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A Poof of Utkin’s Theorem for a M| Uncertain Linear Case

o) 4 E

(Jung-Hoon Lee)

Abstract - In this note, a proof of Utkin's theorem is presented for a MI(Multi Input) uncertain linear case. The invariance

theorem with respect to the two transformation methods so called the two diagonalization methods are proved clearly and

comparatively for MI uncertain linear systems. With respect to the sliding surface transformation and the control input

transformation, the equation of the sliding mode i.e., the sliding surface is invariant. Both control inputs have the same gains.

By means of the two transformation methods the same results can be obtained. Through an illustrative example and simulation

study, the usefulness of the main results is verified.
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1. Introduction

The sliding mode control(SMC)
effective means to the problem of controlling uncertain

can provide the

systems under parameter variations and
disturbances[11[2][3]. One of its
advantages is the robustness of the controlled system to

dynamical
external essential
parameter uncertainties and external disturbances in the
sliding mode on the predetermined sliding surface, s=0[4].
The proper design of the sliding surface can determine
the almost output dynamics and its performances[5]. Many
design algorithms including the linear(optimal control[6][9],
geometric approachl[7], pole assignment[8], eigenstructure
assignment[9], differential geometric approach[12], output
feedback[15], approach[16][17],
augmentation[5][13]1[21], Ackermann’s formula[18], dynamic

Lyapunov integral
sliding surface[19]), and nonlinear[14][20] techniques are
reported. However, in these sliding design methods so for,
the existence condition of the sliding mode on the
predetermined sliding surface is not proved under
uncertainties and disturbances.

To take the advantages of the sliding mode on the

predetermined sliding surface, the existence condition of
the sliding mode, s+ s<0 for the SI linear case and

S . §i< 0, 1=1,2,..m for the MI(Multi Input) linear case
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are satisfied. Therefore the existence condition of the
sliding mode must be proved. For the uncertain linear SI
case and the uncertain integral SI systems, those proofs
were reported in [22] and [23], respectively. For the linear
MI case, a few control design method was studied, those
are hierarchical control methodologyl[11[3], diagonalization
methods[11[2][15][16], simplex algorithm[10], Lyapunov
approach[16][17], and so on. Until now in MIMO VSSs,
The proof is not presented and it is difficult to prove the
precise existence condition of the sliding mode on the
surface theoretically, but in

predetermined  sliding

[16](16][21],

Lyapunov function

only the results of the derivative of the
V<0 is obtained
when V=1/2s"s. Utkin presented the two methodologies

is negative, ie.

to prove the existence condition of the sliding mode on
the sliding surface for MI uncertain systems[1]. It is so
called the invariance theorem, i.e the equation of the
sliding mode is invariant with respect to the two
nonlinear transformations. Those are the control input

transformation and sliding surface transformation. so

called the diagonalization methods. The essential feature
of these methods is conversion of a multi-input design
problem into m single-input design problems[2]. Those
were reviewed in [2]. DeCarlo, Zak, and Matthews tried
to prove Utkin's invariance theorem. But, the proof is not
In [15], Zak and Hui

transformation without uncertainties and disturbance and

clear. used the control input
suggested the sufficient condition for the existence and
reachability of the sliding mode as in [1] and [2]. But,
they did not explicitly prove for the control input

transformation under uncertainties and disturbance. In



[17], Su, Drakunov, and Ozguner mentioned the sliding
surface transformation, which would diagonalize the
control coefficient matrix to the dynamics for s. But they
did not prove the existence condition of the sliding mode
on the predetermined sliding surface. Until now, only for
SI uncertain linear (integral) systems, a rigorous proof of
Utkin's theorem is reported in [22] and [23].

In this paper, a proof of Utkin's theorem is presented
for a MI uncertain linear case. The main results are
extended from the SI uncertain case in [22] to the MI
uncertain case. The invariance theorem with respect to
the two transformation methods so called the two
diagonalization = methods are proved clearly and
comparatively for MI uncertain linear systems. A design
example and simulation study shows usefulness of the

main results.

2. Main Results of Proof Utkin's Theorem for Ml
Uncertain Linear System

The invariant theorem of Utkin’s for MI systems is as
follows[1][2]:

Theorem 1: The equation of the sliding mode is
invariant with respect  to the two nonlinear
transformations, i.e. the control input transformation and
sliding surface transformation:

s*(2) = H (at) - s(x) (»

uw*(z) = H (z,t) - ulz)
for detA, #0 and detH, =0

For a MI uncertain linear system:

2= (4y+ Ad)x + (B, + AB)u+ AD(t) 2)
where z€R" i1s the state, uER™ is the control input,
A, ER"™" is the nominal system matrix, BER"*™ is the
nominal input matrix, A4 and AB are the system matrix
uncertainty and input matrix uncertainty, those are
bounded, and AD(t) is bounded external disturbance,
respectively.

The conventional typical sliding surface s€R™ is the
linear combination of the full state variable as

s=C-x (3)

Assumption 1:

CB, has the full rank and its inverse for a coefficient
matrix of the sliding surface C.

Assumption 2:

(CB) 'cAaB= AT AT is diagonal and
ALl <p, <1, i=1,2,..m

Assumption 3:

CAB(CB) ' =Al. AT is diagonal and

ALl <p, <1, i=12,...m

The corresponding stabilizing VSS control input is as
follows:
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u=—K-x—AK-x— G - sign(s) (4)
where K is a constant gain, AK is a state dependent
switching gain, G is a switching gain.

1) sliding surface transformation[11[2]

s*=(cB)" ' -5, H(x,t)=(CB)™' (5)
The transformation
H (z,t)=(cB)"". In [2], the proof of the sliding surface

s

matrix is selected as
transformation theorem is not sufficient. In [16], without
uncertainty and disturbance, it is mentioned that the
sliding surface transformation would diagonalize the
control coefficient matrix to the dynamics for s and the
Nx) <0 is proved when Viz)=27Pr>0.

Now, the suggested VSS control input for the new
transformed sliding surface is taken as follows:

u, =—K-z—AK-z— G - sign(s*) (6)
where one takes the constant gain as
K=(CB) 'c4, (7)

and takes the switching gains as follows:

max{(CB(,)flOAA - A]'(CB’“)*ICA(,}U.

= min{Z+ AT} sign(si;) >0
Ak, = "
i min{(CB))~'CA A~ AI(CBO)“CAO}U
= min{/+ A7}, sign (s *z;) <0
i=1,2..m j=12..n (8)
1nax{(CBl,)7lOAD(t)}l
L AD sign(s;*) >0
G = i
! 111111{(CB(J)ﬂCAD(t)}
= . : sign(s*) <0
min {7+ A]}ﬁv !
i=1,2,....m 9)

Then, the real dynamics of the sliding surface, ie. the
time derivative of s* becomes
s*=(CB))"'s=(CB) ' Ci
(CB)) ' (A, +AA)z+(CB))” ' OB+ AB)u,
+(CB))"'cAD(t)
=(CB) "' A4, + Ad)x + (I+ ADu, +(CB,)” ' CAD(t)
:(CB)U)ilC(AO+AA)CE+([+A])(—KI—AKCE—GSign(S*))
+(CB))"'cAD(t
=(CB,))" ' CAyxr— Kz + (CB))” ' CAAx — AIKz — (I+ Al ARz
+(CB{1)7'C’AD(t)—([+A])G’sign(s*)

(10)

From (7), the real dynamics of s* becomes

s*=[(CB)) ™' CAA— AIK]w— (I+ AD AKx (1)

+(CBU)7'CAD(t)—(I+AI)Gsign(s*)

From inequalities of the switching gains (8)-(9) and (11),
one can obtain the following equation then

5% - 51*<0, i=1,2,...,m. (12)

If the sliding mode equation s*=0, then s=0 since
CB,=0. The inverse augment also holds, therefore the
both sliding surfaces are equal 1e. s=s*=0, which
completes the proof of Theorem 1.
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2) control input transformation[1][2][15]
w*=(CB) v, H,=(CB)! (13)
= (CPO)fl[fofAKx* Gsign(s)]
where by letting the constant gain
K= CA, (14)
and if one take the switching gain as design parameters
max{C’AAf AT CAO}ij
min{/+ A7 }“
g min{CAA— AT CAy}
min{/+ A7 }”
i=1,2,com j=1,2,..,n (15)
max{CAD(t)}
min{/+ A7},
g _ min{C’AD(t)}i
~ min{/+ A]}“

sign(sla:j) >0

sign(sixj) <0

> sign(si) >0
i=1,2,...,m (16)

sign (5,1. ) <0

for the MI uncertain linear case, the control input
transformation matrix is selected as H, =(CB)~'. In [1]

[2], and [15], the proofs for the nonlinear control input
transformation are not clear under uncertainties and
disturbances.
The real dynamics of s, ie. the time derivative of s
is as follows:
5=k an
= (4, +A4)z+ A B, + AB)u*+ CAD(t)
= (A, +AAd)z+ I+ Al )u+ CAD(t)
= (4, + AAd)x+ (I+ A7) (— Kz — AKx — Gsign(s))
+ CAD(t)
= CAyz— Kz + CAAz — Al Kz — (I+ Al ) AKx
+ CAD(t)— (I+ AI') Gsign(s)

From (14), then the real dynamics of s becomes

s=[CAA— Al Klz— (I+ AT ) ARz (18)
+ CAD(t)— (I+ AI') Gsign(s)

From (15), (16), and (18), one can obtain the following
equation

s, +5,<0, i=1,2...m (19)
The existence condition of the sliding mode by the
transformed control input is proved for the MI uncertain
linear system. The equation of the sliding mode, i.e. the
sliding surface is invariant to the control input
transformation. The sliding mode equation i.e. the sliding
surface s=0 is the same as that of s*=0. To compare
the control inputs, u; and u*, the form and the gain is

the same. The both methods equivalently diagonalize the
system, so those are called the diagonalization methods.

3. lllustrative Example

Consider a fifth-order system described by the state
equation which is slightly modified from that in [24]

0.0 1.0 00 3.20 1.98
0.0 00 1.0 —14.72 0.49
r=|—886 80 9.36 —7.92 36.01|x
1.69 1.26 0.08 00 1.0
—7.52—523-045 32.32—1.36
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0.0 0.0 0.0 .00

0.0 0.0 0.0 0.0
+12.0+01 00 |u+]|£3.0 0.0 (20)
0.0 0.0 0.0 0.0
0.0 2.0+0.2 0.0 +5.0

where the nominal parameter A4, and £, matched

uncertainties A4 and AB, and disturbance AD(t) are

00 1.0 00 320 198 0.0 0.0
00 0.0 1.0 —1472 049 0.0 0.0
A,=|-88 80 936 —7.92 36.01| B = |20 0.0,
1.69 1.26 0.08 0.0 1.0 0.0 0.0
—7.52-523—0.45 32.32—1.36 0.0 2.0

0.0 0.0 0.0 .0.0

0.0 0.0 0.0 0.0

AA=0,AB=|%0.1 0.0 [ &AD(t)=|+3.0 0.0 21)
0.0 0.0 0.0 0.0
0.0 £0.2 0.0 £5.0

The stable coefficient matrix of the sliding surface is
determined as

_ [—0.4361.8021.0 — 14.568 ().()] (92)
1.010 0.5050.0 1.616 0.5

1) sliding surface transformation

2 o]*‘ _ [0.5 0

s*=(cB) 01 01

Lo, B i) = (R) = | @

Now, the VSS control input is taken as follows:
u=—K-2—AK-2— G- sign(s*) (24)
The real dynamics of the transformed sliding surface,
Le., the time derivative of s* becomes
s*=(CB) 's=(CR,)" "Gk (25)
:(C’BU)“CAU:U—K:U+ (CBL)ﬂCAAI—A]Kx
— [+ ADAKz+(CB,)” ' CAD(t) — (I+ A Gsign (s*)
By letting the gain

K=(CB))"'c4,
[0.5 o.o] [733.4799 —10.7917 9.966 — 35.8406 21.4617]

0.01.0J [ —1.0290 0.4312 0.4093 11.9584 3.1833
[f 16.7400 —5.3958 4.9983 —17.9203 10.7309}
—1.0290 0.4312 0.4093 11.9584 3.1833

(26)
then the real dynamics of s* becomes
s*= (CB,) ' CAAx — AIKr — (I+ A AKx (27)
+ (CBL Y LeAD(t) — (I+ A Gsign(s*)
and A7 is

AI=(CB)"' CAB= [0.5 0.0] [*0.436 1.8021.0 —14.568 0.0

0.01.0f [ 1.010 0.5050.0 1.616 0.5

0.0 0.0
0.0 00 .
0.1 0.0 |= [i(%b +0601} (28)
0.0 0.0 oo
0.0 £0.2
If one take the switching gains as follows:
A = 1.2 ifs;*z, >0 Ao = 4.2 ifs;*zy >0
H =12 if s *z, <O’ 127142 if s *z, <O’
Ak = 6.5 if s, *z, >0 Ak = 6.5 ifs,*z, >0
13 1=6.5 if s *z, <0 1 —6.5 ifs ¥z, <O’
6.5 if s, %z, >0 1.8 ifs, >0
Ay = {—6.5 if s *x, <0 G = —1.8 ifs; <0 @9



Outputs x1, 2, x3, x4, & x5

L
0.5 d 1.5 2 25 3
Time [sec]

Fig. 1 Five state output responses, x;, Ty, T3, T,, and z;

Ak = 4.2 ifs,*zy >0
22 | —4.2 if s,*z, <0

[ 65 ifsyfa, >0
e =1-65 ifs,*z, <0’

[

o — 5.2 if s,*x; >0
21 | =5.2 if s,z <0

6.5 ifs,%25 >0
—6.5 ifsy*zy <0

L

kyy =

Ak = 6.5 ifs,*z; >0 [ 28ifs, >0 (30)
2% |—6.5 if sz, <0 227 |—-2.8 ifs, <0
then
5% s5%¥<0, i=1,2 (31)

If s*=0, then s, =0. The inverse augment also holds.
The simulation is carried out under 1 [msec] sampling
time and with z(0)=[3 0 0 —1.5 0]7 initial condition.

Fig. 1 shows the five state output responses, z;, ,,

x4, x,, and z;

2) control input transformation

w=(cg) e =) =gt (32)
_ [8.8 (1].8] [~ Kz — AKz — Gsign(s)]

Then, the real dynamics of s, Le., the time derivative of
s is as follows:
s=Cr (33)
= CAyz— Kv+ CAAx — Al Kz — (I+ Al ) AKx
+ CAD(t) — (I+ Al') Gsign(s)

where

Al=CAB(CB) ! = [— 0.436 1.802 1.0 — 14.568 0.0]
o (] =

1.010 0.5050.0 1.616 0.5

0.0 0.0
0.0 0.0
050 +0.05 0.0
+0.1 0.0 [ ]:{ ] (34)
0.0 00 |L0 10 0.0 £0.1

0.0 £0.2
By letting the constant gain as
K= CA, (35)

_ [— 33.4799 —10.7917 9.9966 — 35.8406 21.4617}
—4.7890 —2.0938 0.1843 28.4064 2.6814
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Outputs x1, x2, x3, x4, & x5

.
05 1 15 i 25 3
Time [sec]

Fig. 2 Five state output responses, x,, x,, T3, z,, and x;

then, the real sliding dynamics becomes

s= CAAx— Al Kz — (I+ Al ) AKx (36)
+ CAD(t) — (I+ Al') Gsign(s)

If one take the switching gain as the design parameters
as the same in (29)-(30)
then one can obtain the following equation

5% - 5¥<0, i=1.2 (37
The existence condition of the sliding mode is proved.
The equation of the sliding mode that is the sliding

surface is invariant to the control input transformation
The simulation is carried out under 1[msec] sampling
time and with z(0)=[3 0 0 —1.5 0]7 initial condition. Fig.
2 shows the five state output responses, z;, z,, x;, ,
and x; by u* with s. Those Fig. 1 and Fig. 2 are

almost identical because the sliding surface s=0=s* is
equal and the continuous gains and switching gains of

the both control w; and u* are equal.

4. Conclusions

In this note, the invariant theorem of Utkin is
rigorously proved for MI uncertain linear systems. The
invariance theorem of the two diagonal methods i.e., the
control input transformation and sliding surface
transformation i1s proved clearly and comparatively.
Therefore, the equation of the sliding mode, ie., the
sliding surface is invariant with respect to the two
diagonalization methods. These two methods diagonalize
the input system of the real sliding dynamics of the
sliding surface s or s* so that the existence condition of
the sliding mode on the predetermined sliding surface is
easily proved. During the proof of Utkin's theorem for
MI uncertain systems, the design rules of both control

inputs are proposed. Through an illustrative example and
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simulation study, the effectiveness of the proposed main
results is verified. The same results of the outputs by
the two diagonalization methods are obtained. The
equation of the sliding mode, ie., the sliding surface is
invariant with respect to the two diagonalization methods
for MI uncertain systems.
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