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STRONG CONVERGENCE OF EXTENDED GENERAL
VARIATIONAL INEQUALITIES AND NONEXPANSIVE
MAPPINGS

JUN-MIN CHEN, L1-JUAN ZHANG, AND ZHEN HE

ABSTRACT. In this paper, we suggest and analyze some three step itera-
tive scheme for finding the common elements of the set of the solutions of
the extended general variational inequalities involving three operators and
the set of the fixed points of nonexpansive mappings. We also consider
the convergence analysis of suggested iterative schemes under some mild
conditions. Since the extended general variational inequalities include
general variational inequalities and several other classes of variational in-
equalities as special cases, results obtained in this paper continue to hold
for these problems. Results obtained in this paper may be viewed as a
refinement and improvement of the previously known results.

1. Introduction

Throughout this paper we assume that H is a real Hilbert space, whose
inner product and norm are denoted by (-,-) and || - || respectively. Let K be
nonempty closed and convex set in H, and T, g,h : H — H be given nonlinear
operators. We consider the problem of finding u € H, h(u) € K such that

(T, g(v) — h(u)) >0, Yv e H,g(v) € K. (1.1)

An inequality of type (1.1) is called extended general variational inequality in-
volving three operators, which was introduced and studied by Noor [2]. One
can show that the extended general variational inequalities provide us a uni-
fied, simple, and natural framework in which to study a wide class of problems
which arise in various areas of pure and applied sciences. Using a projection
technique, Noor [2] established the equivalence between the extended general

Received August 8, 2009; Accepted January 4, 2010.

2000 Mathematics Subject Classification. 49J40.

Key words and phrases. extended general variational inclusion, Relaxed cocoercive map-
ping, Projection technique, Fixed point problem.

This research is supported by the NSF of Hebei province (A2009000151) , the NNSF of
China (10971045) and the Science Research Project of Department of Education of Hebei
Province(Z2009111).

(©2010 The Youngnam Mathematical Society

59



60 J.M. CHEN, L.J. ZHANG, AND Z. HE

variational inequalities and the generalized nonlinear projection equation. Us-
ing this equivalent formulation, Noor discussed the existence of a solution of
the extended general variational inequalities under suitable conditions.

We now list some special cases of the extended general variational inequali-
ties. These also can be found in Noor [2].
I. If g = h, then problem (1.1) is equivalent to that of finding u € H : g(u) € K
such that

(T(u),g(v) — g(w) >0,  YoeH:g(v) €K, (1.2)

which is known as general variational inequality, introduced in Noor [3].
I1. For g = I, the identity operator, the extended general variational inequality
(1.1) is equivalent to finding: u € H : h(u) € K such that

(T(u),v — h(u)) > 0,Yv € K, (1.3)

which also called the general variational inequality; see Noor [4].
ITII. For h = I, the identity operator, the extended general variational inequal-
ity (1.1) is equivalent to finding: u € K such that

(T(u),g(v) —u) >0,Yv € H:g(v) € K, (1.4)

which also called the general variational inequality; see Noor [5].
IV. For ¢ = h = I, the identity operator, the extended general variational
inequality (1.1) is equivalent to finding: u € K such that

(T(uw),v —u) >0,Yv € K, (1.5)

which is known as the classical variational inequality and studied by Stampac-
chia [1] in 1964.

Noor [2] emphasizes that the problem (1.1) is equivalent to that of finding
u € H : h(u) € K such that

(Tu+ h(u) — g(u), g(v) — h(u)) > 0, Yv € H,g(v) € K. (1.6)
We now recall the following well-known results and concepts.
Lemma 1.1. For given z € H,u € K satisfies the inequality
(u—2z,v—u)>0,Yv e K, (1.7)

if and only if
u = Pg(2)

where Pk is the projection of H onto K. Also the projection operator Pk is
nonexrpansive.

Using Lemma 1.1, we can show that the extended general variational in-
equality (1.6) is equivalent to the fixed point problem. This result is mainly
due to Noor [2].
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Lemma 1.2. The function w € H : h(u) € K is a solution of the extended
general variational inequality (1.6) if and only if w € H : h(u) € K satisfies
the relation

h(u) = Pxlg(u) — pT'u], (1.8)
where Py s the projection operator and p > 0 is a constant.

It is clear from the Lemma 1.2 that the extended general variational in-
equality (1.6) and the fixed point problem (1.8) are equivalent. This alterna-
tive equivalent formulation has played a significant role in the studies of the
variational inequalities and related optimization problems.

It is convenient to rewrite the relation (1.8) in the following form which is
very useful in obtaining our results:

u=u— h(u) + Pglg(u) — pTu]. (1.9)

Let S : K — K be a nonexpansive mapping, i.e., if ||Sz — Sy| < |z —
yll,Vo,y € K. We denote the set of the fixed points of S by F(S) and the
set of the solutions of the extended general variational inequalities (1.6) by

EGVI(K,T,g,h). If u € F(S)N EGVI(K,T,g,h), from the Lemma 1.2, it
follows that

u = Su=u—h(u)+ Pglg(u) — pTu]
= Su—h(u) + Pxlg(u) — pTul,
where p > 0 is a constant.

The fixed point formulation is used to suggest the following three-step iter-
ative method for finding a common element of two different sets of the fixed
points of the nonexpansive mappings and the extended general variational in-
equalities.

Algorithm 1.1. For a given xzg € H, compute the approximate solution x,
by the iterative schemes

zn = (1= v)an + mS{zn — h(@n) + Prlg(@n) — pT2sl}, (1.10)
Yn = (1 = Bn)xn + BnS{zn — h(zn) + Pxlg(zn) — pTzn]}, (1.11)
Tny1 = (1= an)zn + 0 S{yn — h(yn) + Pr[9(yn) — pTynl}, (112)

where @, Bn, v € [0,1] for all n > 0 and S is a nonexpansive mapping.
Algorithm 1.1 is a three-step predictor-corrector method. For S = I and g = h,
Algorithm 1.1 is essentially due to Noor [6].

For g = h, Algorithm 1.1 reduces to the following method, which is studied
by Noor [7].
Algorithm 1.2. For a given zg € H, compute the approximate solution z,,
by the iterative schemes

Zn = (1 - 'Yn)xn + ’Yns{xn - g(:vn) + Pk [g(xn) - pT:Cn]},
( _

Yn = (1= Bn)zn + 5nS{Zn —g(zn) + PK[Q Zn PTZnH»
Tpg1 = (1 = an)rn + anS{yn — g(yn) + P [9(yn) — pTynl},



62 J.M. CHEN, L.J. ZHANG, AND Z. HE

where ay,, B, 7n € [0,1] for all n > 0 and S is a nonexpansive mapping.
For g = h = I, the identity operator, Algorithm 1.1 reduces to the following
methods, which is basically Noor and Huang [8].

Algorithm 1.3. For a given xzg € H, compute the approximate solution z,,
by the iterative schemes

Tn+1 = (1 - an)l’n + anS Pk [yn - PTyn],

where oy, B, 1 € [0,1] for all n > 0 and S is a nonexpansive mapping.
Note that for v, = 0, Algorithm 1.1 reduce to:

Algorithm 1.4. For a given zy € H, compute the approximate solution z,,
by the iterative schemes

Tpt1 = (1 — an)n + anS{yn — "(yn) + Pr[9(yn) — pTyn]},
where a,, B, vn € [0,1]. Algorithm 1.4 is also known as the two-step (Ishikawa
iterations) iterative method.

Algorithm 1.5. For given zy € K, the sequence {z,} is generated by the
following scheme:

Tpt1 = (1 — ap)zy + @nS{x, — h(zn) + Prlg(x,) — pTan]}.

In particular, three-step methods, Algorithm 1.1 is quite general and it includes
several new and previously known algorithms for solving variational inequalities
and nonexpansive mappings. It is well known fact three-step iterations are also
called Noor iterations, which has stimulated recent research activities in the
field of fixed point theory and related optimization problems. Clearly Noor
iterations include Mann (one-step) and Ishikawa (two-step) iterations as special
cases.

Definition 1. A mapping T : K — H is called p-Lipschitzian if there exists a
constant p > 0, such that

| T — Tyl| < ulle -y, v,y € K.

Definition 2. A mapping T : K — H is called r-strongly monotonic if there
exists a constant r > 0, such that

Definition 3. A mapping T : K — H is called a-inverse strongly monotonic
if there exists a constant o > 0, such that

(Tx — Ty, —y) > o||Tz — Ty|?* Vz,y € K.
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Definition 4. A mapping T : K — H is called relazed (v, r)-cocoercive if there
exist constants v > 0,7 > 0, such that

(Tz —Ty,x —y) > =Tz — Ty|* +rllz — y||* Yo,y € K.

2. Main results

In this section, we investigate the strong convergence of Algorithm 1.1 in
finding the common element of two sets of the solutions of the variational
inequalities EGVI(K, T, g,h) and F(S).

In order to prove our results we need the following Lemma:

Lemma 2.1. [10] Suppose {3}, is a nonnegative sequence satisfying the
following inequality:

Op+1 < (1= Ag)dp, + 0k, k>0

with A\, € [0,1], 372 o Ak = 00, and o, = 0(Ag). Then limy_, o 6 = 0.

Theorem 2.2. Let K be a closed convex subset of a real Hilbert space H. LetT
be a relazed (y,7) cocoercive and p-Lipschitzian mapping of K into H. Let g be
a relaxed (vy1,71) cocoercive and pq-Lipschitzian mapping of K into H and h be
a relazed (y2,72) cocoercive and ps-Lipschitzian mapping of K into H. Let S be
a nonezpansive mapping of K into K such that F(S)NEGVI(K,T,g,h) # 0.
Let x,, be a sequence defined by algorithm 1.1, for any initial point xog € K
with conditions

= 7#2| < V((r —yp?)? — 2 (ky + k2)[2 — (k1 + k2)]
p? p?

lp , (2.1)

where

k1=\/1+271lt%—27”1+ﬂ%,

ky = \/1 + 27203 — 272 + i3,
and ki + ky < 1. o, Bn,vm € [0,1] and Y- | o, = o0, then z,, obtained from
Algorithm 1.1 converges strongly to x* € F(S)NEGVI(K,T,g,h).

Proof. Let x* € F(S)NEGVI(K,T,g,h). Then

' = (L=m)a” +ynS{z" — h(z") + Pxlg(a”) — pT'z"]}
(1= Bn)z* + BnS{a™ — h(a") + Prlg(z”) — pTa"]}
= (1—ap)z™ 4+ a,S{a™ — h(z") + Pxlg(z™) — pTz*]}.



64 J.M. CHEN, L.J. ZHANG, AND Z. HE

From the nonexpansive property of the projection Pk and nonexpansive map-
ping S, we have

||$7l+1 - x*ll = ”1 - an)xn + anS{yn - g(yn) + PK[g(yn) - pTyn]} -
(1 —an)z” — anS{z" — h(z") + Pxlg(z”) — pTz"]}||
< (A =an)llzn — 2|+ anllyn — hyn) — 2" + h(z”)]|

+anllg(yn) — pPTyn — g(x*) + pTx™||

(I —an)llzn — 2% + anllyn — h(yn) — 2™ + h(2")||
+anllg(yn) — 9(z%) — yn + 27|

+onllyn — 2 — pTyn + pTa™|. (2.2)

IN

From the relaxed (v, r)-cocoercive and p-Lipschitzian definition on T,

Hyn -zt = p(T.%‘n - Tx*)||2

[yn — *||* = 20(Tyn, — Ta*, 2 — %) + p||Tyn — Ta*|?

[yn — 2*|1> = 2p[=| Tyn — Tz*|1> + rllyn — 2*|°] + p*| Tyn — Ta*|

(14 2pyp® = 2pr + p*1®] |l ym — =¥ |2

03 lyn — 2*|I°, (2.3)

ININ

where 01 = /1 + 2pyu2 — 2pr + p2p2.

In similar way, using the relaxed (1, r1)-cocoercivity and pq- lipschitzian of
the operator g, and the relaxed (72, r2)-cocoercivity and po- lipschitzian of the
operator h, we have

yn — 2" = [g(yn) — g(z)]|| < \/1 + 2y1p8 = 2r1 + 13 [y — 27| = Kaflyn — 27
(2.4)

[y — 2" = [A(yn) = h(z")]|| < \/1 + 272013 — 2y + i3 llyn — 2*|| = kallyn — 2.
(2.5)

From (2.2)-(2.5), we have
[Znt1 — 2| < (1= )|z — 2% + anfllyn — =7, (2.6)

where 6 = k1 + ko + 6. From (2.1), we have 6§ < 1.

lyn — 2" < (1= Bu)llzn — 2™ + BullS{zn — h(zn) + Prlg(zn) — pTzn]}
—5{z" = h(z") + Prg(«") — pT"]}|
< (L=Bu)llzn = 2"+ Bullzn — 2" = p(Tzn — Tz

+0nllzn = h(zn) = 2% + h(@") | + Bullg(2n) — g(2") = 20 + 27|,
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from the relaxed (v, r)-cocoercive and p-Lipschitzian definition on T
20 — 2" = p(Tz — Tx*)|?
= Jlzn — 2%||? = 20(T2,, — Tx*, 2, — *) + p|| T2, — T*|?
2 — 1% = 20[=|T2n — T |2 + 1|20 — 27 |2] + p?| T2 — T"
(14 207p% = 201 + p*1i) || 20 — 27|

01llzn — 2™,

<
<

In similar way, using the relaxed (v, r1)-cocoercivity and pq-Lipschitzian of
the operator g, and the relaxed (72, r2)-cocoercivity and po-Lipschitzian of the
operator h, we have

[z — 2 = [g(zn) — g(«")]]| < \/1 +2mpd = 2r 4 pdllzn — 27| = Kalzn — 27

[z — 2" = [A(zn) = h(z")]]| < \/1 + 2943 — 2ra + pi3]|zn — "] = kallzn — 2.

Therefore, we have

1yn — 27| < (1= Bu)llzn — 2| + Bubllzn — 27|, (2.7)
lzn — 2%l < (1= yn)llzn — 27| + Wmbllzn — 27|
= (L=l =0))|zn — 2|
< lwn — 2. (2.8)
From (2,7),(2,8), we have
lyn =™ < (1 = Bn(1 = O)l|lzn — 27| < f2n — 27, (2.9)

From(2.6),(2.9), we obtain that

[entr =2 < (1= an)llzn — 27| + anbllyn — 27|

< (A —an)llzn — 2| + bz, — 27|
= (I—an(=0)|zn — 2",
and hence by Lemma 2.1, lim,,_, o ||z, — 2*|| =0, i.e., z, — z*. O

Remark 1. For g = h, Theorem 2.2 reduce to Theorem 3.1 of Noor [7]; for
g = h = I, the identity operator, Theorem 2.2 reduces to a result of Noor and
Huang [8] for the variational inequalities and nonexpansive mappings.

Next we will prove the strongly convergence theorem of Algorithm 1.5 under
the a-inverse strongly monotonicity (see[9]). With the following result, we ex-
tend Theorem 3.3 of [7] from the general variational inequality to the extended
general variational inequality, while we also extend the result of [9].

Theorem 2.3. Let K be a closed convex subset of a real Hilbert space H, and
a>0and ay > 0,as > 0. Let T be an a-inverse strongly monotone mapping
of K into H. Let g be an aq-inverse strongly monotone mapping of K into
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H and h be an as-inverse strongly monotone mapping of K into H, S be a
nonezpansive mapping of K into K such that F(S)NGVI(K,T,g,h) #0. If

[1—a1|+|1—as] <a, (2.9)
lp—al <lafl — (v +v2)], (2.10)
where
_\1—a1| _|1—052|
v = , Vg = )
aq (&%)

then the approximation solution obtained from Algorithm 1.5 converges strongly
tox* € F(S)NGVI(K,T,g,h).

Proof. 1t is well known that if T is a-inverse strongly monotonic with the
constant c, then 7' is 1-Lipschitzian continuous (see [9]). For z* € F(S) N
GVI(K,T,g,h), we have
Jn — 2* — p(Twn — Ta")|?
= lan — 2*|)? + p?||T2n — Tx*|| — 2p(Tx,, — Ta*, 2, — 2*)

< N — 2| + I Tan — Ta*| — 2| Titn — T
< <1 + /)2;22/)a> len — J:*HQ
So we have
i — 2 — plT, ~ T)) < L=, . (2.11)

In similar way, using the a;-inverse strongly monotonicity of g and the aso-
inverse strongly monotonicity of h, we have

[2n — 2" = g(zn) + g(2")|| < villzn — 2™, (2.12)
[2n — 2% = h(zq) + h(z")|| < vollzn — 27, (2.13)
where vy = 1=l 4, = 1222 From Algorithm 1.5, (2.11), (2.12) and (2.13),

[e5]

we have

len —a*] < (L= an)len — ]| + anllS{za — hlen) + Pic(g(an) — pT,)}
—S{a* — h(a") + P (g(a") — pTa")}|

< (A —ap)lzn — ¥ + anllz, — 2" — p(Tx, — Tx")||
+an||zn — 2" = g(2n) + g(z™) ||
‘o ||y — a* — h(x,) + h(z")||
— o
< (1—ozn)||xn—m*|+an(|p |+1)1—|—112> |lzn — 2|

= - () e -

= [1—an(l =0)][|z, — 2",
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erev=1-— (lf’%a‘ + vy +v2), from (2.9)and (2.10), it follows that 6 < 1.

Using Lemma 2.1, we have lim,,_, ||z, — 2*|| =0, i.e., z, — z*. O

(1]

(8]
(9

References

G. Stampacchia, Formes bilinearies coercivities sur les ensembles convexes, C. R. Acad.
Sci. Paris 258 (1964), 4413-4416.

M. Aslam Noor, Eztended general variational inequalities, Appl. Math. Lett. 22 (2009),
182-186.

, General variational inequalities, Appl. Math. Lett. 1 (1988), 119-1121.

, Some developments in general variational inequalities, Appl. Math. Comput.
152 (2004), 199-277.

, Differentiable nonconvez functions and general inequalities, Appl. Math. Com-
put. 199 (2008), 623-630.

, New aproximation schemes for general variational inequalities, J. Math. Anal.
Appl. 251 (2000), 217-229.

, General variational inequalities and nonexrpansive mappings, J. Math. Anal.
Appl. 331 (2007), 810-822.

M. A. Noor and Z. Huang, Three-step iterative methods for nonerpansive mappings and
variational inequalities, Appl. Math. Comput. 187 (2007), 680-685.

W. Takahashi and M. Toyoda, Weak convergence theorems for nonerpansive mappings
and monotone mappings, J. Optim. Theory Appl. 118 (2003), 417-428.

[10] X. L. Weng, Fized point iteration for local strictly pseudocontractive mapping, Proc.

Amer. Math. Soc. 113 (1991), 727-731.

JUN-MIN CHEN

COLLEGE OF MATHEMATICS AND COMPUTER
HEBEI UNIVERSITY

Baobping, P.R.CHINA 071002

E-mail address: chenjunm01@163. com

L1-JUAN ZHANG

COLLEGE OF MATHEMATICS AND COMPUTER
HEBEI UNIVERSITY

Baoping, P.R.CHINA 071002

E-mail address: zhanglijuan@hbu.edu.cn

ZHEN HE

COLLEGE OF MATHEMATICS AND COMPUTER
HEBEI UNIVERSITY

Baobing, P.R.CHINA 071002



