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ON ARMENDARIZ IDEALS

SH. GHALANDARZADEH, H. HAJ SEYYED JAvaDI, M. KHORAMDEL,
AND M. SHAMSADDINI FARD

ABSTRACT. In this paper, we introduce the concepts of Armendariz ideals
and abelian ideals and record some results involving them.

1. Introduction

Throughout this paper, all rings are associative with identity. In [7] M. B.
Rege and S. Chhawchharia introduced the notion of an Armendariz ring. They
defined a ring R to be an Armendariz ring if whenever polynomials f(z) =
St airtg(z) =31 bjad € Rlz] satisty f(z)g(z) = 0, then a;b; = 0 for all
¢ and j (The converse is always true). The term of an Armendariz ring was
chosen because E. Armendariz [2, Lemma 1] had noted that a reduced ring
satisfies this condition. In this paper we study Armendariz ideals; this concept
is related to that of Armendariz rings.

2. Armendariz ideals

In this section we define and study Armendariz and abelian (one-sided)
ideals. All our left-sided concepts and results have right-sided counterparts.
The right annihilator of a subset A of a ring R is denoted by rr(A) or r(A)
(when R is clear from the context). We begin with the following definition.

Definition 2.1. Let R be a ring.

(a) A left ideal I of R is called Armendariz if whenever polynomials f(z) =
Ygaix’, g(z) = YT_bja’ € Rlz] satisfy f(z)g(x) € rpp(I[z]) we have
a;b; € rr(I) for all 4, j.

(b) A left ideal I of R is called abelian if for each idempotent element e €
R, er —re € rg(I) for any r € R.

Remark. (1) In case of a two-sided ideal the terms ‘Armendariz (abelian) on the
left’ and ‘Armendariz (abelian) on the right’ will be used to avoid confusion.

(2) Trivially, the zero ideal is always both Armendariz as well as abelian (on
the left as well as on the right).
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(3) The ideal R of a ring R is Armendariz (resp., abelian) on the left or
on the right in the sense of the above definition if and only if the ring R is
Armendariz (resp., abelian).

(4) Clearly, the converse assertion of the condition of Definition 2.1(a) holds
for every ring R and every left ideal I of R since rgpy)(I[z]) = rr(I)[x]).

(5) In the literature the term ‘Armendariz’ has also been used in the context
of rings which may not have an identity. It is hoped that the terms ‘Armendariz
left ideal” and ‘abelian left ideal’ introduced by us in this paper will not cause
confusion.

Proposition 2.2. Let R be a ring and I be an Armendariz left ideal of R.
If f1, f2,..., fn € R[x] are such that fifo--- fn € rp(I[x]), then ay---ay €
rr(I) where a; is a coefficient of f;.

Proof. We employ the method used in the proof of Proposition 1 of [1]. Let
Jfi--fa € rRrg(I[z]) and let a; be any coefficient of f;. Now we have
filf2-- fn) € TREI[z]), so a1b € rr(I) for any coefficient b of fa--- fy.
Hence we have aify--- fn € Tgp(I[z]). Thus (a1 f2)fs--- fu € TR (I[7]).
Since ajas is a coefficient of a4 fo, we have (ajasc) € rr(I) for each coefficient
cof f3---fn. Hence ajaafsfi---fn € rriy(I[z]). Continuing, we see that
ay---ap € rr(I). O

In the following proposition we show that if I is an Armendariz left ideal of
R, then I[z] is an Armendariz left ideal of R[z]. In our proof of the following
proposition, we use the method described in the proof of Theorem 2 of [1].

Proposition 2.3. Let I be a left ideal of R. If I is an Armendariz left ideal
of R, then I[z] is an Armendariz left ideal of R[x].

Proof. Suppose that I is an Armendariz left ideal of R and let f(t),g(t) €
R[z][t] with f.g € rgrpy([[z][t]). Write f(t) = fo + fit + - + fut" and
g(t) = go + g1t + -+ + gmt™ where f;,g9; € R[z]. We need to prove each
figj € TRz (I[z]). Let k = deg fo+---+deg fn+deg go+---+deg gm, where
deg denotes the z-degree and the degree of the zero polynomial is taken to be
0. Then f(z¥) = fo+ frz"+- -+ fua™, g(z*) = go+ 12+ - -+ gmz"™ € R[z]
and the set of coefficients of the f;’s (resp., g;’s) equals the set of coefficients
of f(a¥)(resp., g(«¥)). Since f(t)g(t) € rrp)(I[z][t]) and x commutes with
elements of R, f(z*)g(a*) € rppyy(I[2][t]), we have f(z*)g(a*) € rgp(I]x]).
Since [ is an Armendariz left ideal of R, each coeflicient of f;g; annihilates I.
Thus fig; € rpp(I[z]). O

Next, we show that every Armendariz left ideal is an abelian left ideal. In
our proof of the following proposition, we employ the methods used in the
proofs of Lemma 7 and Corollary 8 of [4].

Proposition 2.4. If I is an Armendariz left ideal of R, then we have the
following assertions:
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(1) If ab € rr(I), ac™b € rr(I) for some a,b,c of R and some integer n > 1,
then acb € rr(I).

(2) If ab € rr(I) and ™ is central for some a,b,c of R and some integer
n > 1, then acb € rr(I).

Proof. (1) Consider f(z) = a(l—cz), g(z) = (1+cz+---+c" "tz )b € R[x].
Then f(x)g(x) € rr(I[z] and so abc € rr(I), because I is an Armendariz
left ideal.

(2) follows from (1) since ac™b € rr(I). O

Corollary 2.5. If I is an Armendariz left ideal of R, then I is an abelian left
ideal.

Proof. Assume that I is an Armendariz left ideal. Consider e = €2 € R and
let a=-e, b=(1—¢€), c=er(l —e) with r € R. Then clearly ab € rg(I) and
e? = 0, hence acb € rr(I) by Proposition 2.4. Letting a; = 1 —e,b; = e and
c1 = (1—e)re, we also have ajc1by € rr([I) similarly. Thus er—re € rg(Il). O

We know that any subring of an Armendariz ring is Armendariz. In the
following proposition we prove that any left ideal of R is an Armendariz left
ideal provided that R is Armendariz.

Proposition 2.6. If R is a Armendariz ring, then each left ideal of R is an
Armendariz left ideal.

Proof. Let R be an Armendariz ring and I be a left ideal of R. If f(z) =
Yoigaix’, g(x) = 377 bja! are elements of R[] such that

f(@)g(x) € rrp(I[z]),
then f(x)g(x) € rr(I)[z]. Thus we have df (z)g(z) =0 for any d € I. Since R
is Armendariz, da;b; = 0 for all ¢, j. Thus a;b; € rg(I). O

It is obvious that the converse of Proposition 2.6 is true, because R is an
ideal of R and rr(R) = 0.

Let R be aring and M be an (R, R)-bimodule. The trivial extension of R by
M is defined to be the ring T (R, M) = R @ M with the usual addition and the
multiplication (r1,m1)(re,ms) = (r172, r1me +myre). We know that T (R, M)
is isomorphic to the ring of all matrices (g ') where r € R,m € M and usual
matrix operations are used. It is proved in [6] that R is reduced ring if and
only if the trivial extension T'(R, R) is an Armendariz ring. Next we give an
example of a nonzero Armendariz left ideal of a non-Armendariz ring.

Example 2.7. Let R = Z4 and S = T(R, R). Since the ring R is not reduced,
S is not Armendariz. Write a = (92), I = Sa and r(I) = rg(I), then

r(I) ={(572) Ir €{0,2},b € Zs} .

Since r(I) is an ideal of S and S/r(I) is a reduced ring, I is an Armendariz left
ideal of S.
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A ring R is called right Ore if given a,b € R with b regular there exist
a1,b; € R with by regular such that ab; = ba;. It is a well-known fact that R
is a right Ore ring if and only if there exists a classical right quotient ring of R.

Theorem 2.8. Suppose that there exists a classical right quotient ring Q of a
ring R. If I is an Armendariz left ideal of R, then QI is an Armendariz left
ideal of Q.

Proof. We employ the methods used in the proofs of Theorem 16 of [5] and
Theorem 12 of [4]. Consider f(z) = Y " cua’, g(x) = 3°7_ B2’ € Q[z] such
that f(z)g(z) € rop)(QI[z]). We may assume that o; = a;u™",8; = bju~!
with a;,b; € R for all 4, j and regular elements u,v € R. For each j there exists
c¢j € R and regular element w € R such that u_lbj = cjw_l.

Put fi(x) = X212, aia’, g1(x) = 3°7_y¢;a’ € R[z]. Then we have

= 3D vy ) = i () o) )

hence fi(x)g1(x) € rgp(I[z]). Since the left ideal I of R is Armendariz,
aicj € rr(I) for all i,j and so a;3; = a;u~'bjv~! = a;c;w™u™t € ro(QI) for
all 4, 7. Therefore QI is an Armendariz left ideal of Q. (Il

3. Annihilator ideals with IFP

Following Bell [3], a one-sided ideal J of aring R is said to have the insertion-
of-factors property in R (or, briefly, we say J has the IF'P in R) if, for elements
a,b of R the condition ab € J implies aRb C J. We also say J is an ideal with
IFP in this case. Clearly 0 = rg(R) is an ideal with IFP if and only if R is an
IFP ring (These rings have also been studied under the names semicommutative
rings and zero-insertive (ZI) rings in the literature). In this section we record
a couple of results involving the condition ‘rr(I) is with IFP’.

Proposition 3.1. Suppose that I is a one-sided ideal of a ring R and A is
a multiplicatively closed subset of R consisting of central regular elements. If

rr(I) has the IFP in R, then ra—1r(A~YI) has the IFP in A™'R.

Proof. We employ the method used in the proof of Proposition 3.1 of [4]. Let
af € ra-1r(AH) with a = u=ta, 3 = v7'b, u,v € A and a,b € R. Since
A is contained in the center of R, we have 0 = A~ Ja8 = A~ Tu"tav™1b =
A~ Tab(uv)™t so Tab = 0. It follows that arb € rgr(I) for all 7 € R, since
rr(I) has the IFP. Now for v = w™!r with w € A and r € R, A~ ' ayB3 =
A= Tarb(uwv)~! = 0. Hence ra-1zr(A71I) has the IFP. O
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A ring R is called locally finite if every finite subset of R generates a fi-
nite semigroup multiplicatively. Finite rings are clearly locally finite and the
algebraic closure of a finite field is locally finite but is not finite.

In our proof of the following proposition, we employ the method used in the
proof of Proposition 16 of [4].

Proposition 3.2. Let R be a locally finite ring and let I be an Armendariz
left ideal of R. Then rr(I) has the IFP.

Proof. Let ab € rr(I) with a,b € R. For any r € R since R is locally finite
there exist integers m,k > 1 such that 7™ = r™*¥. So we obtain inductively
o= pmek = pmp2k — o = pmpmbk — (b)) put b = k 4+ 1 then ™ =
(r™)" with h > 2. Notice that r(h=0m = ph=2)mpm — p(h=2)mm)h
p2h—1)m — (r(h_l)m)z. Whence r»~D™ is an idempotent and so by Corollary
2.5, arth=0m — p(h=1mg ¢ pp(I) and abrh=Dm — p(=Dmah ¢ pp(I). Thus
r(h=mah € rr(I). On the other hand by Corollary 2.5, ar(P=1m —p(h=1img ¢
rr(I), so arh=VUmp — p(h=Umagh ¢ rp(I), hence ar"=V™b € rp(I). So by
Proposition 2.4, arb € rg(I) for all r € R. O
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