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CONVERGENCE THEOREMS OF MULTI-STEP ITERATIVE
SCHEMES WITH ERRORS FOR ASYMPTOTICALLY

QUASI-NONEXPANSIVE TYPE NONSELF MAPPINGS

Jong Kyu Kim, G. S. Saluja, and H. K. Nashine

Abstract. In this paper, a strong convergence theorem of multi-step

iterative schemes with errors for asymptotically quasi-nonexpansive type
nonself mappings is established in a real uniformly convex Banach space.

Our results extend the corresponding results of Wangkeeree [12], Xu and

Noor [13], Kim et al.[1,6,7] and many others.

1. Introduction

Let E be a real Banach space, F (T ), D(T ) and N denote the set of fixed
points of T , the domain of T , and the set of positive integers, respectively.

Definition 1.1. Let T : D(T ) ⊂ E → E be a mapping.

(1) T is said to be nonexpansive if

||Tx− Ty|| ≤ ||x− y||

for all x, y ∈ D(T ).
(2) T is said to be quasi-nonexpansive if F (T ) 6= ∅ and

||Tx− p|| ≤ ||x− p||

for all x ∈ D(T ) and p ∈ F (T ).
(3) T is said to be asymptotically nonexpansive if there exists a sequence
{kn} of positive real numbers with kn ≥ 1 and limn→∞ kn = 1 such
that

||Tnx− Tny|| ≤ kn||x− y||
for all x, y ∈ D(T ) and n ∈ N .
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(4) T is said to be asymptotically quasi-nonexpansive if F (T ) 6= ∅ and
there exists a sequence {kn} of positive real numbers with kn ≥ 1 and
limn→∞ kn = 1 such that

||Tnx− p|| ≤ kn||x− p||

for all x ∈ D(T ), p ∈ F (T ) and all n ∈ N .
(5) T is said to be asymptotically nonexpansive type if

lim sup
n→∞

{ sup
x,y∈D(T )

[‖Tnx− Tny‖2 − ‖x− y‖2]} ≤ 0.

(6) T is said to be asymptotically quasi-nonexpansive type [8] if

lim sup
n→∞

{ sup
x∈D(T ),p∈F (T )

[‖Tnx− p‖2 − ‖x− p‖2]} ≤ 0.

Remark 1.2. We know that the following implications hold from the above
definitions:

(1) =⇒ (3) =⇒ (5)

⇓ F (T ) 6= ∅ ⇓ F (T ) 6= ∅ ⇓ F (T ) 6= ∅
(2) =⇒ (4) =⇒ (6)

Noor [8,9] introduced the three-step iterative sequences and studied the ap-
proximate solution of variational inequalities in Hilbert spaces.

The three-step iterative approximation problems were studied extensively
by Glowinski and Le Tallec [3], Haubruge et al. [5], Noor [8,9] and Kim et al
[6,7].

In the year 2002, Xu and Noor [13] introduced the three-step iterative for
asymptotically nonexpansive mappings and proved the following strong con-
vergence theorem in Banach spaces;

Theorem 1.3. [13] Let X be a real uniformly convex Banach space, C be a
nonempty closed bounded convex subset of X. Let T be a completely continuous
asymptotically nonexpansive self mappings with sequence {kn} satisfying kn ≥ 1
and

∑∞
n=1(kn − 1) < ∞. Let {αn}, {βn} and {γn} be real sequences in [0, 1]

satisfying
(i) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1,
(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

For a given x0 ∈ C, define

zn = γnT
nxn + (1− γn)xn

yn = βnT
nzn + (1− βn)xn (1.1)

xn+1 = αnT
nyn + (1− αn)xn.

Then {xn}, {yn} and {zn} convergence strongly to a fixed point of T .
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Recently, Wangkeeree [12] introduced the three-step iterative sequences with
errors for asymptotically quasi-nonexpansive nonself mappings and proved the
following strong convergence theorem in real uniformly convex Banach spaces:

Theorem 1.4. [12] Let X be a real uniformly convex Banach space, C be a
nonempty closed bounded convex subset of X and P be the nonexpansive retrac-
tion of X onto C. Let T be a uniformly L-Lipschitzian completely continuous
and asymptotically quasi-nonexpansive nonself-mapping with sequence {kn} in
[0,∞) such that

∑∞
n=1 kn < ∞ and F (T ) 6= ∅. For an arbitrary x0 ∈ C the

sequence {xn} defined by

zn = P (α′′nT (PT )n−1xn + β′′nxn + γ′′nun),
yn = P (α′nT (PT )n−1zn + β′nxn + γ′nvn), (1.2)

xn+1 = P (αnT (PT )n−1yn + βnxn + γnwn),

where {αn}, {α′n}, {α′′n}, {βn}, {β′n}, {β′′n}, {γn}, {γ′n} and {γ′′n} are ap-
propriate real sequences in [0, 1] and {un}, {vn} and {wn} are three bounded
sequences in C with the following restrictions:

(i) αn + βn + γn = α′n + β′n + γ′n= α′′n + β′′n + γ′′n = 1,
(ii)

∑∞
n=1 γn <∞,

∑∞
n=1 γ

′
n <∞,

∑∞
n=1 γ

′′
n <∞,

(iii) 0 ≤ α < αn, βn, α
′
n, β

′
n ≤ β < 1.

Then {xn} converges strongly to a fixed point of T .

A subset K of E is called retract of E if there exists a continuous mapping
P : E → K such that Px = x for all x ∈ K. Every closed convex subset of a
uniformly convex Banach space is a retract. A mapping P : E → K is called
retraction if P 2 = P . It follows that if a mapping P is a retraction, then
Py = y for all y in the range of P .

Motivated by Wangkeeree [12], Xu and Noor [13] and some others, the pur-
pose of this paper is to construct a multi step iteration scheme with errors for
approximating fixed point of asymptotically quasi-nonexpansive type nonself
mappings (when such a fixed point exists) and to prove strong convergence
theorem for such maps.

Let K be a nonempty closed convex subset of a real uniformly convex Banach
space E and T : K → E be an asymptotically quasi-nonexpansive type nonself
mapping.

For a given x1 ∈ K, and a fixed N ∈ N, define the sequence {xn} by

xn+1 = x(N)
n = P (α(N)

n T (PT )n−1x(N−1)
n + β(N)

n xn + γ(N)
n u(N)

n )

x(N−1)
n = P (α(N−1)

n T (PT )n−1x(N−2)
n + β(N−1)

n xn + γ(N−1)
n u(N−1)

n )
· · · (1.3)

x(3)
n = P (α(3)

n T (PT )n−1x(2)
n + β(3)

n xn + γ(3)
n u(3)

n )

x(2)
n = P (α(2)

n T (PT )n−1x(1)
n + β(2)

n xn + γ(2)
n u(2)

n )

x(1)
n = P (α(1)

n T (PT )n−1xn + β(1)
n xn + γ(1)

n u(1)
n )
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where {u(1)
n }, {u(2)

n }, . . . , {u(N)
n } are bounded sequences inK and {α(i)

n }, {β(i)
n },

{γ(i)
n } are appropriate real sequences in [0, 1] such that α(i)

n + β
(i)
n + γ

(i)
n = 1

for each i ∈ {1, 2, . . . , N}.

In this paper, we will prove the convergence theorems of the iteration scheme
(1.3) for asymptotically quasi-nonexpansive type nonself mappings. The re-
sults presented in this paper generalize and extend the corresponding results
of Wangkeeree [12], Xu and Noor [13], Kim et al. [6,7] and many others.

2. Preliminaries

For the sake of convenience, we first recall some definitions and conclusions.

Definition 2.1. [2] Let E be a real normed linear space, K a nonempty subset
of E. Let P : E → K be the nonexpansive retraction of E onto K. A nonself
mapping T : K → E is said to be asymptotically nonexpansive if there exists a
sequence {kn} in [0,∞) with limn→∞ kn = 0 such that the following inequality
holds:∥∥T (PT )n−1x− T (PT )n−1y

∥∥ ≤ (1 + kn) ‖x− y‖ ; ∀x, y ∈ K, ∀n ≥ 1.(2.1)

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such that:

∥∥T (PT )n−1x− T (PT )n−1y
∥∥ ≤ L ‖x− y‖ ; ∀x, y ∈ K, ∀n ≥ 1. (2.2)

Definition 2.2. [12] A nonself mapping T : K → E is said to be asymptotically
quasi-nonexpansive if there exists a sequence {kn} in [0,∞) with limn→∞ kn =
0 such that:∥∥T (PT )n−1x− x∗

∥∥ ≤ (1 + kn) ‖x− x∗‖ ; ∀x ∈ K,x∗ ∈ F (T ), ∀n ≥ 1.(2.3)

Definition 2.3. [4] A Banach space E is said to be uniformly convex if the
modulus of convexity of E

δE(ε) = inf{1− ‖x+ y‖
2

: ‖x‖ = ‖y‖ = 1, ‖x− y‖ = ε} > 0

for all 0 < ε ≤ 2 (i.e., δE(ε) is a function (0, 2]→ (0, 1)).

Lemma 2.4. [11] Let {an} and {bn} be sequences of nonnegative real numbers
satisfying the inequality

an+1 ≤ an + bn, n ≥ 1.

If
∑∞

n=1 bn <∞, then limn→∞ an exists.

Lemma 2.5. [10] Let E be a real uniformly convex Banach space and 0 < a ≤
tn ≤ b < 1 for all n ≥ 1. Suppose that {xn} and {yn} are sequences in E
satisfying

lim sup
n−→∞

‖xn‖ ≤ r, lim sup
n−→∞

‖yn‖ ≤ r,
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and
lim

n−→∞
‖tnxn + (1− tn)yn‖ = r,

for some r ≥ 0. Then
lim

n−→∞
‖xn − yn‖ = 0.

3. Main results

In this section, we define an asymptotically quasi-nonexpansive type nonself-
mapping and prove the convergence theorems of the iterative sequences which
is generated by the mapping.

Definition 3.1. Let K be a nonempty subset of a Banach space E. Let
P : E → K be a nonexpansive retraction of E onto K. A nonself mapping
T : K → E is said to be asymptotically quasi-nonexpansive type if the following
inequality hold:

lim sup
n→∞

{ sup
x∈K,p∈F (T )

[
∥∥T (PT )n−1x− p

∥∥2 − ‖x− p‖2]} ≤ 0. (3.1)

Remark 3.2. If T is a self-map, then PT = T , so that (3.1) coincides with
(6) in Definition 1.1.

Lemma 3.3. Let E be a real uniformly convex Banach space, K a nonempty
closed convex subset of E and P a nonexpansive retraction of E onto K. Let
T : K → E be an asymptotically quasi-nonexpansive type nonself mapping with
F (T ) 6= ∅. Let {xn} be a sequence in (1.3) with the following conditions:

(i) α
(i)
n + β

(i)
n + γ

(i)
n = 1 for all i = 1, 2, · · · , N ,

(ii)
∑∞

n=1 γ
(i)
n <∞ for all i = 1, 2, · · · , N .

Then for each x∗ ∈ F (T ), limn→∞ ‖xn − x∗‖ exists.

Proof. Let x∗ ∈ F (T ). Since {u(i)
n } for i = 1, 2, . . . , N is bounded sequence in

E, so we put

M = max{sup
n≥1

∥∥∥u(i)
n − x∗

∥∥∥ : i = 1, 2, . . . , N},

it follows from (3.1) that

lim sup
n→∞

{
sup

x∈K,x∗∈F (T )

[
(
∥∥T (PT )n−1x− x∗

∥∥− ‖x− p‖)
× (
∥∥T (PT )n−1x− x∗

∥∥+ ‖x− x∗‖)
]}

= lim sup
n→∞

{ sup
x∈K,x∗∈F (T )

[
∥∥T (PT )n−1x− x∗

∥∥2 − ‖x− x∗‖2]}

≤ 0.
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Therefore we have

lim sup
n→∞

{ sup
x∈K,x∗∈F (T )

[
∥∥T (PT )n−1x− x∗

∥∥− ‖x− x∗‖]} ≤ 0.

This implies that for any given εn > 0, there exists a positive integer n0 such
that for n ≥ n0, we have

sup
x∈K,x∗∈F (T )

{
∥∥T (PT )n−1x− x∗

∥∥− ‖x− x∗‖} < εn.

Since {xn}, {x(1)
n }, · · · , {x(N−1)

n } ⊂ E, we have∥∥T (PT )n−1xn − x∗
∥∥− ‖xn − x∗‖ < εn, ∀p ∈ F (T ),∀n ≥ n0,∥∥∥T (PT )n−1x(1)

n − x∗
∥∥∥− ∥∥∥x(1)

n − x∗
∥∥∥ < εn, ∀p ∈ F (T ),∀n ≥ n0,∥∥∥T (PT )n−1x(2)

n − x∗
∥∥∥− ∥∥∥x(2)

n − x∗
∥∥∥ < εn, ∀p ∈ F (T ),∀n ≥ n0,

· · · (3.2)∥∥∥T (PT )n−1x(N−1)
n − x∗

∥∥∥− ∥∥∥x(N−1)
n − x∗

∥∥∥ < εn, ∀p ∈ F (T ),∀n ≥ n0.

Thus for any x∗ ∈ F (T ), using (1.3) and (3.2), we know that∥∥∥x(1)
n − x∗

∥∥∥ =
∥∥∥P (α(1)

n T (PT )n−1xn + β(1)
n xn + γ(1)

n u(1)
n )− Px∗

∥∥∥
=
∥∥∥α(1)

n T (PT )n−1xn + β(1)
n xn + γ(1)

n u(1)
n − x∗

∥∥∥
≤ α(1)

n

∥∥T (PT )n−1xn − x∗
∥∥+ β(1)

n ‖xn − x∗‖+ γ(1)
n

∥∥∥u(1)
n − x∗

∥∥∥
≤ α(1)

n ‖xn − x∗‖+ εn + β(1)
n ‖xn − x∗‖+ γ(1)

n M (3.3)

≤ (α(1)
n + β(1)

n ) ‖xn − x∗‖+ εn + γ(1)
n M

≤ ‖xn − x∗‖+ t(1)n

where t(1)n = εn+γ(1)
n M . Since

∑∞
n=1 γ

(1)
n <∞, we can see that

∑∞
n=1 t

(1)
n <∞.

It follows from (3.3) that∥∥∥x(2)
n − x∗

∥∥∥ =
∥∥∥P (α(2)

n T (PT )n−1x(1)
n + β(2)

n xn + γ(2)
n u(2)

n )− Px∗
∥∥∥

=
∥∥∥α(2)

n T (PT )n−1x(1)
n + β(2)

n xn + γ(2)
n u(2)

n − x∗
∥∥∥

≤ α(2)
n

∥∥∥T (PT )n−1x(1)
n − x∗

∥∥∥+ β(2)
n ‖xn − x∗‖+ γ(2)

n

∥∥∥u(2)
n − x∗

∥∥∥
≤ α(2)

n

∥∥∥x(1)
n − x∗

∥∥∥+ εn + β(2)
n ‖xn − x∗‖+ γ(2)

n M (3.4)

≤ α(2)
n (‖xn − x∗‖+ t(1)n ) + εn + β(2)

n ‖xn − x∗‖
+γ(2)

n M

≤ (α(2)
n + β(2)

n ) ‖xn − x∗‖+ εn + α(2)
n t(1)n + γ(2)

n M

≤ ‖xn − x∗‖+ t(2)n
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where t(2)n = εn + α
(2)
n t

(1)
n + γ

(2)
n M . Since

∑∞
n=1 γ

(2)
n <∞ and

∑∞
n=1 t

(1)
n <∞,

we can see that
∑∞

n=1 t
(2)
n <∞. Similarly, we show that∥∥∥x(3)

n − x∗
∥∥∥ ≤ α(3)

n

∥∥∥T (PT )n−1x(2)
n − x∗

∥∥∥+ β(3)
n ‖xn − x∗‖+ γ(3)

n

∥∥∥u(3)
n − x∗

∥∥∥
≤ α(3)

n

∥∥∥x(2)
n − x∗

∥∥∥+ εn + β(3)
n ‖xn − x∗‖+ γ(3)

n M

≤ α(3)
n (‖xn − x∗‖+ t(2)n ) + εn + β(3)

n ‖xn − x∗‖
+γ(3)

n M (3.5)

≤ (α(3)
n + β(3)

n ) ‖xn − x∗‖+ εn + α(3)
n t(2)n + γ(3)

n M

≤ ‖xn − x∗‖+ t(3)n

where t(3)n = εn + α
(3)
n t

(2)
n + γ

(3)
n M . Since

∑∞
n=1 γ

(3)
n <∞ and

∑∞
n=1 t

(2)
n <∞,

we can see that
∑∞

n=1 t
(3)
n <∞. Continuing this process, we get

‖xn+1 − x∗‖ =
∥∥∥x(N)

n − x∗
∥∥∥

≤ ‖xn − x∗‖+ t(N)
n (3.6)

where {t(N)
n } is nonnegative real sequence such that

∑∞
n=1 t

(N)
n <∞. It follows

from Lemma 2.4, we have limn→∞ ‖xn − x∗‖ exists. This completes the proof.
�

Theorem 3.4. Let E be a real uniformly convex Banach space, K a nonempty
closed convex subset of E and P a nonexpansive retraction of E onto K. Let
T : K → E be a uniformly L-Lipschitzian asymptotically quasi-nonexpansive
type nonself mapping with F (T ) 6= ∅. Let the sequence {xn} be defined by
(1.3) and some α, β ∈ (0, 1) with the following restrictions:

(i) α
(i)
n + β

(i)
n + γ

(i)
n = 1, 1 ≤ i ≤ N ,

(ii)
∑∞

n=1 γ
(i)
n <∞, 1 ≤ i ≤ N ,

(iii) 0 < α ≤ α(i)
n ≤ β < 1, 1 ≤ i ≤ N , ∀n ≥ n0 for some n0 ∈ N .

Then limn→∞ ‖xn − Txn‖ = 0.

Proof. For any x∗ ∈ F (T ), it follows from Lemma 3.3 that limn→∞ ‖xn − x∗‖
exists. Let limn→∞ ‖xn − x∗‖ = a for some a ≥ 0. we note that∥∥∥x(N−1)

n − x∗
∥∥∥ ≤ ‖xn − x∗‖+ t(N−1)

n , ∀n ≥ 1,

where {t(N−1)
n } is nonnegative real sequence such that

∑∞
n=1 t

(N−1)
n < ∞. It

follows that

lim sup
n→∞

∥∥∥x(N−1)
n − x∗

∥∥∥ ≤ lim sup
n→∞

(‖xn − x∗‖+ t(N−1)
n )

= lim
n→∞

‖xn − x∗‖
= a
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and so

lim sup
n→∞

∥∥∥T (PT )n−1x(N−1)
n − x∗

∥∥∥ ≤ lim sup
n→∞

(
∥∥∥x(N−1)

n − x∗
∥∥∥+ εn)

= lim sup
n→∞

∥∥∥x(N−1)
n − x∗

∥∥∥
≤ a.

Next, consider∥∥∥T (PT )n−1x(N−1)
n − x∗ + γ(N)

n (u(N)
n − xn)

∥∥∥ ≤
∥∥∥T (PT )n−1x(N−1)

n − x∗
∥∥∥

+γ(N)
n

∥∥∥u(N)
n − xn

∥∥∥ .
Thus,

lim sup
n→∞

∥∥∥T (PT )n−1x(N−1)
n − x∗ + γ(N)

n (u(N)
n − xn)

∥∥∥ ≤ a. (3.7)

Also, ∥∥∥xn − x∗ + γ(N)
n (u(N)

n − xn)
∥∥∥ ≤ ‖xn − x∗‖+ γ(N)

n

∥∥∥u(N)
n − xn

∥∥∥
implies that

lim sup
n→∞

∥∥∥xn − x∗ + γ(N)
n (u(N)

n − xn)
∥∥∥ ≤ a, (3.8)

and we observe that

x(N)
n − x∗

= α(N)
n T (PT )n−1x(N−1)

n − α(N)
n x∗ + α(N)

n γ(N)
n u(N)

n − α(N)
n γ(N)

n xn

+ (1− α(N)
n )xn − (1− α(N)

n )x∗ − γ(N)
n xn + γ(N)

n u(N)
n − α(N)

n γ(N)
n u(N)

n

+ α(N)
n γ(N)

n xn

= α(N)
n (T (PT )n−1x(N−1)

n − x∗ + γ(N)
n (u(N)

n − xn) + (1− α(N)
n )(xn − x∗)

− (1− α(N)
n )γ(N)

n xn + (1− α(N)
n )γ(N)

n u(N)
n

= α(N)
n (T (PT )n−1x(N−1)

n − x∗ + γ(N)
n (u(N)

n − xn)

+ (1− α(N)
n )(xn − x∗ + γ(N)

n (u(N)
n − xn)).

Therefore,

a = lim
n→∞

‖x(N)
n − x∗‖

= lim
n→∞

‖α(N)
n (T (PT )n−1x(N−1)

n − x∗ + γ(N)
n (u(N)

n − xn))

+ (1− α(N)
n )(xn − x∗ + γ(N)

n (u(N)
n − xn))‖.

By (3.7), (3.8) and Lemma 2.5, we have

lim
n→∞

∥∥∥T (PT )n−1x(N−1)
n − xn

∥∥∥ = 0. (3.9)
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Now, we shall show that limn→∞

∥∥∥T (PT )n−1x
(N−2)
n − xn

∥∥∥ = 0. For each n ≥
1,

‖xn − x∗‖ ≤
∥∥∥T (PT )n−1x(N−1)

n − xn

∥∥∥+
∥∥∥T (PT )n−1x(N−1)

n − x∗
∥∥∥

≤
∥∥∥T (PT )n−1x(N−1)

n − xn

∥∥∥+
∥∥∥x(N−1)

n − x∗
∥∥∥+ εn.

Using (3.9), we have

a = lim
n→∞

‖xn − x∗‖ ≤ lim inf
n→∞

∥∥∥x(N−1)
n − x∗

∥∥∥ .
It follows that

a ≤ lim inf
n→∞

∥∥∥x(N−1)
n − x∗

∥∥∥ ≤ lim sup
n→∞

∥∥∥x(N−1)
n − x∗

∥∥∥ ≤ a.
This implies that

lim
n→∞

∥∥∥x(N−1)
n − x∗

∥∥∥ = a.

On the other hand, we have∥∥∥x(N−2)
n − x∗

∥∥∥ ≤ ‖xn − x∗‖+ t(N−2)
n , ∀n ≥ 1,

where
∑∞

n=1 t
(N−2)
n <∞. Therefore,

lim sup
n→∞

∥∥∥x(N−2)
n − x∗

∥∥∥ ≤ lim sup
n→∞

(‖xn − x∗‖+ εn) ≤ a.

Next, consider∥∥∥T (PT )n−1x(N−2)
n − x∗ + γ(N−1)

n (u(N−1)
n − xn)

∥∥∥
≤
∥∥∥T (PT )n−1x(N−2)

n − x∗
∥∥∥+ γ(N−1)

n

∥∥∥u(N−1)
n − xn

∥∥∥ .
Thus,

lim sup
n→∞

∥∥∥T (PT )n−1x(N−2)
n − x∗ + γ(N−1)

n (u(N−1)
n − xn)

∥∥∥ ≤ a. (3.10)

Also,∥∥∥xn − x∗ + γ(N−1)
n (u(N−1)

n − xn)
∥∥∥ ≤ ‖xn − x∗‖+ γ(N−1)

n

∥∥∥u(N−1)
n − xn

∥∥∥
implies that

lim sup
n→∞

∥∥∥xn − x∗ + γ(N−1)
n (u(N−1)

n − xn)
∥∥∥ ≤ a, (3.11)

and we observe that
x(N−1)

n − x∗ = α(N−1)
n T (PT )n−1x(N−2)

n + (1− α(N−1)
n )xn

− γ(N−1)
n xn + γ(N−1)

n u(N−1)
n − (1− α(N−1)

n )x∗ − α(N−1)
n x∗

= α(N−1)
n (T (PT )n−1x(N−2)

n − x∗ + γ(N−1)
n (u(N−1)

n − xn)

+ (1− α(N−1)
n )(xn − x∗ + γ(N−1)

n (u(N−1)
n − xn)),
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and hence

a = lim
n→∞

‖x(N−1)
n − x∗‖

= lim
n→∞

‖α(N−1)
n (T (PT )n−1x(N−2)

n − x∗ + γ(N−1)
n (u(N−1)

n − xn))

+ (1− α(N−1)
n )(xn − x∗ + γ(N−1)

n (u(N−1)
n − xn))‖.

By (3.10), (3.11) and Lemma 2.5, we have

lim
n→∞

∥∥∥T (PT )n−1x(N−2)
n − xn

∥∥∥ = 0. (3.12)

Similarly, we have

lim
n→∞

∥∥∥T (PT )n−1x(N−2)
n − x∗

∥∥∥ = 0.

Continuing this process, we have

lim
n→∞

∥∥∥T (PT )n−1x(1)
n − xn

∥∥∥ = 0.

Now, ∥∥∥T (PT )n−1xn − x∗ + γ(1)
n (u(1)

n − xn))
∥∥∥

≤
∥∥T (PT )n−1xn − x∗

∥∥+ γ(1)
n

∥∥∥u(1)
n − xn

∥∥∥ .
Thus,

lim sup
n→∞

∥∥∥T (PT )n−1xn − x∗ + γ(1)
n (u(1)

n − xn))
∥∥∥ ≤ a. (3.13)

Also, ∥∥∥xn − x∗ + γ(1)
n (u(1)

n − xn))
∥∥∥ ≤ ‖xn − x∗‖+ γ(1)

n

∥∥∥u(1)
n − xn

∥∥∥
implies that

lim sup
n→∞

∥∥∥xn − x∗ + γ(1)
n (u(1)

n − xn))
∥∥∥ ≤ a, (3.14)

and hence

a = lim
n→∞

‖x(1)
n − x∗‖

= lim
n→∞

‖α(1)
n (T (PT )n−1xn − x∗ + γ(1)

n (u(1)
n − xn))

+ (1− α(1)
n )(xn − x∗ + γ(1)

n (u(1)
n − xn))‖.

By (3.13), (3.14) and Lemma 2.5, we have

lim
n→∞

∥∥T (PT )n−1xn − xn

∥∥ = 0, (3.15)
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and this implies that

‖xn+1 − xn‖

≤
∥∥∥α(N)

n (T (PT )n−1x(N−1)
n + (1− α(N)

n − γ(N)
n )xn + γ(N)

n u(N)
n − xn

∥∥∥
≤ α(N)

n

∥∥∥T (PT )n−1x(N−1)
n − xn

∥∥∥+ γ(N)
n

∥∥∥u(N)
n − xn

∥∥∥ (3.16)

→ 0 as n→∞.

Thus, we have∥∥T (PT )n−1xn − xn

∥∥
≤

∥∥∥T (PT )n−1xn − T (PT )n−1x(N−1)
n

∥∥∥
+
∥∥∥T (PT )n−1x(N−1)

n − xn

∥∥∥
≤

∥∥∥xn − x(N−1)
n

∥∥∥+ εn +
∥∥∥T (PT )n−1x(N−1)

n − xn

∥∥∥
≤ α(N−1)

n

∥∥∥xn − T (PT )n−1x(N−2)
n

∥∥∥+ γ(N−1)
n

∥∥∥u(N−1)
n − xn

∥∥∥ (3.17)

+εn +
∥∥∥T (PT )n−1x(N−1)

n − xn

∥∥∥
→ 0 as n→∞.

We now show that limn→∞ ‖xn − Txn‖ = 0. By (3.16) and (3.17), we show
that ∥∥T (PT )n−2xn − xn

∥∥
≤ ‖xn − xn−1‖+

∥∥xn−1 − T (PT )n−2xn−1

∥∥
+
∥∥T (PT )n−2xn−1 − T (PT )n−2xn

∥∥ (3.18)

≤ ‖xn − xn−1‖+
∥∥xn−1 − T (PT )n−2xn−1

∥∥+ L ‖xn−1 − xn‖
→ 0 as n→∞.

Thus from (3.17) and (3.18), we have

‖xn − Txn‖ ≤
∥∥xn − T (PT )n−1xn

∥∥+
∥∥T (PT )n−1xn − Txn

∥∥
≤

∥∥xn − T (PT )n−1xn

∥∥+ L
∥∥T (PT )n−2xn − xn

∥∥
→ 0 as n→∞.

It implies that
lim

n→∞
‖xn − Txn‖ = 0.

This completes the proof.
�

Theorem 3.5. Let E be a real uniformly convex Banach space, K a nonempty
closed convex subset of E and P a nonexpansive retraction of E onto K. Let
T : K → E be a uniformly L-Lipschitzian completely continuous asymptotically
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quasi-nonexpansive type nonself mapping with F (T ) 6= ∅. Let the sequence {xn}
be defined by (1.3) and some α, β ∈ (0, 1) with the following restrictions:

(i) α
(i)
n + β

(i)
n + γ

(i)
n = 1, 1 ≤ i ≤ N ,

(ii)
∑∞

n=1 γ
(i)
n <∞, 1 ≤ i ≤ N ,

(iii) 0 < α ≤ α(i)
n ≤ β < 1, 1 ≤ i ≤ N , ∀n ≥ n0 for some n0 ∈ N .

Then {xn} converges strongly to a fixed point of T .

Proof. It follows from Theorem 3.4 that

lim
n→∞

‖xn − Txn‖ = 0. (3.19)

By Lemma 3.3, {xn} is bounded. It follows by our assumption that T is
completely continuous, there exists a subsequence {Txnj} of {Txn} such that
Txnj → p ∈ K as j →∞. Moreover, by (3.19), we have

∥∥Txnj − xnj

∥∥→ 0 as
j →∞ which implies that xnj → p as j →∞. By (3.19) again, we have

‖p− Tp‖ = lim
j→∞

∥∥xnj
− Txnj

∥∥ = 0.

It shows that p ∈ F (T ). Furthermore, since limn→∞ ‖xn − p‖ exists, limn→∞ ‖xn − p‖ =
0. That is, {xn} converges strongly to a fixed point of T . This completes the
proof. �

Remark 3.6. Our results generalize and extend the corresponding results of
Xu and Noor [13] to the case of multi-step iterative sequences with errors for
more general class of asymptotically nonexpansive nonself mappings.

Remark 3.7. Our results also extend the corresponding results of Wangkeeree
[12] to the case of more general class of asymptotically quasi-nonexpansive non-
self mapping and multi-step iterative sequences. The iterative scheme (1.2) for
asymptotically quasi-nonexpansive type for nonself mapping is also extended.

Remark 3.8. Our results also extend the corresponding results of [10] to the
case of multi step iterative sequence.
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