Honam Mathematical J. 32 (2010), No. 1, pp. 167-176

ON STABILITY OF EINSTEIN WARPED
PRODUCT MANIFOLDS

YONG-S00 Pyo, HYyuNn WooNG KiM AND JOON-SIK PARK

Abstract. Let (B,g) and (N, §) be Einstein manifolds. Then, we
get a complete (necessary and sufficient) condition for the warped
product manifold B x5 N := (B x N,§+ f§) to be Einstein, and
obtain a complete condition for the Einstein warped product man-
ifold B x5 N to be weakly stable. Moreover, we get a complete
condition for the map ¢ : (B,g) x (N,§) — B Xy N, which is the
identity map as a map, to be harmonic. Under the assumption
that ¢ is harmonic, we obtain a complete condition for B x; N to
be Einstein.

1. Introduction

A harmonic map ¢ from a compact Riemannian manifold (M, g) into
another Riemannian manifold (N, h) is a critical point of the energy
functional ([5, 9])

(L1) ﬂ@:Aﬂ@%

where e(¢) = %h(dqﬁ, d¢). The second variation formula of the energy

functional E for a harmonic map ¢ is given as follows ([6, 8, 9]):

d2
(12)  HEWVY) = G5E@le0= [ bV,
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where Jy is the Jacobi operator acting on I'(¢~'T'N) and

Vp = (d¢e(p)/dt)|t=0, p € M.

Then ¢ is said to be stable (resp. weakly stable) if H(E)g(V,V) > 0
(resp. > 0) for all V € T'(¢'TN), and otherwise, is said to be unstable.

To construct a harmonic map between two Riemannian manifolds
and to show the stability of a given harmonic map are very important
topics in the study on the theory of harmonic maps.

In this paper, let (B, g) and (V,§) be two Riemannian manifolds.
Then, B xy N := (B x N,§+ fg), (f being a positive C*°-function on
B), is said to be a warped product manifold ([1]) of (B, §) and (N, §). We
assume that (B, ) and (N, §) are compact Einstein manifolds. Then, we
obtain a necessary and sufficient condition for B x s N to be Einstein (cf.
Theorem 2.3). And then, using R. T. Smith’s Stability Theorem, we get
a necessary and sufficient condition for such an Einstein warped product
manifold to be weakly stable (cf. Theorem 2.5), and get a sufficient
condition for the Einstein warped product manifold to be stable (cf.
Corollary 2.6). Moreover, we get a complete condition (cf. Proposition
2.1) for the map i : (B, g) x (N,§) — B xy N, being the identity map
as a map, to be harmonic. Under the assumption that ¢ is harmonic,
we obtain a complete condition (cf. Theorem 2.2) for B xy N to be
Einstein.

2. Main results

Let (B™,g) and (N", g) be two Riemannian manifolds. And let
B xy N := (B x N,g+ fg) be the warped product of B and N by the
positive smooth function f on B. Let {b;}["; and {n,}}_; be an (lo-
cally defined) orthonormal frames on (B™, g) and (N", ), respectively.
We put d,, := f_1/2 n,. Then

(2.1) {(b;,0),(0,dy) | i =1,2,-+- ,m; a=1,2,--- ,n}

is an (locally defined) orthonormal frame on B xy N. From now on,
we simply denote b; := (b;,0), dy := (0,d,). Let {6’ ™ {90‘ i
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and {60%,0°}; o be the dual frames of {b;}7, {n,}?_, and {b;,da}ia;
respectively.

In general, the Riemannian connection V for the Riemannian metric

g on a Riemannian manifold (M, g) is given by ([2, 3, 4])

29(VXK Z) = Xg(Y7 Z) +Y9(X7 Z) - Zg(X7 Y)

(2.2)
- g(X, [Y7 Z]) - g(Y, [X7 Z]) +g(Z7 [Xv Y])

for XY, Z € X(M).

Let V, V and V be the Levi-Civita connections on (B, §), (N, §) and
B x ¢ N, respectively. We introduce the notations f;k and fgv such that
f;k = 9i(vb].bk) and fgv = 9“(@%117)- We put

m n m n
Touby = SorEbr 3 Tdn, Vi, = 3oThb+ 301
k=1 a=1 k=1 y=1

m n m n
Va,bi = Z &by + Z [hidy, Va,dg = Z Lagbk + Z Topdy-
k=1 v=1 k=1 y=1

Using (2.2) and the above equations, we get

Iy =Ty, Tg=T) =TI =TIk =0,

(2.3) . 1 1 -~
Loi = —Tas =5/ 7'bi()) bap. Ths=172 I,
that is
Vi,bj = Vp,b; = > T} by,
k=1
1
Vida =0, Va,bi=—2f'bi(f) da,
(2.4) m n
Va,dg = —3 dap Zbi(f) b;+ /72 ZF 5 dy
=1 v=1
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From (2.4) and TV = 0 (i.e. V is torsion-free), we have

n
(2.5) [bida] = —%f‘l bi(f) das [daydg] = 75 3 (17, 17,) d,.
y=1
Let (M,g), (N,h) be two Riemannian manifolds. Let ¢ : M — N
be a smooth map. Let E := ¢~ 'T'N be the induced bundle by ¢ over
M of the tangent bundle TN of N. We denote by I'(E), the space of
all sections V' of E. We denote by V, ¥V the Levi-Civita connections
of (M, g), (N,h), respectively. Then we give the induced connection V
on E by
d N ~1
v 1= 2 VP WValemo, X €T(TM), V € (),

where x € M, ~(t) is a curve through z at ¢ = 0 whose tangent vector

(VxV)

at x is X$, and Nqu('y(t)) : Tqﬁ(x)N — Tzz)('y(t))N is the parallel dis-
placement along a curve ¢(y(s)), 0 < s < t, given by the Levi-Civita
connection V'V of (N, h).

For a C'°°-map ¢ of an m-dimensional compact Riemannian manifold
(M, g) into another Riemannian manifold (N, k), the following is well
known (cf. [5, 7, 9]) : the map ¢ is harmonic if and only if 7(¢) = 0 on
M, where

m

(2.6) 7(6) = {Veib.ei = 6.(MVe,en) }

i=1

for {e;}", an (locally defined) orthonormal frame on (M, g).

From (2.6), we obtain the fact that a necessary and sufficient condi-
tion for the identity map i : (B, §) x (INV,g) — B Xy N to be harmonic
is

n

(2.7) Z (Vnana — @nana> =0.

a=1

On the other hand, we get

(2.8) Vn.ng = fVg,dg = f Z Flﬁdv
y=1
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Moreover, using (2.4), we have

(2.9) Vnang = f {vdadg + ééaﬁ > bi<f>bi} .

By virtue of (2.3), (2.7), (2.8) and (2.9), we obtain

Proposition 2.1. Let B x; N be the warped product Riemannian
manifold of (B™,g) and (N™,§), respectively. Assume that i : (B, g) X
(N,g) — B x¢ N is the identity map as a map. Then, the following
statements are equivalent:

(a) @ is harmonic;

( Za lvflana - Z(x 1Vnanav

)
(c) f is constant on B;
)

(d) Sh_ Tk, =0 foreachk (k=1,2,---,m).

From (2.3), (2.4), (2.5) and RV(X,Y)Z := [Vx,Vy](Z) — Vixy|Z
for X,Y,Z € X(B x N), we get

RY(b;,bj)b, = RV(b;,b;)bg, RY(b;,b;)ds =0,
RY(bj, da )b {2f "bi(b;(f)) = 271D Tibi(f)
k=1
— [7?bi(f) bj(f)}da,

RY (b, )y = 3 (i1 )by () — 27 il (1)
(2.10) =t
—2f 1Zr F)¥asbi,

RY(dg,dg)b; =0,

RY(da,dg)d, = R(da,dg)d,

- f QZ ) (0o d — 3py da).

The Ricci tensor field RicY of type (0,2) is defined by
(2.11) RicV(Y,Z) :=trace{X — RY(X,Y)Z} (X,Y,Z € X(B x N)).
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Now, we assume (B, §) and (N, §) are Einstein manifolds such that
(2.12) Ric¥ = ¢, Ric¥ = ég.
From (2.10), (2.11) and (2.12), we have

Ric¥ (bi, b)) = & 0y + 7{f~ bi(f) by(f)
= 2f7'bi(b;(f) + 271 ) Tbi(£)},
k=1

RicY (b;,d,) =0,

(213) 1 PR 2
RicY (da,dg) = {2 =n)f 7> Y (bilf)

i=1

=271 " bi(bi(f)) + 271 Y T bi(f)}as
=1

1,k=1
+ f1e0ap.

Then, we obtain the following

Theorem 2.2. Let (B™,g) and (N"™,g) be Finstein manifolds
such that RicV = ¢g and RicV = ¢g. Suppose that the identity map
i:(BxN,§g+g) — B xy N is harmonic. Then B xy N be Einstein if
and only if ¢ = f¢.

Proof. Assume i is harmonic. Then, from Proposition 2.1 we obtain
the function f is constant on B.

Suppose that B x ¢ N is Einstein such that RicV = cg for a constant
c. Then we get from the first formula of (2.13)

(2.14) o = RicY (bj,bg) = ¢y
Moreover, we have from the last formula of (2.13)
(2.15) cbop = RicY (da,dg) = f71 ¢ dup.
By virtue of (2.14) and (2.15), we obtain

(2.16) c=c=f"te
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Conversely, let ¢ = fé. Then we get from (2.13)
RicY (b;, bj) = &5 = ¢g(by, bj)
Ric¥ (b;,dy) = 0 = cg(b;, dy)
Ricv(da, dg) = f_lééaﬂ = ¢g(da, dg)

since f is constant. Hence RicY = ¢g, and then B x ¢ N is Einstein. []
The Laplacian A, of an n-dimensional Riemannian manifold (M, g) is
given by A, := — Y7 | (e;2—V,,e;), where {e;}7; is an (locally defined)

orthonormal frame on (M, g)). We denote the spectrum Spec(A,) of A,
of a compact Riemannian manifold (M, g) is denoted by ([8, 9])

Spec(Ag) = {Ao(g) =0 < Ai(g) < A2(g) < -+ <T oo}

On the other hand, we get the following

Theorem 2.3. Let (B™,g) and (N",g) be Finstein manifolds such

that RicV = ¢g and RicY = ¢g. Then B X ¢ N is Einstein if and only if

fen {f-2<bj<f>>2 a2 () 120ty f;ijbxf)}
ot )+ -

for each j, and

() By(IBR() = 2f by(bu(F) + 2fﬁf§kbi<f> =0

forj.k (j #k) are hold.

Proof. The warped product manifold B x ¢ N is Einstein if and only
if

(2.17) RicY = cg
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for some constant c. From (2.13) and (2.17), we get the fact that (2.17)
holds if and only if

Acj = 4885, + n{ 20 (f)br(f) — 2 "bj(by(f))
(2.18) +2f71 Thbi()},
=1

de=2f71(2e+ Agf) + (2 —n) f2||df|[3-

In order to show the stability of Einstein manifolds, we introduce
R.T. Smith’s stability theorem :

Theorem 2.4[9]. Let (M,g) be a compact Einstein Riemannian
manifold such that the Ricci tensor p satisfies p = cg. Then, the identity
map of (M, g) is weakly stable if and only if the first positive eigenvalue
of the Laplacian A, acting on C*>° (M), Ai(g), satisfies Ai(g) > 2c.

If, for a Riemannian manifold (M, g), the identity map of (M, g) is
stable (resp. unstable) as a harmonic map, then the manifold (M, g) is
said to be stable (resp. unstable).

Now, we obtain the following

Theorem 2.5. Let (B™,g) and (N", ) be Finstein manifolds such
that m # n, RicV = ¢g and RicV = ¢g. Suppose that Bx y N is Einstein.
Then, the warped product manifold B Xy N is weakly stable if and only
if

2

m-—-n

A1(g) >

bne gt 3172 - mlans?}

where \i(g) 1is the first positive eigenvalue of the Laplacian A, of the
warped product manifold B x ¢ N.

Proof. Assume (B, g), (N,g) and B xy N are Einstein. Then, sum-
ming over j which is appeared in the condition (i) of Theorem 2.3, we
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have

('3<

Z{ )2 —2f"'b;(b; )>+2flzfgz-bk<f)}
) k=1

=m {2f’ (26 + Agf) = (n =2 | 1l5}
From the above equation, we obtain
ame + n {f2df (17 + 2 Ag S}
—m{2f71 26+ Agf) = (n = 21 2|df |5}
and hence
(2.19) 2(m —n)f ' Agf = dm(e— f71&) + {m(n—2) + n}f 2 |df ||y’
From the fact that B x; N is Einstein, we get

(2.20) RicY = cg for some constant c.

By the help of (2.19),(2.20) and the second formula of (2.18), we obtain

(2.21) c:(m—n)—l{ c—nflet+1f (nQ—n)deHg?}.

By virtue of (2.21) and Theorem 2.4, the proof of this theorem is com-
pleted. ]

By the help of Theorems 2.4 and 2.5, we get

Corollary 2.6. Let (B™,g) and (N, ) be Einstein manifolds such
thatm # n, RicY = ¢§ and RicY = ¢§. Suppose that Bx ;N is Finstein.
Then, if

1

m—-n

{mé—nf LAl } 0.

the warped product manifold B x y N is stable.
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