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ABSTRACT. In this paper we introduce the new generalized difference sequence spaces
loo (A, M, p,q,5), €(AT, M,p,q,5), @(A}, M,p,q,s), m(Ay, M,p,q,s) and

mo(AY, M, p,q,s) defined over a seminormed sequence space (X, q). We study some of its
properties, like completeness, solidity, symmetricity etc. We obtain some relations between
these spaces as well as prove some inclusion result.

1. Introduction

Throughout the article w(X), ¢(X), co(X), ¢(X), c(X), leo(X), m(X) and
mo(X) will represent the spaces of all, convergent, null, statistically convergent, sta-
tistically null, bounded, bounded statistically convergent and bounded statistically
null X valued sequence spaces, where (X, ¢) is a seminormed space, seminormed
by q. For X = C, the space of complex numbers, these represent the corresponding
scalar valued sequence spaces. The zero sequence is denoted by 6 = (6,6,40,...),
where 6 is the zero element of X.

The idea of statistical convergence was introduced by Fast [8] and studied by
various authors (see [2], [9], [17]).

The notion depends on the density of subsets of the set N of natural numbers.
A subset E of N is said to have density §(E), if

n—oon

0(E) = lim 1 ZXE(k) exists,
k=1

where xp is the characteristic function of F.
A sequence (zy) is said to be statistically convergent to L if for every ¢ > 0,

§({k € N: |z, — L| > e}) = 0. We write zy, 9% I or stat — limay, = L.
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The notion of difference sequence space was introduced by Kizmaz [11]. It was
generalized by Et and Colak [3] as follows :
Let n be a non-negative integer. Then

X (A" ={z = (a): A"z € X},

for X = cg, c and £, where n € N, A%z = (z3), (A"xy) = (A”_lxk — A"‘lxkﬂ).
Let v = (vx) be any fixed sequence of non-zero complex numbers. Et and Esi
[4] generalized the above sequence spaces to the following sequence spaces:

X (AY) ={z = (zx) : (Afzy) € X}

for X = l, ¢ or cg, where AVz = (vpzp), (Avzr) = (VkTk — Viy1TE+1) and
(Aray) = (A7 'z — A7 z444) and so that

Aﬁxk = Z (—1) <i>vk+ixk+i.

=0

An Orlicz function is a function M : [0, 00) — [0, 00), which is continuous, non-
decreasing and convex with M(0) = 0, M(z) > 0 for > 0 and M(x) — oo as
T — 00.

If the convexity of an Orlicz function M is replaced by M(z + y) < M(x) +
M (y), then this function is called modulus function, introduced and investigated
by Nakano [14] and followed by Ruckle [16], Maddox [13], and many others.

Lindenstrauss and Tzafriri [12] used the idea of Orlicz function to define what
is called an Orlicz sequence space

EM:{wa:ZM<|zk|> <oo,forsomep>0}
k=1 P
which is a Banach space with the norm
|z|| = inf p>0:ZM<$k|> <1;.
k=1 P

The space £j; with the norm closely related to the space £, which is an Orlicz
sequence space with M (z) = zP for 1 < p < oo.

Remark 1. An Orlicz function satisfies the inequality M (Az) < AM (z) for all
with 0 < A < 1.

The following inequality will be used throughout the article. Let p = (pg) be a
positive sequence of real numbers with 0 < p;, < suppp = G, D = max(1,2¢71).
Then for all ag, by € C for all k € N, we have

(1) |ak + bi|"* < D{Jag["* + [bx|"*}.
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Definition 1.1([10]). Let X be a sequence space. Then X is called:

(7) Solid (or normal), if (apxy) € X whenever (x) € X for all sequences (o)
of scalar with |ag| <1, for all k € N.

(i3) Symmetric if (x) € X implies (m,r(k)) € X, where 7 (k) is a permutation
of N.

(#i1) Monotone provided X contains the canonical preimages of all its stepspace.

Lemma 1.2([10]). If a sequence space E is solid, then E is monotone.

Lemma 1.3([18]). For two sequences (py) and (t;) we have mo(p) 2 mo(t) if and
only if iminfye i (p/tx) > 0, where K C N such that 6(K) = 1.

Lemma 1.4([18]). Let h = inf p;, and G = sup py, then the following are equivalent:
(1) G < oo and h >0,

(ii) m(p) = m.

Lemma 1.5([18]). Let K = {n1,na, ...} be an infinite subset of N such that §(K) =
0. Let

T={(zx) 2, =0 o0rl fork=mn;i €N and x;, =0, otherwise}.

Then T is uncountable.

2. Main results

Definition 2.1. Let M = (M},) be a sequence of Orlicz functions, p = (pg) be any
sequence of strictly positive real numbers, s a non-negative real number and X be
a seminormed space with the seminorm g. Then we define the following sequence
spaces:

Alxi—L stat
ZA™ M.p.q,9= {( B ewX) : k5 [M, ((%))}k stal (), for some p> 0, LeX}
Z}Ik stat
(A, M.p,gq.9) {xk cwlX) : k~°[M (q(T))]pk = 0, for some p > 0}
An
KOO(AZ,M,p,q,s):{(a:k)Ew(X) : supk_s[Mk(q(ﬂ))]p’“ < o0, for some p > O} .
k>1
We write
m(AY, M, p,q,s) = (A7, M,p,q,8) Nl (AY, M,p,q,5),
mo (A7, M,p,q,8) = T (A, M,p,q,8) Nl (A7, M, p,q,5).

For py, = 1 for all k € N, we write these spaces as ¢(A', M, q, s), ¢o(A?, M, q, s),
m (A M, q,s), mg (A", M, q, s) and £ (A7, M, g, s).

For M, = M for all k € N, we write these spaces as ¢(A, M,p,q,s),
Co(AY, M,p,q,s), m(A', M,p,q,s), mg (A, M,p,q,s) and loo (A, M, p,q,s).
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For s =0, My (z) =z for all k € N and ¢(x) = |z|, we obtain the results of Et,
et.al [6].

Theorem 2.2. ¢(A?, M, p,q,s), co(A?, M, p,q,s), m (A", M,p,q,s) and
mo (A, M, p,q,s) are linear spaces.

Proof. We shall prove only for ¢5(A”?, M, p,q,s). The other cases can be proved
similarly. Let (xy), (y,) € G(A}, M,p,q,s) and «, 8 € C. Then there exist positive
numbers p; and ps such that

Agxk stat

EIMy(a(ZEE )] 5 0 as k> oo

and

An sta
= (M (q( 2225 )Pr 2% 0 as k — oco.

P2

Define p3 = max (2 |af p1,2|8| p2). Since M}, are non-decreasing and convex func-
tions, ¢ is a seminorm and A7 linear, we have

P3
< Dk {Mk (q (Majk))}pk +Dk™° {Mk <q (m>>]Pk st o,
1 P2

as k — oo. This proves that ¢o(A7, M, p, q, s) is linear space. O

Theorem 2.3. The spaces mg (A, M,p,q,s) and m (A, M,p,q,s) are para-
normed space, paranormed by

n . A/n/
ga () = ZQ(%) + inf {pp’“]'c s supk™° My, (q ( fk)) <1, p> 0} ;
k

k=1

where H = max(1,sup p).

Proof. Clearly ga (x) = ga (—); © = 6 implies A7z), = 6 and as such Mj, (¢(0)) = 0.
Therefore ga () = 0. Now let () and (yx) be in any of the spaces in the statement.
Then we have p1, p2 > 0 such that

supk~° M, (q (Avxk>> <1
k p1

A’ﬂ
supk~° M, (q < ”yk>) <1.
k P2

and
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Let p = p1 + p2. Then by the convexity of M}, we have

ot (B2 0)))

P1 s Aﬁﬂfk P2 —s AZ%))
supk™°*M + (—————)supk™°M —==
(P1+P2) ’ k( ( P1 )) (p1+p2) P ’“(q( P2

< 1.

Hence we have,

ga (z+y)

n An
= Z ( +yr) + mf{ Ear : supk™* My, (q <U(xk+yk)>> <1 p> 0}
1 k P
- » A
Z xy) + inf {pﬁl{C : supk ™ My, <q (”zk > <1, p> O}
Pt k p
“ » AT
+2_a +mf{pf’f' : supk ™M (q< ;y’“» <1, p>0}
k

=1

The continuity of scalar multiplication follows from the following equality:

ga (Az) = Zq (Azk) erf{pH supk™ Mk< (W>)§1,p>0}
P

1 k>1

" An
Al Zq(zk) +inf{(r|x)f’f : supk~® M, <q( x’“)) <1, r> 0},
k=1 k21 "

where r = ﬁ. Hence the spaces m (A, M, p, q, s) and mg (A", M, p, q, s) are para-
normed by ga. O

Theorem 2.4. Let (X, q) be complete seminormed space, then the spaces mo (A, M, p,q, s)
and m (A?, M, p,q,s) are complete.

Proof. We prove it for the case mg (A", M, p,q,s) and the other case can be es-
tablished similarly. Let (z%) be a Cauchy sequence in m (A", M,p,q,s). Let § > 0
be fixed and r > 0 be such that for a given 0 < e < 1, = > 0and 76 > 1. Then
ga(zt — 2°) — 0 as i,s — oo. Then there exists a positive integer ng such that
ga(a' —a®) < 5, for all 4,5 > ng.

N . ATzl — Angs e
(2) ZQ(%—%)ﬂnf{pH :Slépk ‘Mk(q<’“pk>)él, p>0}<r§,

k=1

for all i,s > ng.
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From (2) we have (2})22, is a Cauchy sequence in X for each k = 1,2,...,n.
Hence (x%)$°, is convergent in X, for each fixed k = 1,2, ...,n. Let

(3) lim z}, = xy, for each k = 1,2, ..., n.
71— 00

From (2) we have

A 7 — A"$ K}
k~° [Mk (q (M))] < M(T?)7 for all i,s > ng and all k € N,

=gq (A:}m}ﬁ — Alx}) <e, for all i,s > ng and all k € N.

Hence (A?(x%))32, for all k € N, is a Cauchy sequence in X and hence are
convergent in X. Let lim; oo ATz} = yg.

Now for k = 1, by (1) and (3) since lim; o, A"z% = y;, we havellimiﬁOo x?c_H =
Zp+1 exists. Proceeding in this way inductively we have lim; o 2}, = ) for each
ke N.

Now using the continuity of M} and applying the standard techniques, we have
for all i > ny,

" .
. PR e s Arx, — AV, 2e
glggo E q(xk—xk)—l—lnf{pH : lim supk™° My, (q(“)) <1, p>0}<r§

S§—00
k=1 k

- , » Azt — AP 2

= Zq(m}cka)Jrinf {pfllc : supk™* My, <q (M)> <1, p>0} <—5

= k p ré

. 2e

= 1) < —.

ga (#' —w) < —
Hence (wl — x) € mo (A, M,p,q,s). Since (x’) € mp (A}, M,p,q,s) and

mo (A", M, p, q, s) is a linear space, so we have © = xi—(azi — ac) € mg (A", M;p,q,s).
Hence x € mg (A, M, p,q, s) is a closed subspace of £ (A?, M, p,q,s). O

Theorem 2.5. Let n > 1, then for all0 <i<n, Z (Ai,M,q,s) CZ (AT, M,q,s)
where Z = ¢, ¢y, m and mqg. The inclusions are strict.

Proof. We establish it for ¢ (Aﬁ’l,./\/l, q, s) C o (A7, M,q,s). Tt follows from the
following inequality

oo (a(57)) <o fimome (o (357 ) oo (o (352

that (zy) € ¢ (An71, M, g, s) implies (z1) € g (A7, M, q,s).

On applying the principle of induction it follows that %(Ai,/\/hq,s) C
co (A7, M, q,s), for i = 0,1,2,...,n — 1. The proof for the rest of the cases will
follow similarly. O
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To show the inclusions are strict consider the following example.

Example 1. Let My (x) =z, v, =1, for all k € N, s =0 and ¢ (x) = |z|. Then the
sequence (zy,) = (k") € Z (A7 /\/l,q, s) but (z) ¢ Z (A7, M,q,s) for Z =¢
and my, since A"mk =0 and A" gy = (=1)""1(n — 1)! for all k¥ € N. Under the
above restrictions, consider the sequence (zy) = (k™). Then (zx) € Z (A", M, q, s)
but (zx) ¢ Z (A7"', M, q,s) for Z =¢ and m.

Theorem 2.6. Let M = (My) be a sequence of Orlicz functions. For any two
sequences p = (pr) and t = (ty) of positive real numbers and for any two seminorms
q1 and g2 on X we have

Z (A}, M,p,q1,8) N Z (A}, M, t,q2,5) # @,

where Z = ¢, ¢y, m and my.

Proof. The proof follows from the fact that the zero sequence belongs to each of the
classes the sequence spaces involved in the intersection. O

The proof of the following result is easy, so omitted.

Proposition 2.7. Let M = (My,) be a sequence of Orlicz functions, any sequence
p = (pr) of strictly positive real numbers and seminorms q, q1 and g2 on X. Then

(i) co(AY, M, p,q,5) CT(AY, M, p,q,s),

(i) mo(AY, M, p,q,s) € m(A}, M,p,q,s),

(Z“) Z(ALL’ Mapv q1, S) N Z(A'LT)L7 Mvp7 q2, S) c Z(Ag7 M,p, a1+ q2, 5)7 where
Z =¢, ¢y, m and my.

() If q1 is stronger than g2, then Z(A?, M, p,q1,8) C Z(AY, M, p, q2, s), where
Z =¢, ¢g, m and my.

The proof of the following two theorems can be obtained from example 2, ex-
ample 3, example 4 and example 5 of Tripathy [19], on taking My, = M and vy, =1
for all k € N and s = 0.

Theorem 2.8. The sequence spaces Z(Al', M, p,q, s) are not solid for n > 0, where
Z =¢, ¢y, m and my.

Theorem 2.9. The sequence spaces Z (A, M, p,q, s) are not symmetric for n > 0,
where Z = ¢, ¢y, m and my.

Proposition 2.10. For two sequences (pi) and (t;) we have mo(A, M,t,q,s) C
mo(A?, M, p,q,s) if and only if liminfkeKIt’—: > 0, where K C N such that
§(K)=1.

Proof. The proof is obvious in view of Lemma 1.3. a
The following result is a consequence of the above result.

Corollary 2.11. For two sequences (pr) and (tx) we have mo(AZ, M t,q,s) =
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Pk
23

mo(A?, M, p,q,s) if and only if liminfyex
K C N such that §(K) = 1.

> 0 and liminfyec i ;—z > 0, where

The following result is obvious in view of Lemma 1.4.

Proposition 2.12. Let h = inf p, and G = sup pg, then the followings are equiva-
lent:

(1) G < 00 and h > 0,

(ii) m(AG, M, p,q,s) = m(A}, M, q, ).

Since the inclusion relations m(A?, M, p, q,s) C loo (A", M, p,q, s)
and mo(A?, M,p,q,s) C Lo (A, M, p,q, s) are strict, we have the following result.

Corollary 2.13. The spaces m(A", M, p,q,s) and mo(A?, M,p,q,s) are nowhere
dense subsets of Lo (AZ, M, p,q,s).

The following result is obvious in view of Lemma 1.5.

Proposition 2.14. The spaces m(AY, M,p,q,s) and mo(A, M,p,q,s) are not
separable.
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