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VARIATIONAL-LIKE INCLUSION SYSTEMS VIA GENERAL
MONOTONE OPERATORS WITH CONVERGENCE
ANALYSIS

VAHID DADASHI AND MEHDI ROOHI

ABSTRACT. In this paper using Lipschitz continuity of the resolvent oper-
ator associated with general H-maximal m-relaxed n-monotone operators,
existence and uniqueness of the solution of a variational inclusion system
is proved. Also, an iterative algorithm and its convergence analysis is
given.

1. Introduction

The concept of general H-maximal m-relaxed 7-monotone operator (so-
called the general G-np-monotone mapping in [3]) as a generalization of the
general A-monotone mapping [3, 8, 13, 14], the general (H,n)-monotone op-
erator [5, 6], general H-monotone operator [20] in Banach spaces, and also
as a generalization of the (4, n)-maximal m-relaxed monotone operator [2], A-
maximal m-relaxed monotone operator [1, 17, 19], G-n-monotone operator [22],
(A, n)-monotone operator [18], A-monotone operator [16], (H,n)-monotone op-
erator [12], H-monotone operator [7, 11], maximal n-monotone operator [10]
and classical maximal monotone operator [21] in Hilbert spaces, is introduced
and considered in [4]. At the mentioned paper the authors provided some ex-
amples and also they studied many properties of general H-maximal m-relaxed
n-monotone operators. Further, the generalized resolvent operator associated
with this type of monotone operators has been defined and some results about
Lipschitz continuity of this type of monotone operators has been established.
At the present paper, first we recall some notions, definitions, and results about
monotone operators and their generalized versions. Using Lipschitz continu-
ity of the resolvent operator associated with general H-maximal m-relaxed
n-monotone operators, existence and uniqueness of the solution of a variational
inclusion system is proved. Further, we construct an iterative algorithm and
the convergence analysis of this algorithm is given.
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2. Preliminaries

Throughout in this paper, suppose X is a real Banach space with dual space
X* and with dual pair (-,-) between X and X*. The single-valued mapping
n: X x X — X is called ~-Lipschitz continuous, if there exists a constant
v > 0 such that ||n(z,y)]] < 7v]lz — y|| for all x,y € X. For a set-valued
mapping M : X — Y, the domain of M is

Dom(M)={z € X:3yeY,(z,y) € M},

the inverse M~ of M is {(y, ) : (z,y) € M} and the graph of M is Gph(M) =
{(z,y) : (z,y) € M}. For a real number ¢, let cM = {(z,cy) : (z,y) € M}. If
M and N are any set-valued mappings, we define

M+ N ={(z,y+2): (z,y) € M,(z,2) € N}.

Let us recall definitions of some generalized types of monotone operators.
For more details one can see ([1]-[22]) and the references cited therein.

Definition 1. A single-valued mapping H : X — X* is said to be

(a) monotone if (H(x) — H(y),x —y) >0 for all z,y € X.

(b) n-monotone if (H(x) — H(y),n(z,y)) >0 for all z,y € X.

(¢) strictly monotone if H is monotone and (H(x) — H(y),z —y) = 0 if and
only if x = y.

(d) strictly n-monotone if H is n-monotone and (H(x) — H(y),n(z,y)) =0
if and only if x = y.

(e) r-strongly monotone if there exists some constant r > 0 such that (H(x)—
H(y),x —y) > rllz —y|? for all 2,y € X.

(f) r-strongly n-monotone if there exists some constant r > 0 such that
(H(z) = H(y),n(z,y)) = rlz —y|* for all 2,y € X.

(g) 8-Lipschitz continuous if |H(z) — H(y)|| < d|jz — y|| for all z,y € X.

Definition 2. Let H be a Hilbert space. A set-valued mapping M : H — H
is said to be

(a) mazimal monotone if M is monotone and (I + AM)(H) = H holds for
every A > 0.

(b) mazimal n-monotone if M is n-monotone and (I+AM)(H) = H holds for
every A > 0, if and only if M is n-monotone and there is no other n-monotone
set-valued mapping whose graph strictly contains the graph of M [9].
Definition 3. A set-valued mapping M : X — X* is said to be

(a) monotone if (x*—y*, x—y) > 0 for all z,y € Dom(M) and all 2* € M (x),
yr e M(y).

(b) n-monotone if (z* — y*,n(z,y)) > 0 for all z,y € Dom(M) and all
x* € M(x), y* € M(y).

(¢) r-strongly monotone if there exists some constant r > 0 such that (z* —
y*,x —y) >r|z —y||? for all z,y € Dom(M) and all z* € M(z),y* € M(y).
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(d) r-strongly n-monotone if there exists some constant r > 0 such that
(x* — y*,n(x,y)) > 7|z — y||? for all 2,y € Dom(M) and all 2* € M(z),
y* e M(y).

(e) m-relazed monotone if, there exists some constant m > 0 such that
(x* —y*, o —y) > —ml|z — y||? for all z,y € Dom(M) and all z* € M(z),
y* € M(y).

(f) m-relazed n-monotone if, there exists some constant m > 0 such that
(z* —y*,n(z,y)) > —m||z — y||* for all z,y € Dom(M) and all z* € M(x),
y* € M(y).

Definition 4. [5, 6] The set-valued mapping M : X — X* is said to be general
(H,n)-monotone operator if M is n-monotone and (H + AM)(X) = X* holds
for every A > 0.

Definition 5. [3, 4] A set-valued mapping M : X — X* satisfying (H +
AM)(X) = X* is said to be general H-mazimal m-relaxed n-monotone opera-
tor, provided that it is m-relaxed n-monotone.

Theorem 2.1. [3, 4] Suppose H : X — X* is an r-strongly n-monotone
mapping and M : X — X* is a general H-mazximal m-relaxed n-monotone
operator. Then for 0 < X\ < -, the operator (H + AM)~Y from X* to X is
single-valued.

Definition 6. [3, 4] For an r-strongly n-monotone mapping H : X — X* and
a general H-maximal m-relaxed n-monotone operator M : X — X* and for
0 < A < -, the generalized resolvent operator RJI\{/;LW : X* — X is defined by

Ry (2%) = (H + AM) " (2*).

Theorem 2.2. [3, 4] Suppose that n: X x X — X is a y-Lipschitz continuous
mapping, H : X — X* is an r-strongly n-monotone operator and M : X —o
X* is a general H-mazimal m-relazed n-monotone operator. Then for 0 <
A < .- the generalized resolvent operator Rﬁ’f:\l’n X = X s -
continuous.

Lipschitz

Definition 7. [4] A set-valued mapping M : X — X* satisfying (H +
AM)(X) = X* is said to be general H-mazimal (3-strongly n-monotone op-
erator, provided that it is S-strongly n-monotone.

Fact 2.3. [5, 6] Suppose that H : X — X* is an r-strongly n-monotone opera-
tor and M : X — X* is a general H-mazximal 3-strongly n-monotone operator.
Then

(a) the operator (H + AM)~™! from X* to X is single-valued;

(b) the generalized resolvent operator Rﬁ\t/ll)g,n 1 X* — X is defined by Rﬁﬁn(;v*) =
(H +AM) = (2%);

(c) if n: X x X — X is a y-Lipschitz continuous mapping, then the gener-
alized resolvent operator RAH/[’&W Xt — X s ﬁ-Lipschitz continuous.
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Fact 2.4. [5, 6] Suppose H : X — X* is a strictly n-monotone mapping and
M : X — X* is a general H-mazximal B-strongly n-monotone operator. Then

(a) the operator (H + AM)~1 from X* to X is single-valued;

(b) the generalized resolvent operator Rfj’gm : X* — X is defined by RAH/Iin(‘T*) =
(H + AM)~(x*);

(c) if n: X x X — X is a y-Lipschitz continuous mapping, then the gener-

alized resolvent operator Rﬁ’g\,n Xt — X s ;—B—Lipschitz continuous.

Fact 2.5. [5, 6] Suppose H : X — X* is an r-strongly n-monotone operator
and M : X — X* is an H-mazimal n-monotone operator. Then

(a) the operator (H + AM)~! from X* to X is single-valued;

(b) the generalized resolvent operator Rﬁ& 1 X* — X is defined by Rﬁg (z*) =
(H + AM)~1(z*);

(c) if n: X x X — X is a y-Lipschitz continuous mapping, then the gener-
alized resolvent operator Rﬁ’z\ : X* — X is I-Lipschitz continuous.

3. Main Results

The module of smoothness of a Banach space X is the function px : [0, +00) —
[0,4+00) defined by
e +yll + [l =yl

px (t) = sup { 5

A Banach space X is called uniformly smooth if there exists a constant ¢ > 0
for which px(t) < ct?.

For i = 1,2, suppose X; is a uniformly smooth Banach space with dual space
X7 and with py, (t) < ¢;t? for some ¢; > 0. Let H; : X; — X[, A1 : Xo — X7,
Ay X1 — X5 and f; : X; — X, be six single-valued mappings and let M; :
X; — X[ be two set-valued mappings. Our problem is finding (z,y) € X1 x Xo

such that
{ 0 € Ai(y) + Mi(fi(x)) (1)
0 € As(z) + Ma(f2(y))-

Note that for appropriate and suitable choices of X;, H;, A;, f; and M;, one
can obtain many known and new classes of variational inequality and variational
inclusion systems and problems as special cases of the system (1). Some special
cases can be found in ([1]-[22]) and the references cited therein.

L2l < 1, il < t}.

Theorem 3.1. Suppose that i, X;, ¢;, H;, A;, fi, and M; are the same as
above and n; : X; x X; — X, is single-valued mapping. If H; : X; — X} is ;-
strongly n;-monotone and M; is a general H;-mazximal m;-relazed n;-monotone
operator, then the following statements are equivalent.

(a) (z,y) is a solution of system (1).

(b) fi(z) = Ry [Hy(fi(2)=MAi(y)] and fa(y) = RyEN2, [Ha(fa(y)—
)\2142 ({,C)] .



VARIATIONAL-LIKE INCLUSION SYSTEMS 99

(¢c) For all s,t #0

z=(1-s)w+s@— filz)+ Ry [Hi(fi(x) = \Ai(y)])
y=(1-ty+tly— f2(y) + RyEN2, [Ha(f2(y) — AoAa(2))).

(d) There exist s,t # 0 such that (2) holds.

(2)

Proof. The equivalence relations (b)<=-(c)<=-(d) are straightforward. We
only prove (a)<=>(b). To see this, (x,y) is a solution of system (1) if and only
if —A1A1(y) € MM1(fi(z)) and —A2As(z) € AaMa(f2(y)) or equivalently

{ Hi(fi(z)) — MAi(y) € Hi(f1(2)) + MMi(fi(2)) 3)
Hy(f2(y)) — A2Az(x) € Ha(f2(y)) + A2 Ma(f2(y))

which it is equivalent to

{ fi(x) = (Hy + M M)~ HL(fu(2) = M Ai(y)) )
fa(y) = (Ha + XaMy) ™' (Ha(f2(y)) — A2 A2(x)),

we are done. O

Lemma 3.2. [4] Suppose that X is a uniformly smooth Banach space with
px(t) < ct? for some ¢ > 0. If f : X — X is k-strongly accretive and o-
Lipschitz continuous mapping, then

e —y = f(z) + f(Y)ll < V1 =26+ 64dca?|jx —y.

Theorem 3.3. Suppose that i, X;, ¢;, H;, A;, fi, and M; are the same as in
Theorem 3.1. Further, suppose that

(a) fi is ki-strongly accretive and o;-Lipschitz continuous mapping.
b) n; : X; x X; — X is y;-Lipschitz continuous.

¢) H; is 6;-Lipschitz continuous.

d) A; is m;-Lipschitz continuous.

e) & = /1 2k +6dciaf + -G 4 pmde o

r1—A1m1 ro—A2ma

(
(
(
(

() & = \/T— 2rs + 6dcpad + 220202 4 mmh

ro—Aama 1—A1my
Then the system of variational inclusions (1) admits a unique solution.
Proof. First define |[(-,-)]lx : X1 x X5 — R by [(,9)]« = al| + [ly|] for al
(z,y) € X7 x Xo. It is well known that (X7 x Xo,||(+,-)||x) is a Banach space.
Now, consider the single-valued mapping © : X; x Xo — X7 x Xs defined by

@(xay) = (F(w,y),G(mw)) (5)
for all (z,y) € X1 x Xa, where
F(z,y) == — fi(@) + Ryt 3 H(f1(2) = MAL(y)] (6)

and

G(z,y) =y — foly) + Ryt N2, [Ha(f2(y)) — Ao Az ()]. (7)
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It follows from our assumptions, Lemma 3.2, and Theorem 2.2 that
| F(z,y) = F(u,v)]
= Il = filw) + By XL, [H(fi(2) = A A (w)])
—(u— fu(u) + Ry (H(fu(w) = MAs(0)))]]
< o —u—filz) + fi(w)]]
IR HLU(fi(2) = MA ()] = Ryt 3 [ (fi(w) = A ()]

< \/1 — 2K1 + 64c102 ||z — u| (8)
v
o (IH (1(2)) ~ Ha(fi ()| + M| A (y) = Aa(0)])
L — A1y
0171 A1T171
< _9 Aero 4 217101 _ IERARE 0 S P
< (V2o oteiad 4 SO o 2Ty

and similarly

0272
_ < _ 2 072 _
1G(z,y) — G(u,v)|| < <\/1 20z + 6dcs0d + 2 ) [y — o
A2Tr2Y2
2222 ). 9
e Q

Therefore, by (5)—(9) we get
10(,y) = O(u,v)[lx = [[F(z,y) = Flu,v)|| + [|G(z,y) = G(u,v)]|
< Gllz —uf + &lly — o
< max{&1, &} (2, y) — (u,v)]|x-
By (e) and (f), we find that © is a contraction map and hence the Banach

Contraction Theorem implies that © has a unique fixed point. That system
(1) has a unique solution, follows from Theorem 3.1. O

Motivated and inspired by part (c) of Theorem 3.1 we get the following
useful algorithm.

Algorithm 1. Suppose that i, X;, ¢;, H;, A;, fi, M; and 7); are the same
as in Theorem 3.3. Let {d,} C X1, {e,} C Xy, {kn} C Xo, {l,} C X5 and
{tn} € [0,1] be five sequences. For any given (z¢,y9) € X1 X Xs, we define an
iterative sequence {(zn,yn)} as follows

Tn41 = (1 - tn)xn + tn[xn - fl(xn)

+RJ\H/111’,T11,771 [Hi(f1(zn)) = MAL(yn)] + du] +en
Yn+1 = (]- - ZL)yn + tn[yn - fZ(yn)

+RM22’,7:\122,772 [H2(f2(yn)) — A2 A2(zn)] + kn] + 1y

Here, {d,}, {en}, {kn} and {l,,} are four error sequences to take into account
a possible inexact computation.

(10)
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Lemma 3.4. [15] Let {a,}, {b,} and {c,} be three nonnegative real sequences
such that there exists a natural number ng such that

An41 S (1 - Sn)an + Snbn + Cn, Vn 2 no,
where s, € [0,1], > s, = 400, lim b, =0 and >_ ¢, < co. Then lir% a, = 0.
n=0 n—00 n=0 n—

Theorem 3.5. S’LLppOS@ that i7 Xi; Ci, Hi; Ai} fi7 Mi7 MNi s 51; 52; {dn}; {en}7
{kn}, {ln} and {t,} C [0,1] are the same as in Theorem 3.3 and Algorithm 1.

+0o too
If||(dn, kn)llx — 0, D |l(en,ln)|lx < 400 and >~ t, = +oo, then the iterative
n=0 n=0

sequence {(xn,yn)} generated by Algorithm 1 converges strongly to the unique
solution of system (1).

Proof. All conditions of Theorem 3.3 hold and hence by Theorem 3.1 we find
(z,y) € X1 x X5 such that

{ 2= (1~ ta)z + talz — fr(z) + RE, [Hi(fi(2) = MAL(y)])

y= (= t)y+ taly — oy) + RIET () — dos(a)).

It follows from our assumption, (10), (11), Lemma 3.2 and Theorem 2.2
that
(A
= [[(1 = tn)an + ta(@n — fil@n) + Ry N Hi(fi(@0)) = A Ai(yn)] + dn)
ten = (1= tw)z + tule = fi(z) + RN [Hi(fi(2) = M)
< (I =to)llon — zll + tallzn — 2 — fr(@a) + fi(@)]] + talldall + lleal +
ull R [ (F1 () = M1 Av ()] = R R, (H(fa(2) = MAs(w)])]|

< (1 =tp)llen — || + tn\/l — 2kK1 + 64c103 ||z — x| + tal|dnl| (12)
71
Hleall +tn—————([1H1(f1(zn)) = H1(f1(2))]| + Aa[[ A1 (yn) — A ()]])
T1 1ma
_ B 2 a10171 _
< {(1 tn) + tn (\/1 20+ 6er0f + I Alml)] zn — 2|
AT
tp———————||yn — tnlldn n
2t + e

and similarly we get

T2 — AgMmy

s
lyns1 — yl| < {(1 —ty) +tn (\/1 — 2k + 64cpa + m)] lyn — 9yl

A2m2Y2
T — A2Ma

+tn [0 = @l + tallknll + [2n]- (13)
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Hence, by (12), (13), and also (e) and (f) of Theorem 3.3 we have

1(@nt1, Ynt1) = (@ 9)1x = l#ntr — 2] + [gnta = yll (14)
< 1= (1 = max{&, &) in]l[(@n, yn) — (2, 9)]x

+tn || (dny k)l x + [[(eny 1n) |l
Set an = (znsyn) = (225)l1xs 0 = (1 — max{fy, &P )tm, by = [laballc,
and ¢, = ||(én,ln)||x. Therefore all conditions of Lemma 3.4 hold and hence
i [ (2, yn) = (2,9)]1x = 05 Le., lim(an, yn) = (,9)- O

N

Remark 1. Tt should be noticed that by using Fact 2.3 and Fact 2.4 (resp. Fact
2.5) instead of Theorem 2.2 one can achieve some advantages about existence
of the unique solution and convergence analysis, but for general H-maximal
B-strongly n-monotone (resp. H-maximal n-monotone) operators.
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