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Abstract
For estimating the mean of a finite population, three classes of estimators using multi-auxiliary information
with unknown means using two phase sampling in presence of non-response have been proposed with their
properties. Asymptotically optimum estimator(AOE) in each class has been identified along with their mean
squared error formulae. An empirical study is also given.
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1. Introduction

In survey sampling, it is well established that the use of auxiliary information results in substantial
gain in efficiency over the estimators which do not use such information. Out of many ratio, product
and regression methods of estimation are good examples in this context. When the correlation between
the study variate y and the auxiliary variate x is positive (high) the ratio method of estimation is quite
effective. On the other hand if this correlation is negative (high) the product method of estimation
envisaged by Robson (1957) and rediscovered by Murthy (1964), can be employed. In large-scale
sample surveys, we often collect data on more than one auxiliary character and some of these may
be correlated with y. Estimators using information of the known population mean of an auxiliary
variable have generalized to the cases when such information is available for more than one auxiliary
variables by several authors as Olkin (1958), Raj (1965), Rao and Mudholkar (1967), Singh (1967),
Srivastava (1971) and Mohanty and Pattanaik (1982) and Agrawal and Panda (1993) ezc. But in
many situations of practical importance it has been observed that the population means of auxiliary
variables are not known. So we use two-phase sampling scheme for estimating the population means
of auxiliary variables. Srivastava (1981) suggested a class of estimators for estimating the population
mean in two-phase sampling assuming that responses for all variables are available for each unit
selected in the sample. But in practice, the problem of non-response often arises in sample surveys.
In such situations for single variable survey, the problem of estimating the population mean using
sub-sampling scheme has been first considered by Hansen and Hurwitz (1946). Further improvement
in the estimation procedure for population mean in presence of non-response using auxiliary variable
was considered by Cochran (1977, p.374), Rao (1986, 1987), Sarndal et al. (1992, p.583), Khare and
Srivastava (1993, 1995, 1997), Okafor (1996), Tabasum and Khan (2004, 2006), Khare and Sinha
(2004, 2007), Singh and Kumar (2008a, b; 2009a, b) and Singh et al. (2010).
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In this paper we have suggested three classes of estimators for estimating the population mean
of the study variate using multi-auxiliary information with unknown population means using two-
phase sampling in presence of non-response. The expressions for bias and mean squared errors of
the suggested classes of estimators have been derived. The conditions for attaining minimum mean
squared errors of the proposed classes have also been investigated. An empirical study is given in
support of the present study.

2. Sampling Procedure and Notations

Consider a finite population U = (U, Uy, ..., Uy) of N units. Let y denote the study character whose
population mean Y is to be estimated using information on p auxiliary variates xi, xa,...,x,. Let
Yj» X1j»X2j, ..., Xp; denote the values of the variates y, x, X, ..., x, respectively, on the j’h unit U;
of the population U, j = 1,2,...,N. When the population means X;, X, ..., X, of the auxiliary
variates xi, xa, ..., X, respectively are known several multivariate ratio and product estimators of the
population mean ¥ have been formulated along with their properties for instance see Olkin (1958), Raj
(1965), Rao and Mudholkar (1967), Singh (1967), Srivastava (1971), Mohanty and Pattanaik (1982)
and Agarwal and Panda (1993). The population is supposed to be divided in N; responding and N,
non-responding units such that Ny + N, = N. However, in certain practical situations population means
X, X%, ... X » of auxiliary variates xi, x2, ..., X, respectively are not known a priori in which case the
technique of two-phase (or double) sampling can be useful. In two-phase sampling a first phase sample
of size n’ is drawn from the population by simple random sampling without replacement(SRSWOR)
scheme on which only the auxiliary variates are measured in order to furnish the good estimates
of X1,X5,...,X,. A smaller second phase sample of size n(< n’) is selected from n’ by simple
random sampling without replacement(SRSWOR) and the study variate y is measured on it. Let
()"c’l, )"c’z, ..., X)) be the sample mean of the auxiliary variates xi, x2, ..., x, respectively based on first
phase sample of size n’. Further let j and (¥, X», ..., X)) be the sample means of the study variate y
and auxiliary variates x{, x2, .. ., X, obtained from the second phase sample of size n when there is no
non-response (i.e. complete response) in the second phase sample. In such situations the formulation
of two-phase (or double) sampling multivariate ratio and product estimators can be done easily just
replacing X1, X, . .. ,)_(p by (%, %,..., )"c;,), see Srivastava (1981). If, however, there is non-response
in the second phase sample, take a sub-sample of the non-respondents and re-contact them.

We assume that at the first phase, all the n’ units supply information on the auxiliary variates
X1, X2,...,X,. From the second phase sample of 7 units, let 7; units supply information on the study
variate y and n, units refuse to respond. From the n, non-respondents, using Hansen and Hurwitz
(1946) procedure we again select a sub sample of size m = ny/k, (k > 1) units using SRSWOR
assuming all the m units respond. Here we have (n; + m) responding units on the study variate y and
consequently the estimator for population mean ¥ using sub sampling scheme envisaged by Hansen
and Hurwitz (1946) is defined by

— _ (T ) - (712 ) -
(2 +(=2 , 2.1
y ( o+ e 2.0
where ¥(1y and ¥(») denote the sample means of the study variate y based on n; and m units respectively.
It is well known that the estimator ¥* is unbiased estimator of the population mean ¥ and has the
variance

Watk —1)

Var(5*) = (I%f)sg + Sk (2.2)
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where f = n/N, W; = N;/N, (i = 1,2), 52 and S(ZJ(Z) are the population mean square of the variate y
for the entire population and for non—respondmg group of the population. Similarly for estimating the

population mean X; of the auxiliary variate x; (i = 1,2,..., p), the unbiased estimator X} is given by
i nyy_ np\ _ .
X = (—)x,-(l) +(—)x,»(2), 1= 1,2,...,p, (23)
n n

where X1y and X;o) are the sample means of the auxiliary variate x; (i = 1,2,..., p) based on n; and
m units respectively. The variance of X; is given by

1- Wk = 1
Var()'c*)z( nf)s?+ 2(n )S%’(z), i=12....p 24

where S and § 2(2) are the population mean square of x; (i = 1,2,..., p) for the entire population and
non respondlng group of the population.

Now we define

So Si . So) Si@) S oi
Co=—, Ci=—, i=12,....,p, C —, Cip=—, = —,
0 7 i X p 0Q2) = 17 i(2) X 0i SoS;
N i Soie) i | &
y - Y x X b pO'z = —17 YZ = ."
N Zl J ij t) i(2) So»Sia 2 N, jzzlyzj
I 1 & So;
- L _Y L _X. Y. — — . . ;=
Soi2) = Ny o1 Z()’/ Y(z)) (x,j Xz(z)), Xio) = N ;Xu, Boi = 52 i=12...,p,
S0i2) Si Sii2) Y
Boiyy=——> i=1L2,...,p, pu=—oo, P> @#I=12,...,p), R=2.
@ Slz(z) SiS @SS X
Let

1 . .
u=—, i=12,...,p;

=——, i=p+1,p+2,...,2p.

i-p

Let u denote the column vector of 2p elements uy,us, ..., us,. Super fix T over a column vector
denotes the corresponding row vector.

S:y*_y n%:x;“—)'(i 77— -X; . :;‘c,-_,,—)'(,» y :)'c’. -X;
0 Y ) i }—(i B i Xi B i—p )—(i B i-p S )

5i:“i_1:(’Yi—p‘nf—p)Jf(’ﬁp—77i—p'7§_,,)+'“, i=p+1L,p+2,...,2p,
E(g) =0, E@G)=0 Vi=12,...,2p,

1 Wak - 1) .
E(806i)—{(__;)‘ 2(n q1(2)}:_ai’ i=1,2,...,p

1 1
:(———/)q,—g,, i=p+1,p+2,...,2p,
n o n
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qi = poiCoCi,  qi) = poi)CoCi2)» i=1,2,...,p,
o1 Walk — 1)

E(6i01) = {(— - —,) ai + 2—ail(2)} = eir;
n o n n

= (1 - l,)ail; (i=12,....2p;l=p+1,p+2,...,2p);
n o n

ay = puCiCr; aue) = pu)Cio)Cipy, D =1,2,....p; {poi,piu, (i, )) = 1,2,..., p} and {poi2), pir2),
(i,)) =1,2,..., p} are the correlation coefficients between (y, x;) and (x;, x;) respectively for the entire
population and for the non-responding group of the population. Putting the above results in matrix
notations, we have

E F 11
E(g00") = b, E(déT):D:[FT T}, E=F+Fp, F:(;—;)az(ﬁ,),,x,,;

_ Walk—1)
a n

1 1
F awy = (fu)pxps  a = @idpxps a2 = @i@)pxps  Ji = (— - _)ail§

n n

Jiuey = @aiw); b" = (QT : gT) = (Ql, Q2a~--anagl,gZ7-'-’gp)a

11 Wa(k — 1) 11 Wa(k — 1) ,
QT = - - qT+ Z—Q(Tz) > Qi = - - - CIz"' 2—‘]1(2) b 1= 152""»p’
n n

n n n n

I 1 Wk — 1)
CIT = (91,6]2, .- -,qp), q(Tz) = (611(2),%(2), .- .,Qp(2>), gT = (— - —)CIT, 8(T2) = —q(Tz),

n n n
O = (¢ vah). Eleod') =0 Eloe) = Ep 0=(1- o Dy,
el = (% - %)Cf ;=D ])C%Q), en = (% - %)Cg + wC%(z)
€12 = (% B %)6112 + @012(2)» E" = (1 ;f)a " WZ(];_ Da(z) - (e;’)po’

% % % l_f * % s .
= (f;‘l)pxp’ i = (T)ail’ ey = Ja + fuy, GD=1.2,....p,

. (1-F Wa(k - 1) . (1-Ff Wa(k - 1) .
Q = ( )q+ 2 q(2)9 Ql' = ql+ 2 C][(Z), (l = 1’2’~--,p),
n n n n
. I-f Wak — 1) . 1-f Wak — 1)
e = ( " )C% + " C%Q)’ €y = — C% + Tcg(z)’
o (1- Wak — 1) R
e = ( nf)PuClCz + ZTP12(2)C1(2)C2(2), D" = [ T ],
«T T T * * * k% * T 1- f T
b :(Q -8 ):(Ql’Q2""’Qp’gl’g2""’gp)? g = p q,
1-f Wa(k — 1) Co Cop)
T T T
= =+ , d: —, d = —_—,
0 ( . )61 P[0 Poi{ ¢, @ = Po12) Cron
(Po12) = P022)P1202) Co2) (P22 = Po12)P1202) Co)
doi2) = , dype =

(1= phe) Cl (1-phe) Gy
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- C - C
_ (o ,0022,012) O and dp = (o2 P021P12) 0
(1-p%)C (1-p%)C

The matrix D is assumed to be positive definite. The matrices E = (ej1)pxp, F' = (fi)pxp and Foy =
(fir2)) pxp are p X p matrices.

In the following sections, utilizing the information an p(> 1) auxiliary variates. We will define
different estimators for Y in different situations and study their properties.

do1

3. The Suggested Classes of Estimators
3.1. Strategy-I

Population means X;,X,, ..., X, of the auxiliary variates xi, xz,...,x, are not known, incomplete
information on the study variate y and auxiliary variate x.

In this situation we use (n; + m) responding units for y and x from the sample of size n and X, to
estimate X;, i = 1,2,...,p). Let vl = (vi,va,...,vp), v; = X;/X), i = 1,2,..., p and ¢’ denotes the
row vector of p unit elements. Whatever be the sample selected, let v assume values in a bounded
closed convex subset J of the (p + 1) dimensional real space containing the point e”. Let A(5*,v") be
a function of (%, v") such that it satisfies the following conditions:

(i) In J, the function A(5*,v") is continuous and bounded.

(ii) The first and second order partial derivatives of A(¥*,v") exist and are continuous and bounded
in J.

We propose a class of estimators for the population mean ¥ as
My=A( "), 3.1
where A(5*,v7) is the function of (¥*, v") such that
A (1?, eT) =7, forall?. (3.2)

Since there are only a finite number of samples, the expectations and mean squared error of the
class of estimators M, exist under the conditions 1 and 2.
Expanding A(5*, v") about the point vI' = ¢! by a second order Taylor’s series, we obtain

iy = A(Y,eT)+ (5 - V) a;;j

F - oA (7, {(y* -r) £A0

(Teh)
AAMD ()
dy*

()7**,\/*7-)

+2()7* - Y)(v—e)T

+ (=0 A? (5 v (v - e)} , (3.3)
(i**,v”)

where 7* = Y + 0G5 = V), v'T = el +0(v —e)7,0 < 8 < 1 and AD(Y, e") denotes the p elements
vector of first partial derivatives of A(¥*,v") with respect to v about the point v/' = e’ and A (5**, v*T)
denotes 2p x 2p matrix of the second partial derivatives of A(7*,v") with respect to v about the point

vI = 1*T, Taking expectation in (3.3) and noting that

E()=EMm)=E@m)=0, i=12,...,p
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and that the expectations of the second degree terms are of order n™!, we obtain
E(Ml) =Y+ o(n_l).

Thus the bias of the estimator M| is of the order n~' and hence its contribution to the mean square

error will be of the order n2.
Noting that
A(Y.e")=7¥, forall ¥ %A—;J(_ ., =1
Ve
Thus from (3.3) we have
M, ~Y+ ()7* - I_/) +(v—e)lAD (Y, eT) or (Ml - Y) =Yeo+ ¢TAD (17, eT) , (3.4)
where ¢7 = (v —e)T.
Squaring both sides of (3.4) we have
(M, - Y)2 = | P2e5 + 2¥epp” AV (., ¢") + {40 (7, eT)}T pp" AV (Y, eT)] . (3.5)
We note that
E(z0¢")= 0" and E(¢¢") = Epsp. (3.6)

Taking expectations of both sides in (3.5) and using (3.6) we get the MSE of M, to the first degree of
approximation as

MSE (i1 = [( - )sg o D g 4 2R0TA0 (F.T) + (7)) E{A(F. eT)}] NEED

The MSE of M, is minimized for
AD(7,¢") = -YE™' Q. (3.8)
Thus, the resulting minimum MSE of M is given by

1-f

minMSE(M1> -2 {( : )Cé N Wo(k - 1)

Cooy— Q"E™! Q}. (3.9)

Now we state the following theorem.

Theorem 1. To the first degree of approximation

N _ 1-f Wok — 1) _
MSE (M) > Y? lor c:, - QTE™!
< 1) = {( n ) 0ot N 0~ @ 0
with equality holding if

AD(7,¢") = -YE™' Q.
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The class of estimators (3.1) is very vast, if the parameters in the function A(7*,v") are so selected
that they satisfy (3.8), the resulting estimator will have MSE given by (3.9). A few examples are:

My =7 +y"(v=e), M@ =5 exp (l//T log V) . M =7 {1 +yl (v - 6)}
« P %2

9 .)_) 9 =k 9 y
M = T, M = vi > M = - T,
16 = T T o) 15) =Y g vi 0= S yTv—e)
where YT = (1,40, .., p) is vector of p constants. The optimum values of these constants are

obtained from the conditions (3.8). Since (3.8) contains p equations, we have taken exactly p unknown
constants in defining above estimators of the class.

Remark 1. For the case of a single auxiliary variable x|, the MSE of M, defined at (3.7) is mini-
mized for

AD(7,1) = —1?(%)

€11

and the minimum MSE of M, is given by

2
min MSE (Ml)z =72 {(1 nf)cg + Wz(l; l)cg(z) - %} (3.10)

which equals to the Variance of the optimum estimator

M =5+ (% - %) 3.11)
in the class of estimators

Mg =7 +d(x - 5})
where d is suitably chosen constant and

p=2

€11

Remark 2. In case of two auxiliary variables, the MSE of M, defined at (3.7) is minimized for

e1n0r —en0
A(ll) (Y, 1, 1) _y er1exn — 6%2 (3.12)
A(zl) ()7, 1, 1) en01—enQy | '
€11€22 — 6%2

Thus the resulting minimum MSE of M, (with two auxiliary variates) is given by

1-f Q%ezz + Q%ell - 2010ze12

. _ Watk — 1
minMSE (M) = 72 ( )cg+M
a n 611622—6%2

Coa) - } (3.13)

which equals to the variance of the optimum estimator

My = 5"+ g (X — X)) + By (¥ — X5)
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is the class of estimators
Mig, =5 +d (] - X))+ (X - X)),
where 85, = (120> — €201)/(e11€22 — €],) and B}, = (€12Q1 — €1102)/(e11€2, — €},) are the optimum

values of d; and d, respectively.
From (3.10) and (3.13) we have

_ 2 (Qie1n + Qren)? S

inMSE (#:) — min MSE (M -
min ( 1), min ( 1) 611(6116’22_3%2)

0
i

which establishes that the proposed estimator M, with two auxiliary variables is more efficient than
that with one auxiliary variable.

Remark 3. In case ’ = N i.e. the population means X;,X>,...,X, of the auxiliary variates
X1, X2, ..., X, respectively are known, the class of estimators M, defined by (3.1) reduces to:

My = A (57.v7), (3.14)
where vV = (vi,v5, ... vi), v = ®/X;, i = 1,2,..., pand A*(3*,v*") is the function of (¥*,v*") such
that A*(Y,e”) = ¥ forall Y.

Putting n’ = N in (3.8) and (3.9) we get the optimum values of the derivatives and the minimum
MSE of M\, are respectively given by
AV (Y, e") = -YET' Q" (3.15)

and

minMSE(M”) = 1?2{(1 _f)Cé L Wak-1

- Cooy — Q*TE“Q*}. (3.16)

Remark 4. For the case of a single auxiliary variable x; with known population mean X, the
expressions (3.15) and (3.16) respectively reduce to:

Wak = 1)
f)901C0C1 + ZTPOI(Z)CO(Z)CI(Z)

A(”(?’l):‘?( - 1 Watk—1)
( f)C%‘* 2n Ciz)

(3.17)

n

and

minMSE(M“)I =72 {(1 _f)cg k-1

Q*2
- Coo) — — } (3.18)

e*

11

It can be shown that the variance of the optimum estimator

My =5+ (X1 - &)
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in the class of estimators

P
is same as given by (3.18) i.e., Var(Mg) = min MSE(M”), By = (Q}/e},) and d* is a suitably chosen
constant.

Remark 5. In case of two auxiliary variables with known population means X; and X5, the expres-
sions (3.12) and (3.13) respectively reduce to:

* £ * £
€05 — e, 0]

#(1) (v * % 5
Ay (Y’ 1, 1) — ¥ €162~ el% (3.19)
A;(2)<Y, 1, 1) €0 -0 |
671632_63
R _ 1= W k-1 *Ze* + *Ze* _2 * *e*
min MSE (M) = ¥? ) = S VP QZ 1 ,Q‘QZ 2L (3.20)
)i 0 0(2) . _* 2
n €11€n ~ €

where ATV (Y, 1,1) = dA*()/0Vi|g1.0ys AS (T, 1,1) = GA*()/0VEl 311
It is to be mentioned that the variance of the optimum estimator
My =5 + B3 (X1 - ) + B35 (X2 - )
in the class of estimators
MZd = )_;* + dT (Xl — )_CT) + d; (}_(2 - )_C;)

is same as given by (3.20) and 8j; = (e],05—€5,07)/(e],€5,— e’f%) and 83, = (e],07—€1,05)/(e],¢5,—

*2
612 .

From (3.18) and (3.20) we have

_ 2
2 k ok * %k

B Y ( €2 Qzeu)

i

min MSE (M“)I — min MSE (M“) >0 (3.21)

* EEPC ) -
611(911e22 912)

which shows that the proposed estimator M;; with two auxiliary variables is more efficient than M,
with one auxiliary variable.

3.2. Strategy-Il

Population means Xj, X,,..., X, of the auxiliary variates xi, x5, ..., x, are unknown, incomplete in-
formation on the study variate y and complete information on the auxiliary variate x.

We consider the situation where information on (n; + m) responding units on the study variate y
and complete information on the auxiliary variate from the sample of size n are available. Also the
population means X;, X, ..., X, are unknown. Let w’ = (wi,wa,...,wp), w; = X/X,i=1,2,...,p
and e’ denote the row vector of p unit elements. Whatever be the sample chosen, let w’ assume
values in a bounded closed convex subset L of the (p + 1) dimensional real space containing the point
eT. We define a class of estimators for ¥ as

My =B(5°.w"), (3.22)
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where B(3*, w") is the function of (7%, w”) such that
B(Y, eT) =Y, foral ¥
0B(")
0" |(7.m

|
—

B, (Y, eT) = (3.23)

and it also satisfies certain conditions similar to those given for M at (3.1).

Since there are only a finite number of samples, the expectations and mean squared error of the
class of estimator M, exist. Expanding B(5*,w!) about the point (¥, e”) in a second order Taylor’s
series, we have that E(M,) = ¥ + o(n™") and so the bias of M, is of the order n~! . The mean squared
error of M, up to the terms of order n~" is

MSE (V1) = [( 17)53 + WZ(z_l)ng) +27g BV (7, ")+ {BY(Y. eT)}T F(BV(¥, eT)}] (3.24)

= [( 1;f)S% + Wz(z—l)sém + (%_5){217{3(1) (y’ eT)_'_{B(l)(Y’ eT)}Ta {B(l)(l?, eT)}}],

where BY(Y, eT) denotes the p elements column vector of first partial derivatives of B(y*, w”) with
respect to w about the point w” = e”. The MSE of M, is minimized for

B ()7, eT) = —Ya_lq (3.25)

and the resulting minimum MSE of M, is given by

N 1- Wk -1 (1 1
min MSE (Mz) = {(Tf)Sé + %Sé(z) -7? (— - —) qTa_lq}

n n
1I-f\e2 (12 L1 o Walk— 1),
={( . )So(l—Ro,l,z,,,,,p)+(;—N)SORO_MMP+TSO(2) ., (3.26)

where R} p = (q"a™'q)/C} denotes the square of the multiple correlation coefficient of y on
X1,X2,...,X%,. Thus we state the following theorem

Theorem 2. To the first degree of approximation,

N 1- 1 1 Wyr(k - 1)
MSE (Mz) > {(Tf) S(z) (1 - R%~123_,,p> + (; — N) S(Z)R%_123...p + ZTS(Z)(Q)} (3.27)

with equality holding if
B (I_’, eT) =-Yalq.
Remark 6. The class of estimators M, given by (3.22) is very large, if the parameters in the function

B(y*,w") are so chosen that they satisfy (3.25), the resulting estimator will have MSE given by (3.26).
A few examples are

Moy =5 +pu" (w—e), Moy = ————,
@ DTy w-e

Myz) = 7" exp (#T log W), Moy =5 {1 +u"(w- 6)} , el
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where u” = (u1, 12, ..., 1t ») is vector of p scalars. The optimum values of these scalars are determined
from the condition (3.25). Since (3.25) involves p equations, we have taken exactly p unknown
constants in defining above estimators of the class.

Remark 7. For the case of a single auxiliary character x;, the MSE of M, is minimized for

B (7,1) = -YKys = —1?([}—;), (3.28)

where Koy = p01(Co/C1), B = (5(11/5%) and R = (Y/X).
Thus the minimum MSE of M, is given by

) . 1- 1 1 Wk —1)
min MSE (M) = {(_f)sg (1-p5))+ (—, - —)pglsg + 2—S§<2)}, (3.29)
n n N n

which equals to the variance of the optimum estimator
My = +B (% - 1)

is the class of estimators
V) =5 d - ),

where d is a suitably chosen scalars.

Remark 8. For the case of two auxiliary variates x; and x,, the Mz of given by (3.24) is minimized
for

BV (7,1,1 _
(11)(_ = —Y[ 201 } (3.30)
BY (¥,1,1) 02
where
- 0B(: - OB(:
BV (7,1,1) = © . BY(7. 1) ©
W ez w2 |z
Thus the resulting minimum MSE of M, is given by
. N 1-f 1 1 Wo(k - 1)
min MSE (#1,) = {(T)sg (1-R3,) + (; - N)S(Z)Rg_n + ng(z)} (3.31)

which equals to the variance of the optimum estimator
Nr(2 —% - - - -
M;()) =5+ Bor2 (X — %1) + Boo1 (5 — X2)
is the class of estimators
Nr(2 =% = = = =
Méd) =5 +d (X - %) +dr (%, — %),

where RJ |, = (05, + P5, — 2001002012)/(1 = p1,) is the multiple correlation coefficient of y on (x1, x,),

Bor2 = (Buafar — Bo)/( = B21B812), Bz = (Boifiz — Bo2)/(1 — B21B12) and d; and ds are suitably
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chosen constants, and (81, Boz2, B21,812) are the entire population regression coefficients of (y on x;, y
on xp, X On X, X; on Xx,) respectively.

From (3.29) and (3.31) it can be easily shown that the proposed estimator M, with single auxiliary
variable is more efficient than M, with two auxiliary variables.

Remark 9. In case ” = N i.e. the population means X;,X>,...,X, of the auxiliary variates
X1,X2,...,X, respectively are known, the class of estimators M, given by (3.22) boils down to

My = B (7w, (3.32)
where w' = (wi,wi, ..., wh), wi = %/Xi, i = 1,2,...,p and B*(5*,w*") is the function of (7, w*")

such that B*(Y,e”) = ¥ for all Y.
Putting n’ = N in (3.25) and (3.26) we get the optimum values of the derivatives and the minimum
MSE of M, are respectively given by

BV (¥,e") = -Ya'q (3.33)
and
min MSE <M22> =Y {(1 ;f) C(z) + WZ(];_ 1)C(z)(z) - (%) qTa_lq} (3.34)
= 72 {(I%f)cg (1-R3p.,) + @C&z)},

where B*D(Y, eT) denotes the p elements column vector of first partial derivatives of B*(7*, w*T) with

respect to w* about the point w7 = e

Remark 10. For the case of a single auxiliary variable x, the MSE of M, is minimized for
«(1) (o >
BV (¥.1) = X
and thus the resulting minimum MSE is
. ~ 1- f 2 2 Wz(k - 1) 2
MSE (M) =3[ —| S5 (1 - + —7S 3.35
min MSE (¥2,) {( " ) o (1-r01) » 02 (3.35)
which equals to the variance of the optimum estimator
M, =5 +B(X - %)
in the class of estimators
M22d = )_7* + d(Xl - )_C]> .

Remark 11. In case of two auxiliary variables (x;, x»), the MSE of M, is minimized for

BV, 1,1) | T dy
B,V (7.1,1) __Y[doz]' (3.36)
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Thus the resulting minimum MSE of M»; is given by
. 1- Wa(k -1
min MSE (M,,) = {(Tf) S3(1-RG,) + %S?M)} (3.37)

which equals to the variance of the optimum estimator
Mézz)o =¥ +PBoi2 (?_ﬁ - 561) +Bo2.1 (Xz - J’Cz)
in the class of estimators
MZZd = }7* +d,; (}_(1 - )_C1> +d, (}_(2 - )_62) .
From (3.35) and (3.37) it can be shown that the proposed estimator My, with two auxiliary variables
is better than M,, with single auxiliary variable.

3.3. Strategy-Ill

This strategy is same as that of strategy-II. The difference is made in the formulation of class of
estimators. We note that the class of estimators M, at (3.22) utilizes information only on X; and &;

(i =1,2,...,p). Here we argue that an unbiased estimator X; (i = 1,2,..., p) can be also computed
based on the responding units for which y* is computed. Thus information on ¥} (i = 1,2,...,p)
can be used along with (y*, X;, X;,i = 1,2,..., p) in formulating the class of estimators. With this
background we define a class of estimators for the population mean ¥ as
Ms =G (5 .u"), (3.38)
where G(3*, u”) is the function of (7, u”) such that
G(7.e")=Y, forall ¥ (3.39)
_ oG (-
:Gl(y,e7)=¥ =1
N (zery

and it also satisfies the certain conditions similar to those given for M at (3.1).
To obtain the mean squared error of M3, we expand the function G(7*, u”) about the point (¥, ")
in a second order Taylor’s series. We obtain

1

Ms = G(Y, eT) + (y* - 17) G\ (I_/, eT) +u—-e)’GW (17, eT) + 3 {(y* - )7)2 PG()

6)-1*2

)
G ()
oy*

+2(5 - F)w-o

+w—e)' GO (5, u") (u— e)} :
(y**,u*T)
where u* = e + O(u —e), 0 < 6 < 1, GV(Y, ") denotes the 2p elements column vector of the first
partial derivatives of G(¥*, u’) and G® (Y, eT) denotes the 2p x2p matrix of second partial derivatives
of G(*, u") with respect to u. Substituting for 7* and u in terms of &y and 6 and using (3.16) we obtain

3= Y+ YS() + 6TG(1) (Y eT)
1 (., ,0°G _ OGO
+ {2 — 9 + 206" —— ) +6'G? (5, uT) 5. (3.40)
2 0y*2 (") ay* (5 )
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Taking expectation in (3.40) and noting that second partial derivatives are bounded, we have
E(M’;) =Y+ 0<n_1)

and thus the bias of M3 is of order n~'.
From (3.40), we have up to terms of order n L

min MSE (V) = E (M - 7)’ = E (Voo + "G (7.7}’ (3.41)
_ [yz (5] e+ B Deg e amreo(re) « [ (v, p {6t er)}]

which is minimum when
G\ (1?, eT) =-¥YD'b. (3.42)

Thus the resulting minimum MSE of M5 is given by

o o f(1- -1
min MSE (M) = 72 {(Tf) Cj + Mcﬁ)@ - bTD-lb} (3.43)

n

we note that

I 1 Wo(k — 1
BID™b = g Flg + 80 Fiyge = ( )qra_'q LR,

- q(z)a(_zl) q0). (3.44)

nl
Using (3.43) in (3.41) we write the minimum MSE of M5 as

. - S [(1-f Wo(k—1) 1 - Wik —1) _
min MSE (113 = 72 {(T)cg + Tcg(z) - (- - —)qTa lg - —2—gh amae

n n n
1-f 1 1 Wik — 1)
- {(_n )Sé (1-RE12.p) + (;—N)S(%R%_u...p e (1—R§2)O,12,,,p)}, (3.45)

where R(zz)o. 12, = q(Tz)a(‘zl)q(z) / C(Z)(z) is the square of the multiple correlation coefficient of y on xp, x,

..., X, of non-responding group in the population. Now we state the following theorem.

Theorem 3. To the first degree of approximation,

o (1= Wa(k — 1) .
MSE(M3)2Y2{( nf)c§+ 2n Clpy —b'D ‘b}

1 f Wk — 1) 11
= {( )S(Z) (1 - R%.lZmp) + TS%)@) (1 - R%Z)O.lZmp) + (; - N) S(Z)R(znz»--p}

n

with equality holding if

G (Y, eT) =-YD'b.
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Remark 12. The class of estimators M3 given by (3.38) is very large, if the parameters in the
function G(5*, uT) are so chosen that they satisfy (3.42), the resulting estimator will have MSE given
by (3.41) or (3.45). A few examples are

)
Mgy =5 +¢ (u—e), Mg = —F7—,
v P o)

Mywy =5 {1+ ¢ w=e)}, Mis) =5 exp (¢’ w-e)),

M3y = 3" exp (¢T log u) ,

where ¢ = (¢1,¢2,. .., ¢2p) is a vector of 2p constants. The optimum values of these constants are
determined from the conditions (3.42). Since (3.42) contains 2p equations, we have taken exactly 2p
unknown constants in defining estimators of the class.

Remark 13. For the case of a single auxiliary variable x;, the MSE of Mj defined at (3.41) is
minimized for

_ G (7.1,1) [ 4
(O] = 1 - _ ()
G (7.1,1) O (F11) | Y[d_d(z) } (3.46)
G\ (¥.1.1) = ~Vd, = _?ﬁollf) = BopXi

_ _ Y 3.47
Gy (V.1.1) = ~¥ (d - do) = —% Bor = Boi) G40

= - (Bo1 — Boi)) Xi

where G(ll)()_’, 1,1) and G(zl) ()7, 1, 1) denote the first order partial derivatives of G(3*, X]/X], X1/X])
about the point (¥, 1, 1).
Thus, the resulting minimum MSE of Mj is given by

, . 1-f 11 Wa(k — 1)
min MSE (M3) = {(T)Sg (1-p8) + (; - N)Sépél + ZT (1 —p(zn(z))S%Q)} (3.48)

which equals to approximate variance of the difference estimator
Mo =5+ Bor) (51 = 1) + Bor (F) = %), (3.49)
where Sy and Bo;(2) are the known regression coefficients of y on x; for the entire population and for
non-responding group in the population.
It can be also shown to the first degree of approximation that
MSE (Ml,l) = min MSE (Mg) , (3.50)
where min MSE(M3) is given by (3.48) and
My =5 + Boray (%1 — &) + Bor (%) — F1),

where ,301(2) and By, are the estimates based on the data available under the given sampling design of
the regression coeflicients Sy 2y and Bo; respectively.
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Remark 14. For the case of a two auxiliary variables (x1, x,), the MSE of the estimator M; at (3.41)
is minimized for

G (7.¢7)

W (7 T — Gg)(Y’ET) _ v Zz;ii

G (Y’e)‘ G;”(Y,eT) =Y dor2) — doy
Gil) (}—,’ eT) dor2) — doo

Thus the resulting minimum MSE of M3 (with two auxiliary variables) is given by

. A 1- 11 W,(k—1)
min MSE (¥;) = {(Tf)sé (1-R5.12) + (;‘N)SéRg.u + ZT (I_R%2)0.12)S(%(2)} (35D

which equals to variance of the difference estimator

Msa) = 7" + Bor2) (X1 — X7) + Boz.i) (X2 — %5) + Bor2 (B — X1) + Loz (X5 — X2),
where Boi122) = (Bore) —Bo2@B212)/ (1 -Br2@B212) and Boa.12) = (Boz) —Loi@B122)/ (1 —B12@)B212)
are known partial regression coefficients of (y on x;) and (y on x;) for the non-responding group in
the population respectively and (Bo1(2), B02(2), 5212, B122)) are the regression coefficients of (y on xq, y
on x», X on xy, x; on x,) for the non- responding units group in the population respectively.

If (Bo1.2, Bo2.1, Boi.22), Boz.12)) are not known, then one can define regression estimator (with two
auxiliary variables) for ¥ as

MSlr(Z) =y +ﬁ01,2(2) (X1 —1x7) +/3)02.1(2) (X2 - X3) +,801.2 (x] —x1) +[A302.1 (X, — X%2),
where (Bo1 2, o215 Bo1.22)» Bor.12)) are the consistent estimates of (Bo1.2,802.1,B01.22)Bo2.1(2)) Tespec-
tively based on the data available under the given sampling design.
It can be shown to the first degree of approximation that
MSE (M31,2)) = min MSE (M),
where min MSE(M3) is given by (3.48).

Remark 15. If ” = N (i.e. the population means X;,X,,...,X, are known) then the class of
estimators M3 defined by (3.38) reduces to the class of estimators of population mean ¥ as

M; = H(y*,zT),

Where ZT = (21’227 e ’Zp’Zp+1’ Zp+2? e ’Zzp)5
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and H(3*, z") is the function of (¥, z") such that
H(Y, eT) =Y, foral ¥

_, 9HO)

(9)_/* =H1 (Y,ET)ZI.

(")

Putting n’ = N in (3.45) we get the minimum MSE of M;‘ as

. 1- k-1
min MSE( ;) = {(Tf)sg (1 - R%_lz_“,,) + % (1 - sz)o_lz...,,)sé(z)}.

Thus we state the following theorem.

Theorem 4. To the first degree of approximation

MSE (M) 2 {(1%()53 (1-R3p,.,)+ @530) (1- R(Zz)o'lz_“p)}
equality holding if
HO(7,e") = =YD,
where

D*=[ oo ] b= (07 g T) = (0105 . 088 8)) g*T=(

HWD(Y, e") denotes the 2p elements column vector of the first partial derivatives of HF",7").
Remark 16. Ifn’ = N then Mj,; and M,,, reduce to
M, =5 +Boy (%1 = %) + Bor (X1 - 1)
and
Mz*rz =5+ Borae (¥ - X)) +Bo2i) (%2 — x) +Bor (X’l - 561) + B ()_(2 - 762) .

It can be shown to the first degree of approximation that

" 1- k-1
MSE (1},) = {(Tf)sé(] ~ph) + %) (1 _p<2>1(2>)33<2)} (3.52)
and
. 1 - k-1
MSE (M;,) = {(Tf)sg (1-R3,)+ % (1- R(22)0_12)S(2)(2)}. (3.53)

It is to be mentioned that the regression estimator Ml*rl is due to Singh and Kumar (2008a).
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From (3.52) and (3.53) we have

ey ey 1= £\ 2002 = poip12)> Walk = 1) (P02 = Porp12)
R e e e T A
“Fn2 P2

which is always positive. Thus the estimator Ml*rZ is more efficient than Singh and Kumar (2008a)
estimator Ml*rl.

Remark 17. The optimum values of the derivatives A(Y, e!), BD(Y, ) and GV (Y, e”) respec-
tively given by (3.8), (3.25) and (3.42) are sometimes in terms of relationship between the parameters
and sometimes in the form of the value of constants equated to the function of parameters. When the
values of AV (Y, eT), BY(Y, e") and GV (Y, eT) are of the form of relationship between the parameters
then it is rarely applicable in practice. But when the values of AV(Y, "), BY(Y,e”) and GV (Y, eT)
give solution in the form of constants equated to some parametric function then it may be possible to
use the optimum values by using the past data regarding parameters or by estimating the parameters
contained in the optimum value of constant using the sample data at hand. Reddy (1978) has shown
that values of such parameters are stable overtime and region. Das and Tripathi (1978) have illustrated
that the guessed values of such parameters are not close enough even though the suggested estima-
tors are better than conventional estimators. On the other hand Singh (1982) and Srivastava and Jhajj
(1983) have shown that if the optimum values of constants involved in the estimators are replaced by
their consistent estimators based on the sample values, the resulting estimator(s) will have the same
mean squared error up to terms of order n~! as that of optimum estimator(s). Thus the proposed
classes of estimators M, M, and M3 are recommended for the use in case of large sample surveys.

4. Efficiency Comparisons
From (2.2), (3.9), (3.26) and (3.45) we have

Var@*)—minMSE( l) P20"ET'0>0 (4.1)
Var (7*) — min MSE( 2) 72¢"a'q>0 (4.2)
Var (5°) - min MSE (M3) = ¥’6"D™'b > 0 (4.3)
min MSE(M.) — min MSE( 3) =72 (FTE 0- g) (FTE’IQT - g) >0 (4.4)
min MSE (M) — min MSE (¥1;) = ¥* WZ(" — l)q(Tz)a(zl)q(z) >0, 4.5)

where A = (F — FTE™'F).

Thus all the estimators M, M, and M5 are better than the conventional unbiased estimator 7*,
which does not utilize auxiliary information. Further it follows from (4.1)—(4.5) that the estimator M
is the best estimator among all the estimators y*, My, M, and M3.

5. Empirical Study

To illustrate the performance of various estimators of population mean Y relative to usual unbiased
estimator y*, we consider the same data earlier considered by Khare and Sinha (2007).
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Table 1: Percent relative efficiencies(PREs) of M, i=1,2,3 with respect to y* for different values of k.
N =95n=35n" =45

. Auxiliar; Population-I Population-II
Estimator variate(s})] 5 T/ o Tk
(1/5) (1/4) (1/3) (1/2) /5) (1/4) (1/3) (1/2)
y* - 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
i X1 123.24 120.01 115.91 110.61 160.92 155.92 149.94 142.53
! X1, X2 127.53 125.07 122.27 118.39 186.64 177.36 166.51 153.67
A X1 102.34 102.71 103.22 103.97 114.99 117.39 120.73 125.66
X1, X2 107.45 108.71 110.46 113.11 133.11 139.45 148.81 164.01
W X1 124.54 121.54 117.66 112.48 193.72 191.25 188.09 183.89
3 X1, X2 133.02 130.71 127.68 123.54 235.64 228.25 219.18 207.78

The data on physical growth of upper socio-economic group of 95 school going children of
Varanasi under ICMR study, Department of Paediatrics, Banaras Hindu University, during 1983—
1984 has been taken under study. The first 25% (i.e. 24 children) units have been considered as
non-responding units. The descriptions of the variates are given below:

Population-I

y : Height(in cm.) of the children,
x1 : Skull circumference(in cm.) of the children,
X, : Chest circumference(in cm.) of the children.

For this population we have

Y =1159526, X, =51.1726, X, =55.8611, Cy=0.05146, C;=0.03006, C, =0.05860,
Cop) = 0.04402, Cj) = 0.02478,  Cop) = 0.05402, po; = 0.3740, ppy = 0.620
PO12) = 0571, PO22) = 0401, P12 = 02970, P122) = 0570, N = 95, n= 35, n’ =45.

Population-II
y : Weight(in kg.) of the children,

x1 : Chest circumference(in cm.) of the children,

X : Mid-arm circumference(in cm.) of the children,
For this population we have

Y =19.4968, X;=558611, X,=16.7968, Co=0.15613, C;=0.05860, C,=0.08651,
Co(z) = 012075, C](z) = 005402, Cz(g) = 007125, Po1 = 0846, P02 = 0.797,
poia) = 0.729,  pme) =0.757, p1p=0.725, pie =0.641, N=95 n=35 n =45

We have computed the percent relative efficiencies of the proposed estimators(PREs), M, M, and
M35 with respect to conventional unbiased estimator j* for the two data sets and findings are displayed
in Table 1.

Table 1 exhibits that the estimator M3 is the best estimator among y*, M 1 Mz and M3 in both the
populations respectively for single as well as double auxiliary variables. It is also observed that for
single as well as double auxiliary variables the percent relative efficiencies(PREs) of the estimators
M and Mj; over the usual unbiased estimator decreases as the value of 7* increases while increases
for the estimator M, as the value of k increases for both the populations.
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