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A note on the geometric structure of the t-distribution’
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Abstract

The Fisher information matrix plays a significant role in statistical inference in
connection with estimation and properties of variance of estimators. In this paper, the
parameter space of the t-distribution using its Fisher’s matrix is defined. The « -scalar
curvatures to parameter space are calculated.

Keywords: Alpha-connection, alpha-scalar curvature, Fisher information matrix, Gaus-
sian curvature.

1. Introduction

Rao (1945) first noticed the importance of the differential-geometrical approach and intro-
duced the Riemannian metric in a statistical manifold by using the Fisher information matrix
and calculated the geodesic distance between two distributions for various statistical models.
Since then many researchers have tried to obtain the properties of the Riemannian manifold
of a statistical model. Efron (1975) defined the statistical curvature of statistical model
and pointed out that the statistical curvature plays a fundamental role in the higher order
asymptotic theory of statistical inference. Amari (1982) introduced the a-connection and
a-curvature. Then he pointed out important roles of the exponential and mixture curvatures
and their duality in statistical inference. Amari (1985) remarked that the two dimensional
parameter space of the family of one dimensional normal distribution is a space of negative
constant curvature and studied the a -geometry of the families of the gamma, Gaussian,
Mckey bivariate gamma and the Freund bivariate exponential. Recently, Adbel-All et al.
(2003), Kass (1989), Kass and Vos (1997), Murray and Rice (1993) studied the probability
density function from the viewpoint of information geometry and use the geometric metrics
to give a new description to the statistical distribution. Arwini and Dodson (2007) studied
the a -geometry of the Weibull manifold. In this paper, we find the a-connection and «
-scalar curvature of the t-distribution.
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2. Geometry of parameter spaces

Let S = {p(x,8)|z : random variable, § = (61,--- ,0,) € R™} be a family of probability
distributions. The family S is regarded as an n-dimensional manifold having 6 as a coordi-
nate system. Rao (1945) has proved that when the Fisher information matrix G(0) = (g:;(0))

9:1(6) = —E[9:0,1). (2.1)

where E denoted to the expectation with respect to p(x,0) and I(x,0) = Inp(x,0), is non-
degenerate, S is a Riemannian manifold and G(6) plays the role of a Riemannian metric
tensor. In the following, we adapt the Einstein summation convention. The infinitesimal
distance dS between two nearby distributions p(z, 8) and p(x, 8 + df) is defined by

dSz = Gij (G)dHZdHJ

The quantities

i _1 a (991 Ogri  Ogjk
ik = 59 <M+€99j_ 9, (2.2)

are called the Christoffel symbols and (g%) is the contravariant metric tensor field of the
covariant metric tensor field (g;;). Then we have

% = 9" "Tijm, Tijm = Liigkm- (2.3)
The a-connection is defined by
rle) = g <aa.z + H‘azaz) P z]
ik = i9; 5—0il0;l | Oy
11—«
1
=T+ —5 Lijk: (2.4)
where T;;, = E [0;10;1041]. From l"l(,?) = I‘Efg + Tijr (B — a) /2,
o a
ngk) =Tijk — §Tijk- (2.5)

The Riemannian curvature tensor in (.5, g;;) is defined by
; : l s R
Ry =T5 = Ui + Dl — T3, (2.6)
where comma denotes the partial derivative. Putting
Rijis = Rijugus, (2.7)
we can write as:

Rijrs + Rjkis + Riijs = 0,
Rijks = _Rjik:s = _Rijsk = Rksij~
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Thus the Ricci tensor is given as

Rix = Rl = Rijrsg™. (2.8)
The scalar curvature R and the Gaussian curvature K are defined by
y Ri212
R = g" Rij, = . 2.9
g J det G ( )
The a-curvature tensors RE?k)m are defined by
R, = (T = T3 ) gom + T, T3 — T, T (2.10)
where FZ-(O‘) = Fl(-;-fngkm. The « -scalar curvature K is defined by
K(a) _ 1 R(O‘) im . jk (2 11)
= 71) ijkmd 97" .

n(n —

3. Geometric interpretation of student t-distribution

Let 2 be the location-scale manifold of density that has the form

r+1 r+1
| — 2\ "5
1 2 l1fz—u "
Q=1 fla)=—"——L[1+- |z € R, (u,v) € RX R (3.1)
v r r v
1/ mrl’ <2>
where u is location parameter and v is scale parameter and r is degrees of freedom. From
Cho and Baek (2006), Fisher information matrix (g;;) is given by

r+1

= 0
(gi) = | V03 o |- (3.2)
0 v2(r + 3)

r—Uu

. Th
o en

Let z =

- - r <r—;—1> r+1 -
1=/_Oof(x)dm:/_oo L7(1+z2)_7dz=/ F(2)d=.

We can calculate

1 o 1 _r(r+2)
B <Z2+1> o P ((Z2+1)2> C (r+1)(r+3) (3:3)
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Moreover

r—+1
) - 1F< 5 ) r+7
E<> (1+2) 2 a

(Z2 +1)3
r+1 T
p( )rG+)
B 2 2 o r(r+2)(r+4) (3.4)

_F AT (r+1)(r+3)(r+5)
2 T

Proposition 3.1. The a-curvature tensor of the t-distribution is given by

(r+1) {(7‘—0—5)2 —a?(r — 1)2}

R, = — 3.5
1212 04(7, 4 3)(7,, + 5)2 ( )
Proof: From (2.2), (2.3) and (3.2)
r+1 r+1
Tio =THgke = ——— T =T = ————
112 119k2 W+ 3) 121 129k1 B(r +3)
Tass = Thygrs = — - Typp = Ty =0 (3.6)
222 = Lgagk2 = B(r+3) 122 = L1 = 0. .
By (2.4)
4ab? 4 7Z?
T2 = E[0110,10:1] = e (2b-1)E Gr 22| "|arz28|
Taoo = E[(021)%] = il (20 — 1) — 6b(2b — 1)°E ! (3.7)
222 2 03 1722 .

1

_8V¥E | ———
8 (1+ Z2)3

+120%(2b — 1)E

2

where a = 1/r and b = (r + 1)/2. From (3.3), (3.7) and partial traction decomposition

1+ 227
T111 = T122 =0,

2(r+1)(r—1) 8r(r —1)

Tiio= —— 2~ 7 Thog—— ~ 7
B +3)r+5) P w3 (r+3)(r+5)

Ti11 = Ti22 = 0. (3.8)
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By (2.5), (3.5) and (3.8)

- - DL 1)
(@) o« B —2r{(r+5)+2a(r—1)}
Fasg = Lo = 5o = = 503 15)
(@) _ a —(+D){r+5+alr-1)}
o1 = T = 5T = B(r +3)(r +5) (3.9)

Iy =T = 0.

Thus
p2e) _ 4+ D{r+5) —alr —1)}
H 2rv(r +5)
—{(r+5)+a(r-1)}
Fl(a) _ {(T 1
21 v(r +5) (3.10)
2(a 1(x
ng ):F1§ =0
By (2.10), (3.2), (3.9) and (3.10)
Rgl, = (2031 = T3 ) goo + (DTS — TG
(r+1){(r+5)*—a*(r—1)?}
N vi(r +3)(r +5)2
(|
Theorem 3.2. The a -scalar curvature of the t-distribution is given by
K@ (r+3) {(r+5)? - a?(r—1)%}
B 2r(r +5)2 '
Proof: Since K(® = (1/2)(—2R\%),g11¢?2) from (2.11), we obtain the result. O

Thus if a = 0, we have the following corollary.

Corollary 3.3. The scalar curvature R and the Gaussian curvature K of the t-distribution,
are
r+3 1

R= K = -R.
ro’ 2

Example 3.4. Metric for a single neuron (Wagenaar, 1998). A single N-input binary neuron
with output defined as follows;

y(t) = sgn[tanh Bh(z) + n(t)]

with h(z) = Zfil Jiz; + JO. In this, J' are connection weights, J° is the external field or
bias, z; are the inputs, and n(t) is a source of uniform random noise in [—1,1].
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4. Conclusions

It should be very important to know the shape of a statistical model in the whole set
of probability distributions. The Fisher information matrix (FIM) is the curvature of the
likelihood at the mode. The information content is large if the FIM is large, because the
likelihood is sharped peaked. we are very sure that the maximum likelihood (ML) solution
is a good estimate. If the curvature is small, then the likelihood probability distribution
is very broad. So the ML estimate is not as good because the variance is very large. A
one-parameter family of affine connections are called the « -connections. The duality be-
tween the a-connection and the a-connection together with the metric play an essential
role in this geometry. This kind of duality, having emerged from manifolds of probability
distributions, is ubiquitous, appearing in a variety of problems which might have no explicit
relation to probability theory. The notion of a-curvature serves an important role in the
asymptotic theory of statistical estimation, ancillary statistics, conditional inference and
Bartlett adjustment in the likelihood ratio test.
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