For the quadrangular graphs
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ABSTRACT

In this paper, we study the adjacency matrix of a minimal connected quadrangular graph G, and then we obtain an upper
bound on [E(G)| for such a graph G, and we obtain the graph for which the upper bound is attained. In addition, we obtain an
upper bound on |[E(G)! for a critical matching covered quadrangular graph G.

I . Introduction
In this paper, we only consider simple graphs.
let G be a graph with vertex set Thus if G is a nonbipartite graph with n vertices
V(G)=1{v, v, ..,v,} and edge set £(G). The then its adjacency matrix is a symmetric matrix of
adjacency matrix A = [aij] of G is the order n which has zero trace, and
if G is a bipartite graph with partite set

(0,)-matrix of order m in which a;; =1 if and
‘ {Vl, ...7Vm} and {Vm+17---aVn} then its

only if the edge vL; joining v, and v; is in

. . . adjacency matrix is a symmetric matrix of order n
E(G). Thus the adjacency matrix of a graph is ! v Y

. with m X (n—m) bi-adjacency matrix. And if G
Symmetric. . o . . .
is a nonbipartite graph with adjacency matrix A
then the number of edges in G equals the half of

the number of nonzero entries in A, and if G is a

If G is a hipartite graph with adjacency matrix
A, there exist a permutation matrix P and a
(0,1)-matrix B such that o ) o .
0 B} bipartite graph with bi-adjacency matrix B then

b

PlAP= BTO the number of edges in G equals the number of

and we call B a bi-adjacency matrix of G.

nonzero entries in 5.

Note that if A is neither symmetric matrix nor
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has zero trace, then we shall consider bipartite
graph G with A as a bi-adjacency matrix.

For a graph G, we define the neighborhood of a
vertex z in G, N(z), to be the set of vertices in
G adjacent to x. The co-degree of two distinct
vertices  and y in G, c(z,y) is the number of
vertices in N(x)ﬂN(y) A graph G is said to
be quadrangular provided c(x,y) # 1 for any two
distict vertices « and y in G.

We say that a matrix A is inseparable if there
do not exist permutation matrices P; and P, such
that

A
HA%[llO}

O Ay

in which A,; and A,, are nonempty.

For two  vectors zx= (z],,,,,zn) and
y= (yl,,_,,yn), we define x and y to be
combinatorially orthogonal provided

Hi:x;-y;#0}=1. Let A be a matrix. If
each pair of rows and each pair of columns of A4
is called
combinatorially orthogonal. Since the combinatorial
orthogonality of A
zero—nonzero pattern of a matrix, in discussing the

are combinatorially orthogonal then A

depends only on the
combinatorial orthogonality of A we may assume
that A is a (0,1)-matrix.
As noted in [1],
matrices

combinatorially —orthogonal
and quadrangular graphs are closely
related.

It is easy to show that G is a connected
quadrangular nonbipartite (or bipartite) graph if and
only if the adjacency (or bi-adjacency) matrix A
of GG is an inseparable combinatorially orthogonal
matrix.

A connected quadrangular graph G is said to be
minimal provided G containes no proper spanning
subgraph that is both connected and quadrangular.
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minimal

In [1], Gibson and Zhang
IE(Q) =2 V(G)—4 for
connected quadrangular bipartite graph G (see also
[2D), and |E(G)| = 2| V(G)|— 1 for each minimal
connected quadrangular nonbipartite graph G, and

proved
each

characterized those graphs for which the lower
bound is attained. And also, in [1], it is attained a
minimal connected quadrangular bipartite graph

G of n>8 that
lE(@) = | (n+3)2/8J —3, and it is given a
couple of open questions for the optimal upper
|E(G)| for a
quadrangular bipartite graph G and nonbipartite

order such

bound on minimal  connected
graph G, respectively.

In this paper, we study the adjacency matrix of
a minimal connected quadrangular graph, and then
we obtain an upper bound on |E(G)l for a
minimal connected quadrangular nonbipartite graph
G and bipartite graph G, respectively, and we
obtain those graphs for which the upper bound is
attained.

In addition, we obtain an upper bound on
|E(G@)| for a critical connected matching covered
quadrangular nonbipartite graph G and bipartite
graph G, respectively, These are also solutions of

some open questions presented in [1].

[1. Optimal combinatorially orthogonal
matrices and related graphs

A combinatorially orthogonal matrix A is said to
be optimal provided each matrix obtained from A
replacing a nonzero entry in 4 by 0 is not
combinatorially orthogonal. Thus an optimal comb-—
inatorially orthogonal matrix is a combinatorially
orthogonal matrix in which every nonzero entry is
essential. For example, if
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0111 01111
1011 10111
A1:11017 and A4,_{11011
1110 11101
11110

then A; is combinatorially orthogonal matrix
which is optimal, but A, is combinatorially ortho-

gonal matrix which is not optimal.
In this that
combinatorially orthogonal matrices and minimal

section, we show optimal
quadrangular graphs are closely related.

A cell is a matrix with exactly one nonzero
entry and it equals 1. If the nonzero entry of a cell

is in the (4,) location, we denote the cell by E;;.

Lemma 2.1 If A is an adjacency (or bi-adjacency)
matrix of a minimal connected quadrangular graph,
then A
matrix which is inseparable.

is an optimal combinatorially orthogonal

Proof. Let G be a minimal connected quad-
rangular graph with adjacency (or bi-adjacency)
matrix A = [aij]. Then, A is a combinatorially
orthogonal matrix which is inseparable.

Now suppose that A is not optimal. Then there
exists an a; # 0 such that A'=A—E;— Ej;
(or A’ =A—E; if A is a bi-adjacency matrix
of ) is inseparable and combinatorially orthogonal
matrix. Clearly, the graph & with adjacency (or
bi-adjacency) matrix A’ is a proper spanning
G which is
quadrangular. Thus the proof is completed.

subgraph  of connected and

The converse of Lemma 2.1 is not true. For
example,

[0001111]
0001111
0001111
1110101 1
1111010
1110101
11111010

and A'=A—F,—Es— E,—E; are
optimal combinatorially orthogonal matrices which
are inseparable. Let G and G be graphs with
adjacency matrices A and A’ respectively. Then,
clearly, G’ is a spanning subgraph of G which is
connected and quadrangular. It implies that G is
not minimal connected quadrangular graph.

By B< A we
b;j < a; for n>xXn (0,1)-matrices A = [aij] and
B=[b,].

The next theorem immediately follows from the

simply mean entrywise

above remark and the definition of minimal con-
nected quadrangular graph.

Theorem 22 let A be an  optimal
combinatorially orthogonal matrix which is inse—
parable. If A contains no optimal combinatorially
orthogonal matrix A’ which is inseparable and
A'<A and A # A, then G is a minimal
connected quadrangular graph with the adjacency
(or bi-adjacency) matrix 4.

Let P, be the s X s basic circulant matrix with

form:

010--0
001" :
Po_|: - - 0,
0--001

1 0--00

and the m Xmn matrix of all 1's is denoted by

m,n*

For integers r > 1 and s = 3, we define

0 Js
’ } 2)

Ar,s = |:!]5_’er9 +P571

Then we can easily check that A, is the

(r+s)x(r+s) optimal
orthogonal matrix which is inseparable.

combinatorially

We consider a graph, say G, ,, with Am as
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an adjacency matrix. Then, clearly, G is a

.S
connected quadrangular nonbipartite graph with
vertex set {Vy,Vss...,V, ) obtained by adding

the s edges V41U 19, VpiaUrigi,

Vpg(s—1)V+5 and v.4qv,.4, to the complete

bipartite ~ graph A, with  partite  sets
{V17V27.--7Vr} and {Vr+17Vr+2’---7Vr+s}'
Note that if =3 and s >4 is an even

integer then A,‘,S contains an optimal comb-
orthogonal matrix A’  which is
and A'<A,, A #A,, For

example, such a matrix is

inatorially

inseparable

A/ = Ar,s - (El,r+2+E1,7‘+4+'“+E1,r+s+'
E‘+2,1+EI'+4,1 +"'+Er+s,1)

r

We may refer to (1) for 4, 4. Clearly, A’ is the

adjacency matrix of a proper sppaning subgraph of

G,

r,s

which is both connected and quadrangular.
Thus G, , is not minimal for each even integer
s> 4.

But, if s > 3 is an odd integer, then it easy to

show that 4 contains no optimal combinatorially

orthogonal matrix A’ which is inseparable and
A < A, o A = A,
for each odd integer s > 3 from Theorem 2.2, and
we obtain following theorem

IE(G, )l = (r+1)s if we take G= G, ,.

Theorem 2.3 For each odd integer s = 3, there

Thus G, ¢ is minimal

58t

from

exists a minimal connected  quadrangular
nonbipartite graph G of order m > 4 such that

IE(@)=(n—s+1)s.
Corollary 24 There exists a minimal connected

quadrangular nonbipartite graph G of order n = 4
such that
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2m(2m+1) if n=4m,
_J@m+1)? if n=4m+1,
86 = 2m+2)@2m+1) if n=4m+2, ©)
2m+3)(2m+1) if n=4m+3.
Proof. Theorem 2.3 implies that  if
r+s=n=>4 and s = 3 is an odd integer then
G= G, , is minimal connected quadrangular

nonbipartite graph of order n. In (2), take

r=2m—1,s=2m+1 if n=4m,

r=2m, s=2m+1 if n=4m+1,
r=2m+1, s=2m+1 if n=4m+2,
r=2m+2, s=2m+1 if n=dm-+3,

orr=2m,s=2m+3

then (3) follows from |E(G)| = (r+1)s.

In the following remark, we obtain more minimal
connected quadrangular nonbipartite graphs.

Remark 2.5. For (0,1)-matrices

01 010
@-[75] and @ |101].
010
define
A |: QQ ‘]2,2771*2 }
1= ']277172.,2 QQ@@Q2 ’
A [ Q3 ‘]3,277172 }
2= ']277172.,3 QQ@ @QQ
and
A |: Q? L]2.27’11*1 ]
3= ‘JZTIL—I,Q Q269 o 69Q2®Q3 .

Then A,, A, and A; are optimal combinatorial
orthogonal matrices. Furthermore,

it is easy to show that if A,, 4, and A, are
the adjacency matrices of the graphs G, G, and
then G, G,

G5 respectively, and Gy are
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connected minimal quadrangular nonbipartite graphs

of order n such that

IE(G)I=5m—4 if n=2m,
IE(G)I=Tm—5 if n=2m+]1,
IE(Gy)l=5m—1 if n=2m+1.

Note that if m =3 in A,, that is,

[0101111]
1011111
0101111

-|1110100
1111000
1110001

11110010

then G, with the adjacency matrix A, is a
connected minimal quadrangular nonbipartite graph
of order 7, and |E(G)=16. But
|E(Gy3)l = |E(G, 5)l = 15.

Thus we have following: for a connected minimal

quadrangular nonbipartite graph G of order n > 4,

2m(2m—+1) if n=4m,

2m+1)? if n=4m+1,
max|E(G)I=1@2m+2)2m+1) if n=4m+2,

2m+3)2m+1) if n=4m~+3(m=1),

6 if n=T1.

For integers r = 1 and s = 2, we define

0 J,
8| Py e
4
0 J ]
B — )
metl ‘]s,r+1f)s+js

where P, is the basic circulant matrix of order
s and I, is the identity matrix of order s.

Then we can easily check that 5, , and

Ch i1 are the (r+s)x(r+s) and
(r+s)x<(r+s+1) optimal combinatorially
orthogonal — matrices which are inseparable,

respectively.
Theorem 2.7 For each integer r > 1, there
exists a minimal connected quadrangular bipartite

graph G of order n > 6 such that

_[2(m—7)(r+1) if n=2m,
|E(G)|*{(mfr)(2r+3) if n=2m+1. ©

In particular, there exists a minimal connected
quadrangular bipartite graph G of order n=3

such that

2(ﬁ7 [y )( L%J +1) if n iseven,

n—1 n n . .
7~ LZJ)(Z{ZJ +3) if n isodd.

(6)

Proof. Let G be the bipartite graph with the
bi-adjacency matrix B, , if m is an even integer
and the bi-adjacency matrix C,. ,; if n is an odd
integer in (4), where r+s =m > 3 for an integer
r = 1. Then we can easily check that both 5,
and G, 4

orthogonal —matrices

contain no optimal combinatorially

B and C which are
B < B, B # B, and
C<C,1,C#C 4y Thus G is a minimal
connected quadrangular  hipartite graph of order
n=2m or n=2m+1 from Theorem 22. (5)
follows from [E(G)l=2s(r+1) if n=2m and
|E(G)=s(2r+3) if n=2m+1. In particular,

inseparable  and

it we take r= 1 % ] then (6) follows from (5).

ik
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