying

(3.7 /s » zhxl . ging(x)de =0

for all integer power 0 < 4; < 2k such that Z?Zl i; = 2k.

Taking g(z) = > ,_; ¢2?" and solving the system of linear equations, one
can find a nontrivial solution ¢, ..., ¢, provided m is big enough.

Consider an origin-symmetric convex body K in R™ with a strictly positive
ith L,-mixed curvature function (i.e., f,;(K,£) > 0 for all £ € S"~1). We may
assume that

(39 | m@seie =0

Sn—1
(otherwise consider —g(&) instead of g(£)). Choose € > 0 such that
(3.9) fpilK,§) —eg(€) > 0.

Then we may use the existence theorem for L,-mixed curvature functions to
conclude that there exists an origin-symmetric convex body L in R™ such that

(3.10) foi(L, &) = fpi(K,€) —eg(§).
Applying (1.4) and (2.21), we obtain that
1
ML € = o [ 1S, (0
1
= nonenan /SW1 10+ &[P fp,i(L, £)dS(E)
1

__r /S 0 € (K. )AS(€)

NWnCn—2p
3

— e |0 ePalas(o

NWnpCn—2p
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- nwnclnzp /SVH 16+ &JP f,i (K, §)dS (€)
- W/Sn_l 16 - £[PdS,.i(K, €)
= h(Ilpi K, )",
it is just to say
(3.11) 1,,L =0, K.
But
Wi(K) =W,,(K,K)
= /S WOyl €)dE
(3.12) - A GRS /S @€
S ARG
=W, (L, K).
From Lemma 3.2 and (3.12), we have
(3.13) WiK) > Wy a(L, K) > Wi K) T Wi(L) 7.

So if W;(K) = W;(L), then there is an equality in (3.2) and then L and K are
dilates. This contradicts the construction of the body L. (I

Remark 3. The proof of Theorem 3.2 is exact copy of a similar result which
was proved by Ryabogin and Zvavitch in [14]. If ¢ = 0, Theorem 3.2 is just
their result.

Proof of Theorem 1. From Cpfpjl?f)w) < C'pf,;(-L\,-)(G) and Cpf/L’z(ﬁ) >
0, V€S, we get

gy [ OO0 [ B0 L) = (),
Using Parseval’s formula on the sphere, one can have
()= [ W)L

(3.15) = Cn [ W (0)aS,u(L.6)
n(2m)" W, (L, L)
= n(2m)"W;(L).
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But

(3.16) /S, WL (0) (B, ) (0)d0 = (27)" /Sf WL (0) fy.i (K, 0)d0
= n(2m)" W, (K, L).

Thus

(3.17) W,.i(K, L) < Wi(L).

Applying the Lemma (3.2), we get

(3.18) Wi (K)" P~ < W(L)" P~
Finally

(3.19) W;i(K) < Wi(L) for 1 < p <n—i,
and

(3.20) Wi(K) > W;(L) for p >n —i.

O

Proof of Theorem 2. Let Q = {6 € S"~! : C,h%.(6) < 0}. Consider a function
v € C*(S™ 1) such that C,v is a positive even function supported on €, v is
not identically zero. We extend v to a homogeneous function r?v(0) of degree
p on R™. Then the Fourier transform of rPr(#) is a homogeneous function of

degree —n — p : m = r " Pg(d), where g is an infinitely smooth function
on S" 1,

Since g is bounded on "' and f,;(K,60) = hy "(6) fi(K,0) > 0, one can
choose a small € > 0 so that, for every § € S~ ! and r > 0,

(3.21) [pi(L,r0) = fpi(K,r0) +er~""Pg(0) > 0.

By Lutwak’s extension of the Minkowski’s existence theorem, f, (L, ) defines
a convex body L € R™. By the definition of the function v,

o — — —

(322)  CpfpilL,)(10) = Cp fpi(K,-)(r0) +eCpr(0) = Cp fi (K, -)(r0).
Next, since Cpv is supported and is positive in the set where Cp@ <0,
[ )5, 0108
62 = [ ROLEIO [ om0
Snfl Snfl

< [ P05 0)d8 = (),
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Now the Parseval’s formula gives

()= @) [ W OMalK.0)a0

(3.24) — 20" / W2 (0)dS, i (K, 6)
Sn—l
=n2m)"W, (K, K) = n(2m)"W,;(K).
And
| @500 = 2n [ H0)f,(L.0)00
(3:25) — (2m)" / W (6)dS, (L, 6)
Snfl
=n(2m)"W, (L, K).
Thus
(326) Wp’i(L,K) < Wz(K)
As in the previous lemma, this implies
(3.27) Wi(L) < Wi(K) for 1 <p <n—i,
and
(3.28) Wi(L) > Wi(K) for p >n —i. O

Taking p = 1 to Theorem 1 and Theorem 2, respectively, we obtain:

Corollary 3.2. Let K and L be origin-symmetric convex bodies in R", i =
0,1,...,n—1 Suppose that the support function hy, is infinitely smooth and the
functions hr,(0) <0 for all 0 € S*~1. If ;K C I, L, then W;(K) < W;(L).

Corollary 3.3. Let K be an origin-symmetric convex body in R™, and i =
0,1,...,n—1. If the mized curvature function fi(K,-) is positive on S*~! and
BK(Q) is positive on an open subset of ST, then there exists a convex body D
so that II; K C 1I; D, but WZ(K) > Wl(D)

Acknowledgment. We are grateful to the referees for the suggested improve-
ments.
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