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INCLUSION AND EXCLUSION
FOR FINITELY MANY TYPES OF PROPERTIES

GAB-BYouNG CHAE, MINSEOK CHEONG, AND SANG-MoOK KiM

Abstract. Inclusion and exclusion is used in many papers to count
certain objects exactly or asymptotically. Also it is used to derive
the Bonferroni inequalities in probabilistic area [6]. Inclusion and
exclusion on finitely many types of properties is first used in R.
Meyer [7] in probability form and first used in the paper of McKay,
Palmer, Read and Robinson [8] as a form of counting version of
inclusion and exclusion on two types of properties. In this paper,
we provide a proof for inclusion and exclusion on finitely many types
of properties in counting version. As an example, the asymptotic
number of general cubic graphs via inclusion and exclusion formula
is given for this generalization.

1. Introduction

We begin with the definition of inclusion and exclusion (say I&E)
with one property [9]. Let U be the universal set of Sy elements, and
suppose Aj,..., A are s subsets of U. For all integer k£ > 0, [k] denotes
the set {1,2,...,k}. The complement of a set C' of U is denoted by C.
For I =0,...s, define

1) =31 Al
el
where the sum is over all I-subsets I of [s]. For [ =0,...s, let IV; be the

number of elements of U that belong to exactly [ of the sets { Ay, ..., As},
that is,

(2) No=D 1A Al

iel igI
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where the sum is over all I-subsets I of [s]. By counting contribution of
each element to N, for u = [,...,s, which is multi-counted for 5;, we
have

(3) S = lgzu;s (?) Ny.

The numbers S; and N; are closely related and this relation is neatly
expressed in terms of ordinary generating functions

(4) S(x) =) Sia’
1=0

(5) N(z) =Y Nga'.
=0

The following equation can be deduced from (3), (4), and (5).

Theorem 1.
(6) N(x+1)=S5(z)

If z is replaced by z—1 in the equality(6) and compare the coefficients,
we have a relation:

" M ogizg;sl(_l)i (l —: Z) St

It is important to study the upper and lower bounds for N;. Therefore
we consider truncation

_ Z(_ni(lji) 3 (lii)Nu'

0<i<a s>u>l+1i

where 0 < a < s —[. Now interchange the order of summation and
obtain

o ¥ (T)s-a()) et )
0<i<a u>l 0<i<a
It can be seen that:

_ 1o (u—=l-1 if u .
w Y (" l>:{< DAY s

1, ifu=1



Inclusion and Exclusion for finitely many types of properties 115

SO

(11) o TS Nu(7> (u —;— 1)

u>l+1

Since the contribution of the sum on the right side of 11 is negative or
positive according as s is odd or even, we can have the theorem below.

Theorem 2. For 1 =0,...s let S; = Y |(\;c; Ail, where the sum is
over all [-subsets I of [s|, and N; be the number of elements of U that
belong to exactly | of the sets {A1,...,As}. Then

> (s

0<i<2a-1
i
< N < Z (—1)< ; )Sl—l—i-

0<i<2a

(12)

I&E with two properties as a enumeration formula is introduced by
McKay, Palmer, Read and Robinson [8] in which the following asymp-
totic estimate has been found using the equation which is similar to
(12) with two properties : Let g(2n,l1,l2) be the number of general
cubic graphs on 2n labeled vertices with /1 loops and [y double edges.
Then for l; ls = o(y/n), they find

e 2 (6n)! 20 .2k

It was used to find the total number of general cubic graphs with 2n
vertices by summing up the values g(2n,ly,[2) using equation (13) :

e? (6n)!
(31)2n 230 (3p)I”

Wormald [10] first derived (14) by estimating the number of matrices
with given row and column sums and it was also derived from matrix
approximations of Bender and Canfield [1]. The formula (13) can be
derived directly by the method of I&E on two types of properties in [8],
but the proof of the inequality was omitted. The asymptotic numbers of
general cubic graphs with given connectivity [3] are obtained as a result
of (13) which may not be obtained from (14) alone without (13).

In this paper, we provide the proof for inclusion and exclusion on
finitely many types of properties in Section 2. An inequality of I&E on

(13)  g(2n.li,l2) = (1 +0(1))

(14) 9(2n) = (1+o(1))
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three types of properties is obtained in Section 3, which is an application
of I&E on three types of properties. We show that (13) and (14)can be
obtained directly via I&E which gives a simpler method to handle triple
edges than that of done in [3]. A generalization of the inequality of I&E
on finitely many types of properties is used to find the asymptotic num-
ber of 4-regular graphs with given connectivity derived from I&E with
five types of properties [4]. Most general graph theoretic terminologies
and notations follow [5] and we assume the basic terminologies for I&E
developed in [9] .

2. I&E for finitely many types of properties

Now we deal with k types of properties k > 2. Let U be the universal
set of S, elements. Let k be a positive integer where sy is the number
of subsets of U with property k. Suppose that P/,..., P/ are subsets
of U with property j (j = 1,...,k). For integers [; with 0 < [; < s;
(j =1,...,k) define

(15) Shte =2 | () BAO--n () P

i1€lq ikelk

where the sum is over all [j-subsets I; C [s;] for j = 1,...,k. For 0 <
l; <sj(j=1,...,k), let N, _; be the number of elements in U that

belong to exactly [; of the sets {PZJ 53:1 for j=1,...,k. That is
(16)

N =S| NP NP nn (O REn () B

1€l 1€ i€l i@k
where the sum is again over all lj-subsets I; C [s;] for j = 1,... k.
By counting the contribution to S, . of each element x of U that

contributes to Ny, .y, for up > 1y, ..., up > lj, we have

k
(17) Sty = Z H<Z>Nu1,---,uk'

l1<u1<s1 =1

Uy <up,<sy,
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The numbers S, . ;, and N, ;, are closely related and this relation is
neatly expressed in terms of ordinary generating functions

S1 Sk
(18) S(@r,.wk) =Y Y S g

11=0 l=0
and
51 Sk
l l
(19) N(xi,...,z) = Z"'ZNlh---,lkxf R A
Lh=0  1,=0

Then the following proposition can be obtained from (17), (18), and (19),
respectively.

Proposition 3. S(z1,...,x) and N(z1,...,x)) are ordinary gener-
ating functions defined as above then
(20) N(x1+1,...,2p+1) = S(x1,...,zL).

If we set 1 = --- =z, = —1 in (20), we obtain
(21) N(0,...,0)=S(—1,...,—1).

This is the number of elements in U that belong to none of the
sets P},--- Pl for j = 1,...,k. Now if z1,...,z} are replaced by
x1—1,...,z;—11in (20) respectively, we have, by comparing coefficients
of v ... alk;

k l _|_ Vs
(A (A
(22) Ny, = Z (_1)v1+ o H ( vs )Sll+v1,~~~7lk+vk'
0<v1<s1—I; i=1 v
0< v <sp—ly,
Then we consider the truncation
(23)
k
li +v;
Z (—1)1)1-1— +vg H ( o SZI+U1,---,lk+Uk
0<v1<ai i=1 v
0<vr<ay,

S (_UM...Wﬁ(lww) 5 ﬁ( “ )
— g li+vi UL,y Uh )

0<vi<ai =1 l14+v1<uy =1

0<vp<ay U 4og <uy,
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where 0 < a; < s; —[; and the right side has been obtained by substitu-
tion of (17). Now we interchange the order of summation and obtain

(24)
k

l; +v;
Z (_1)v1+ +vk H <l N z) Sl1+vl7,,,’lk+vk
i

0<v1<a1 i=1

0<vgp<ay

= > Nuukﬁ <7> 3 (_1)v1+...+vkﬁ (uv_l>

11 <uq i=1 0<v1 < i=1

U <uy, 0<vp<ay

It can be seen that:

S (-t ﬁ (Uzv—l li)

(25) 0<v1 <oy i=1

0<vg<ay,
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(1, if u; = I; for all 1.

(1)), if ug >0 +1 and u; = I;
for all ¢ # 1;

(—=1)2 (uk;l:_l), ifugp >l +1and u; = 1{;
for all @ # k;

(=1)mre (uralllil) (uraljil% ifur >0 +1,up >l +1

and u; = I;
for all i # 1 and 2;

(_1)ak71+ak (Uk_la_klfl_l_l) (Uk;l:_l)y ifup_q > 1+ 1,
up > I+ 1 and u; = 1I;
for all ¢ 2 k — 1 and k;
(—1yonortas (v hml) (ualamly (bl i gy > 0 1, up > Iy + 1,
ug > I3+ 1 and u; = 1;
for all i £ 1, 2 and 3;

(_1)a1+~--+ak Hf:l (uz'?.f:fl% Wy > 1+ 1
foralli=1,... k.

Thus we have

k .

li+v
e () St = N
K3

0<v1<a1 =1

0<vg<ay

«a Uy up — 01— 1
+ (_1) 1 Z Nul,lz,...lk <l1> < o )

l1+1§u1
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(26)

Uk U — lk —1
+ (=1)* Z Nllv--wlk—lauk(l )< >
l+1<u k Xk
kH1<ug
U U up — 1 — 1\ fug —lp —1
+(_1)a1+a2 Z Nul,uz,lswlk(ll) <l2>< ' al >< ’ a2 )
l1+1<uy ! 2 ! 2
lo+1<us

Up— Uk
+ (_1)ak_l+ak Z Ni ool sup—1,up < 1> < )

lj.— l
le—1+1<up_1 k=1 b

lp+1<uy,
<Uk_1 - lk—l - 1) (uk - lk - 1>
k-1 g

3
wi\ (s — 1 — 1
n (_1)a1+012+a3 Z Nu17u27u3,l47..-lk H (ZZ) ( ? ? >
(2

. (87
I1+1<uy =1
lo+1<us
I3+1<ug

k
a1 d-da Ui ol

1 +1<uy =1

le+1<uy,

If we set all the values of {a;]i = 1,...,k} to be even in (26), we have an
upper bound for N;, ;.. On the other hand, the corresponding lower
bound is not easy to obtain.

Now we deal with the main theorem. We state a trivial result
which is used for the proof of our main theorem.

Lemma 4. Suppose a, n and k are positive integers. If a >
for k < n, we have

(27) <Z> > (k—1) (ai 1).

Theorem 5. Suppose that Plj, ... ,ng are subsets of U with property
Jj (j=1,...,k). For integers l; with 0 < l; < s; (j = 1,...,k) define

n(k—1)—1
k

?
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Sty = 2 ‘nileh Pz-l1 N---N mikelk PZZ‘ where the sum is over all [;-
subsets I; C [s;] for j = 1,...,k. And for 0 < [; < sj(j=1,...,k),
let Ny, .1, be the number of elements in U that belong to exactly l; of
the sets { P/ szl for j =1,...,k. Then there are {&;},i=1,...,k with

a; > (si=li=1)(k=1)—1 such that
(28)
e+
++ K3 (2
)DINCITASD | (G ERT
0<v1<a i=1 v
0<v, <d,
b (v
++ T 1
< N11,~~~,lk < Z (_1)1)1 v H < vs >SZI+U17--~alk+Uk‘
0<v1 <201 i=1 v
0<vp<2ay

Proof. Since contribution of the sums on the right side of (17) is
positive if all a/s(i = 1, ..., k) are even, we have the upper bound. For
the lower bound, for convenient, assume that k is even(when k is odd
we can do similarly). Let

(29)

U1 Uy — ll —1
(I)tlxl = Z Nu17127~--,lk <11> < )7

aq
L +1<u;

up\ (up — Il — 1
q)éék = Z Nllu-ch—lv“k (lk) ( )7

(6
@2 - N ul u9 ul—ll—l U2_l2—1
a1,00 E , U1,u2,03,.,lk I l o o )
L+1<u; 1 2 1 2
lo+1<us
2 _
@ak_l,ak = E : Nllw--»lk—%uk—lyuk
l—1+1<ug,_1
l+1<uy

<Uk—1> <Uk> (Uk—l — g1 — 1) <Uk: — I — 1)
le—1) \ Uk Qg1 ag
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3
3 u\ (u; —l; — 1
(I)oq,az,ag, = E Nu1,U2,ug,l4,...lk H . ) y
. i Q;
l1+1§u1 =1
lo+1<us
I3+1<u3

k
(I)?’ N, Uj U; — lz‘ —1
Qp—2,0—1,0k § : Ly l—3, Uk —2, Uk — 1,k H I
=k—2 N

. Qy
lg—o+1<ug_2 i

l—1+1<u,_1

l+1<uy

(i (i~ 1~ 1
W= 2 N [ (?) <u >

0%}

Note that there are (];) terms of the form CI%Z_
form @3 ..., and <1>’;1

Qg Qg Qg )

(g) terms of the
...a,, 1s the only one term in the form of

1>%ig”

q)’cﬂn,m,ak since (]]z) = 1. Then (26) can be written:
(30)
L A
Z (_1)Ul+..-+vk H ( i . z) Sll+v17,.,7lk+fuk
0<v1 <1 i=1 !
Ogvk:gak

=Ny, + (—1)(11(1)(1}1 4+ (_1)041@(1)(1)%
+ (—1)a1+a2<1>2 + (_1)0414-043(1)2 T

aq,09 al,03
ap_otar &2 agp_1tarH2
+ (—1)% q)ak—27ak + (=) éak—lvak
altas+tas 3 a1tas+tas 3
+ (_1) ! ? 3q)a1,a2,a3 + (_1) ! ? 4(1)011,042,044 + A

ap_otag_1+or 3
+(=1) @ak—%ak—lyak
ajtagtaztag i
+ (_1) (I)a1,a2,a3,a4 +..

+ (—1)attergpk

Q... "
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It suffices to show that the right side of (30) except for Ny, . ;. is less
than or equal to zero to obtain the lower bound for Ny, ..

Suppose there is no such set {1, ..., ax} that makes the right side
of (30) except Ny, ., less than or equal to zero. That means the right
side of (30) except Ny, ., is always positive for any set {o,..., o}
Suppose {aq +1,..., a4 + 1} is a set where all os(i = 1,..., k) are odd
such that o; > W Then this set makes the right side of
(30) except Ny, positive. We have k more sets which are made by
replacing «;+1 by «; for each i = 1,..., k, from the set {a; +1,..., a5+
1}. If we substitute one of this set in (30), the right side of (30) except
Ny, still be positive by our assumption. For example, if we
substitute {a1+1,aa+1,...,ay_1+1, au, au+1+1, ..., ar+1} solution
set in equation (30), we have the formula which is positive:

(31)
1 1 1 1 1 1
(I)ozlJrl + (I)a2+1 +o A+ (I)aw_1+1 _(I)aw +(I)aw+1+1 +F (I)akJrl

2 2 2 2 2
_(I)aw,aﬁrl - (I)aw,aerl T (I)aw,akﬂ +(I)onJrl,ozerl +oe Tt (I)ak71+1,ak+1

k

3 3 3
_(I)aw,alJrl,angl - (I)aw,oz1+1,a3+1 - (I)aw,ak,1+1,ak+1 +e

3
+ <I>04k—2+17ak—1+1704k+1

4 4
_(I)aw,a1+1,a2+1,a3+1 - (I)au,ak,2+1,ak,1+1,ak+1 +.
_pF

aj+lLae+1,...,aw—1+100,004+1+1,. 0 +1

Let us call the left side of (31) as D,, where w = 1,2,..., k. We need
some explanation for the negative/positive terms in (31). Note that
(k;l) + (ﬁj) = (f) For all 7 =1,...,k, there are (k;l) terms of form

t+1,...a.+1, Which contribute as positive quantities in (31). And there
are (ij) terms contributing as negative quantities in (31) because 7 —1
terms of the form «; +1 are chosen from {a1+1, ..., 0,141, ay, Qi1+
1,...,a + 1} along with a,, which was already chosen in the subscript

of @7, . ,+1- Hence we have k inequalities just like (31). Now consider

the sum of D, for w =1,2,...,k, that is Ef}:l D,,, which is denoted by
A. By our assumption, we have

A > 0.
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Actually A is the formula which is the sum of k formula as (31) which

can be obtained when we replace a; +1 by «; for each ¢ =1, ..., k, from
the set {1 +1,..., a4+ 1} where all a/s(i =1, ..., k) are odd such that
;> BizlizD(k=1)-1

7 A .

Now for fixed 7 where 1 < 7 < k, consider

r
(32> cPazl +1,0z, +1,azh+1,azh+1+1,...,a27_ +1>

in A where {z1,...,2;} is a 7 subset of [k]. Then overall there are k such
terms in A, since we have one such term in each D, for w =1,2,...,k,
which have an index set {z1,...,2;}. Among them, 7 terms are of the

form
-
ozt 0z, +1loz, Oz g +1,..,0.+1

for each h = 1,...,7 (i.e. s, is odd and others are even) which con-
tribute as negative quantities. And k& — 7 of them have the form

r
azl+17""azh71+17azh+170‘2h+1+17"'7az‘r+1

which contribute as positive quantities. Hence for index set {z1,..., 2},
consider

-
az, ,ozZQJrl,...,ozZTJrl

-

Ozq +170¢z2 sQzg +1---7a27' +1

(33)
Ozy +1a"~7az771+170427—
+ (k- T)q)gzl-s-l,...,azT-s-l

which is in A. Note that
(k- T)‘I)gzl+1,...,azT+1 < (k- 1)(I);ZI+1,...,aZT+1

(34)
S q);zl Qzot 1,0z +10
since
(k’ . 1) (Uzl - lzl — 1> (UZ2 — lZQ — 1> (UZT —_ lz,— — ]_)
(35) O[zl +1 a22+1 e azT+1

< Uy, — Lz — 1\ [Uzy — 1z — 1 Uy, — 1y — 1

- a, a., + 1 a, +1

is hold by Lemma 4. Thus (33) cannot be positive for index set {z1, ..., 2 }.
Note that A is the sum of the values (33) for 7 = 1,..., k. This implies
A<O0

which is a contradition to our assumption. This completes the proof.
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3. Applications

Here we use the same idea that was used in [1, 3] for representing
general cubic graphs with triples edges. The main difference between
the computations of our paper and those of [3] is that we consider triple
edges along with loops and double edges.

Let V' = Uj<;<2, Vi be a partition of V' into 3-subsets V; for i =
1,...,2n. We define a configuration F with vertex set V where |V| = 6n.
The edge set of I’ consists of 3n vertex-disjoint edges. Thus F' is a 1-
factor with vertex set V' = V(@) and it is easy to see that the total
number of configurations is

(6n)!

(36) (o)l

For any edge wv in F| if both vertices u and v belong to the same
set V; of the partition, the edge is called a 1-cycle. Otherwise they are
contained in two different sets V; and Vj;. If there are exactly two such
edges between V; and Vj, we call this a 2-cycle and if there are three, it
is a triple.

A graph G is obtained from this configuration by shrinking V; to a
vertex for all i. The graph G will have a vertex set V with |V| = 2n, and
an edge set E(G) with |E(G)| = 3n, where an edge uv € E(G) may be
a loop, a single edge, or a part of double/triple edge where the number
of these are denoted by [, s, d, or ¢, respectively. Note that cubic graphs
with 2n vertices (order 2n) satisfy the relation 2n = 2s+4dr206t

3
Now, for i = 1,...,2n, let P! be the set of configurations which
have a 1-cycle in V;. Assume the (22”) pairs of sets V; in the partition

are ordered from 1 to (22") Let Pj2 be the set of configurations which

have a 2-cycle in the j* pair for j =1,..., (22") Let PJ?’ be the set of

configurations which have a triple in the j* pair for j = 1,..., (22")
Let N(ly,l2,13) be number of configurations with exactly [y 1-cycles, lo
2-cycles, and I3 triples, that means the number of configurations which
belong to exactly I; of {P!i = 1,...,2n}, Iy of {Pj?]j = 1,...,(22”)},
and I3 of {P]‘?’|j =1,..., (22”)}

Let 57, 1,1, be the number of configurations which have at least [y
1-cycles, [y 2-cycles and I3 triple edges. Then S, ,;, can be found by
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using its definition in (15);
(37)

2 215)! 2l3)!

ll, 2[2, 2[3, 2n — 11 — 2ly — 2[3 2l . lQ! 2ls . lg!
(2(3’1’L - ll - 2[2 - 3l3))'
23n—l1—2l>-3l3 (31’L — ll — 212 — 3l3)'

(1+0(1))

where the term (1 4 o(1)) allows for a negligible number of new triples
from 2-cycles(see Lemma 1 in [3]). Here is a sketch of the justification
of this formula. First we choose {1 + 2l + 2l3 + 2n — 11 — 2l — 23 labels
from the 2n available. Then it can be seen that the number of ways to
form the adjacencies is

for configurations which have l; 1-cycles, lo 2-cycles and I3 triple edges.

(2(3n — 11 — 2l — 3l3))!
23n—l1—20>=3l3 (3, — [y — 20y — 3I3)!

is the number of ways to lay down the remaining edges. Then, on
substituting (37) into (28) and simplifying it, we have the number of
configurations which have exactly I1 1-cycles, lo 2-cycles and I3 triples;

Theorem 6. For l1,ls,l3 = o(y/n),

e~ 2" T5n (6n)!
l1!l2113!(18n)l3 23"(3n)' '

(38) Niy o5 = (1 + 0(1))

Proof. Tt is enough to consider right side of (28), that is upper bound
of N(l1,1l2,13). On substituting equation (37) into the right side of (28)

and simplifying it with the fact that % =1+o0(1) for k = o(n'/?), we
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have, where k = 3,

(39)
S (li+ v
N < _ 1)\v1tv2+uvs L ?
ity < Yy ()
0<v1 <201 =1
0<v2<2az
0<v3<2a3
3h 3%.2)k 6)'
<l1,2l2,2l3,2n — 11 —2ly — 2[3) 2l . lg!( ) 2ls . l3!( )

(2(3n — Iy — 2ly — 3l3))!
23n—l1=20>=3l3 (3, — [y — 2ly — 313)!

B 1 (6n)! Z (_1)v1+v2+v3
N [1112113! 23"(3n)!

0<v1 <20
0<v2<2a2
0<v3<2ag

ghitvi+2l24+2va+l3+v3 9l +v1+2l2+2v2 +3(I3+v3)

(2n)!
(2n — (ll + 1)1) - 2([2 + 122) — 2(l3 + ’U3)!
(3n)!
(3n — (ll + 1)1) - 2([2 + 1)2) — 3(l3 + ’Ug)!
(671 — 2([1 + Ul) — 4(l2 + UQ) — 6([3 + ’Ug)!
(6n)!
1 1 (6n)!
11151 13! (18n)l3 23n . (3n)'
(_1)v1+v2+v3 1

U1 !1}2!’03!

~ (L+0(1))

0§1§20¢1 vilwvglug!  (18n)vs
0<v2<2a2
0<v3<2as3

_9__1

e 18 6mn)!
~ (14 o(1)) - ___n)

11!l2!l3!(18n)l3 23”(312)!’
(since Y “(=1)"/nl=e"1).
where both I, d = o(y/n) and {&;} with a; > %(1 <i<3).

Since we have the same result for the left side of (28), so the proof is
completed.

Let g(2n,ly,l2,13) be the number of labelled cubic general graphs
G with exactly [ loops, lo double edges and [3 triple edges. Then we
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have the following relationship between g(2n, 1, l2,13) and N(l1,12,13) =
Ny, 15,15 by shrinking each 3-vertex set V; of a configuration to a single
vertex in a graph.

Proposition 7.
3 2o
(40)  N(l1,lo,13) = g(2n, 11, 1o, 13)31 ( 2> 2l2s (31)2n—h 2023

Then from Theorem 6 and Proposition 7, we have the following corol-
laries.

Corollary 8. For ly,l2,l3 = o(y/n), we have

e 27T (6n)! 2h20(k )l

(41) 9(2n, 11,1y, 13) = (1 + o(1))

It is interesting to compare this result to (13). The fact that triple
edges are negligible is proved in [3] with tremendous work. It is easy to
handle triple edges when we find (41) by using I&E with three types of
properties.

We have the following asymptotic number of general cubic graphs
on 2n vertices.

Corollary 9.

2T Tam . (6n)!
(3)2n  23n. (3n)!’

(42) 9(2n) = (14 0o(1))

The asymptotic number of general cubic graphs on 2n vertices ob-
tained in Corollary 9 looks different to the one in (14) which was found
in Wormald [10], Bender and Canfield [1] and Chae [3]. However they
are basically the same. Another application of I&E with five types of
properties can be found in [4] in which the asymptotic numbers of gen-
eral 4-regular graphs are computed with a given connectivity. Note that
those numbers can not be obtained from the formula in Proposition 3.8
in [10].
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