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THE NONEXISTENCE OF CONFORMAL
DEFORMATIONS ON SPACE-TIMES

YOON-TAE JUNG AND SANG-CHEOL LEE

Abstract. In this paper, when N is a compact Riemannian man-
ifold, we discuss the nonexistence of conformal deformations on
space-times M = (a,00) Xy N with prescribed scalar curvature
functions.

I. Introduction

In a recent study ([5, 6, 7]), M.C. Leung has studied the problem
of scalar curvature functions on Riemannian warped product manifolds
and obtained partial results about the existence and nonexistence of Rie-
mannian warped metric with some prescribed scalar curvature function.
He has studied the uniqueness of positive solution to equation

n+2

(1.1) Agou(x) + dpu(z) = dyu(r)n-2,
where Ay, is the Laplacian operator for an n—dimensional Riemannian
n—
ifold (N dd,=——
manifold (N, go) and d, In=1)
conformal deformation of Riemannian metric(cf. [1, 3, 4, 7]).

Similarly, let (N, go) be a compact Riemannian n-dimensional mani-
fold. We consider the (n + 1)-dimensional Lorentzian warped manifold
M = (a,00) x; N with the metric g = —dt? + f(t)?go, where f is a
positive function on (a,o0). Let u(t,x) be a positive smooth function
on M and let g have a negative constant scalar curvature equal to —c,

. Equation (1.1) is derived from the

4
where ¢ > 0. If the conformal metric § = u(t,x)»-1g has a prescribed
function h(t,z) as a scalar curvature, then u(¢, ) satisfies equation
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4n nt3
(1.2) - 1Dgu(t,a:) + cu(t,x) + h(t,x)u(t,z)»-1 =0,
where [, is the d’Alembertian for a Lorentzian warped manifold M =
(a,00) x¢ N.

In this paper, we study the nonexistence of a positive solution to
equation (1.2).

2. Main Results

In this section, we let (N, go) be a compact Riemannian n-dimensional
manifold with n > 3 and without boundary. The following proposition
is well known(cf. Theorem 5.4 in [2]).

Proposition 1. Let M = (a,00) x; N have a Lorentzian warped
product metric g = —dt*> + f(t)%go. Then the Laplacian O, is given by
P o,

ST ) ot f(e2"

where A, is the Laplacian on fiber manifold V.

By Proposition 1, equation (1.2) is changed into the following equa-
tion

O*u(t,z)  nf'(t) Oult,z) 1

(2.1) o7 TR e Fapleuto)
— cpu(t,x) — H(t,x)u(tw)%i’ =0,
where ¢, = n- 1c and H(t,z) = n= 1h(t,:c).
i n

If u(t,x) = wu(t) is a positive function with only variable ¢ and if
H(t,z) = H(t) is also a function of only variable ¢, then equation (2.1)
becomes

(2.2) 1ﬂﬂ+¢£%ﬁﬁwww+H@MWﬁ.

The proof of the following theorem is more extension than that of
Theorem 4.9 in [7].
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Theorem 2. Let u(t) be a positive solution of equation (2.2) and

let H(t) satisfy H(t) > ¢1, where ¢; is a positive constant. Assume that
(t

there exist positive constants ty and Cy such that |J}((t))| < (Cy for all

t > to. Then u(t) is bounded from above.

Proof. From equation (2.2) we have

I\’

(f;if ) _ Cnu + H(t)u%?

Let x € C§°((a,o0)) be a cut-off function. Multiplying both sides of
equation (2.3) by x"*!u and then using integration by parts we obtain

(2.3)

00 , n+1 , 00 ) .
_ / (fnu )(X u) dt = ¢, / Xn+1u2dt + / H(t)Xn+1u2n_+12 gt
a a a

fn
o0 2n+2
> 01/ Xt dt.
a

From the left side of the above equation, we have

!
/

n+1
+ nx" Muu T

fn
Applying the Cauchy inequality, we get

u. s ’o
) =—(m+1)x"uxu —x

n+1|u’|2

—(fra) (X

n+1 nt1 ¢ o+, 1 a4y

—(n+D"uxu = -2 2y —x 2 u
( IX"ux ( 75 X X )( 5X )
n + 2 _ ’ 1 ’
< ( ) Xn 1U2‘X ’2+7Xn+1‘u |2
2 2
and
/fl N ntl f/ 1 g1y
nx"tuu = = 2(—=x 2 u=)(—=x 2 u
f (\@ f)(ﬂ )
2 !
n f 1 /
< nl] y2,2 2 ondy 2
< TX (f)u X" ]

Together with the above equations, we obtain
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/

TL+1 2 o0 f TL+1 2 o0 n— /
( 5 ) / (7)2X2u2dt + ( 5 ) / X 1U2|X |2dt

o0 2n+2
> 61/ X T dt.
a

!

Applying Young’s inequality and using the bound ]J;] < Cp, we have

> | 2n+2 A e 1
(2.4) 01/ " Hun-1tdt <C / (I ™+ x"1)at,
a a

where C" is a positive constant. Let x = 0 on (a,7] U[r + 3,00) with
/ 1
r>toand x =1on [r+ 1,742}, x > 0on [a,00) and |x | < 7 From

equation (2.4) we have

for all 7 > tg,where C” is a constant independent on r. Therefore u is
bounded from above. O

Theorem 3. Let (M,g) be a Lorentzian manifold with scalar cur-

vature equal to —c. Assume that there exist positive constants tg and
(t

Cop such that |J;((t))| < Cp for all t > to. If H(t) is a scalar curvature

satisfying H (t) > c¢1, where ¢; is a positive constant, then equation (2.2)
has no positive solution.

Proof. If u = u(t) is a positive solution of equation (2.2), then by
Theorem 2 wu(t) is bounded from above on (a,00). Then, by Omori-
Yau maximum principle (c.f. [8]), there exists a sequence {t;} such

" 1
that limp_cot(tr) = supyea,oou(t),u’(tr)] < % and u (tx) < T Since
SUPtea,00)U(t) = c2 > 0, there exist a number € > 0 and K such that

n+3
n—1

(cnu(ty) + H(tg)u(ty)»1) > €
for all kK > K, which is a contradiction to the fact that

i+ g ) <

for all £ > K. Therefore equation (2.2) has no positive solution. O
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The following corollary is derived easily from the previous theorems

Corollary 4. Let (M,g) = ((a,00) x¢ N), g) be a Lorentzian man-
ifold with scalar curvature equal to h(t) < 0. Assume that there exist

’

f ()

positive constants ¢y and Cj such that \ml < (Cp for all t > to. If

H(t) = C, where C' is a positive constant, then the following equation

1"

w (t) + nf/(t) / 4n n+3

) Y = o h®ul) + Culp)™

also has no positive solution.

n—1
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