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ABSTRACT. In this paper, we present some results concerning orthogonal generalized
(o, 7)-derivations in semiprime near-rings. These results are a generalization of results
of Bresar and Vukman, which are related to a theorem of Posner for the product of two
derivations in prime rings.

1. Introduction

As is well known, the study of derivations of near-rings was initiated by Bell and
Mason [3]. An additively written group (IV,+) (not necessary abelian) equipped
with a binary operation - : N x N — N, (z,y) — xy, such that (zy)z = z(yz)
and z(y + z) = xy + xz for all z,y,z € N is called a (left) near-ring. A near-ring
N is said to be zero-symmetric if 0z = 0 for all x € N. Following example, due to
Beidar et al.,[5] shows that such near-rings do exist. Let V' be a linear space with a

basis eq, ea, ..., e, over a field F' of characteristic different from two. Define a mul-
tiplication - : V x V — V by the rule vw = 0 for all v,w € V with v # ey, v # —e;
and e;w = w, (—e;)w = —w. One can easily check that V' is a left zero-symmetric
near-ring with respect to this multiplication. In view of the above multiplication
e1(ea + e3) = es + e3. On the other hand, neither e; + e5 = €1 nor e; + e5 = —e3
since e, ea,..., e, is linearly independent, and hence (es + e3)e; = 0. Obviously,

V' is not a ring since right distributive law fails. For more natural examples of left
near-rings we refer the reader to [6]. In [4], Bresar and Vukman introduced the
notion of orthogonality for two derivations in a semiprime ring and proved some re-
sults on the orthogonal derivations of semiprime rings which are related to Posner’s
First Theorem [9]. In [2], Argac et al., introduced the notion of orthogonality for
a pair (D, d), (G, g) of generalized derivations on semiprime rings and gave several
necessary and sufficient conditions for (D, d) and (G, g) to be orthogonal. Golbasi
and Aydin [7] extended their results to orthogonal generalized (o, 7)-derivations.
In [8], Park and Jung proved some results on orthogonal generalized derivations in
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semiprime near-rings. Motivated by the above, our purpose is to present orthogonal
generalized (o, 7)-derivations in semiprime near-rings. In fact, our results extend
and unify some results proved in [1], [2], [7] and [8].

Throughout this paper, N will denote a zero-symmetric left near-ring. We say
that IV is 2-torsion free if 2z = 0, x € N, implies that x = 0. Recall that a near-ring
N is prime if x Ny = {0} implies = 0 or y = 0, and N is semiprime if xt Nz = {0}
implies z = 0. An additive mapping d : N — N is said to be a derivation on N
if d(zy) = d(z)y + d(y) for all z,y € N. An additive mapping f : N — N is
said to be a generalized derivation on N if there exists a derivation d on N such
that f(zy) = f(x)y + zd(y) for all z,y € N, and denoted by (f,d). Let o and 7 be
two near-ring endomorphisms of N. An additive mapping d : N — N is called a
(o, 7)-derivation if d(zy) = d(z)o(y) + 7(x)d(y) holds for all z,y € N. An additive
mapping F' : N — N is called a generalized (o, 7)-derivation if there exists a
(0, 7)-derivation d such that F(zy) = F(z)o(y) + 7(x)d(y) holds for all z,y € N.
A generalized (o, 7)-derivation F associated with d will denote (F,d). Note that if
d = F, then a generalized (o, 7)-derivation F is just a (o, 7)-derivation. If o = 7 = 1,
the identity map on N, then a generalized (o, 7)-derivation F is simply a generalized
derivation. If o = 7 = 1 and d = F, then a generalized (o, 7)-derivation F' is
a derivation. Hence the class of generalized (o, 7)-derivations includes those of
derivations, generalized derivations and (o, 7)-derivations. Given an endomorphism
a of N, an additive mapping f : N — N is called a left (resp. right) a-centralizer
of N if f(zy) = f(z)a(y) (resp. f(zy) = a(zx)f(y)) for all z,y € N. Two additive
mappings d,g : N — N are called orthogonal if d(z)Ng(y) = {0} = g(y)Nd(z)
for all x,y € N. It is obvious that a nonzero generalized (o, 7)-derivation cannot be
orthogonal to itself in semiprime near-rings.

The following example shows that orthogonal generalized (o, 7)-derivations on
semiprime near-rings do exist. Let N be any prime near-ring and d a (o, 7)-
derivation of N. Set S = N@ N, then S is semiprime near-ring. It is easy to
see that F': N — N defined by F(zy) = ao(xy) + d(zy) for some fixed a € N, is a
generalized (o, 7)-derivation of N. Define Fy, F5 : S — S by Fi((z,y)) = (F(x),0)
and Fy((z,y)) = (0, F(y)), then it is straightforward to check that F} and F, are
orthogonal generalized (o, 7)-derivations on S.

2. Preliminary results
We begin with the following lemmas which will be used in the sequel.

Lemma 2.1([8, Lemma 1]). Let N be a 2-torsion free semiprime near-ring and
a,b € N. Then the following conditions are equivalent:

(¢) axb =0 for allxz € N.

(1) bra=0 for all z € N.

(#43) axb+bxa =0 for allz € N.

If one of the three conditions is fulfilled, then ab = ba = 0.

Lemma 2.2. Let (F,d) be a generalized (o, T)-derivation of near-ring N, where o
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s an automorphism of N. Then the following hold:

(1) (F(z)o(y) +7(x)d(y))z = F(x)o(y)z + 7(x)d(y)z for all x,y,z € N.

(i1) (d(z)o(y) + 7(x)d(y))z = d(z)o(y)z + T(x)d(y)z for all z,y,z € N.
Proof. (i) For all z,y,z € N, on the one hand,
F((zy)z) = F(zy)o(2) + 7(zy)d(z) = (F(x)o(y) + 7(2)d(y))o(z) + 7(2)7(y)d(z).
On the other hand,
F(z(yz)) = F(z)o(yz) + 7(x)d(yz) = F(x)o(y)o(z) + 7(x)d(y)o(z) + 7(x)7(y)d(2).
Comparing these two expressions of F(zyz), we have

(F(z)o(y) + 7(x)d(y))o(2) = F(x)a(y)o(z) + 7(x)d(y)o(2)

for all x,y,z € N. Since ¢ is an automorphism of N, and so
(F(z)o(y) + 7(x)d(y))z = F(x)o(y)z + 7(x)d(y)z

is fulfilled for all z,y,z € N.
(79) It is proved by the same arguments as (). a

3. The main results

In all that follows, unless stated otherwise, we always assume that F'o = oF,
Fr =71F, do = od, dr = 7d in the symbol (F,d), while o and 7 are automorphisms
of N.

Theorem 3.1. Let N be a 2-torsion free semiprime near-ring. Suppose that (Fy,dy)
(resp. (Fy,da))is a generalized (o1, 711)-derivation (resp. (o2, 72)-derivation) of N.
If F\ and Fy are orthogonal, then the following conditions are true:

(i) dv and Fy are orthogonal.

(i4) d2 and Fy are orthogonal.

(#i1) di and do are orthogonal.

(Z’U) d1F2 = Fle = O, dgFl = Fldg = 0, dldQ = d2d1 = O, F1F2 = F2F1 =0.

Proof. (i) By hypothesis,

Fi(z)zF3(y) =0 for all z,y,z € N. (1)
Application of Lemma 2.1 yields that

Fy(z)Fz(y) =0 for all z,y € N. (2)
Replacing x by rz in (2) and using Lemma 2.2, we get
0 = Fi(rz)F(y)

= (Fi(r)oi(z) + 7i(r)di(z)) Fa(y)
Fi(r)oi(z)Fa(y) + m(r)di(2) Fa(y)
= 7i(r)di(z)F2(y)
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for all z,y,r € N. Since 7 is an automorphism of N, we have Nd; (z)Fs(y) = {0}

and hence
di(z)F2(y) =0 (3)

by the semiprimeness of N. Replacing = by zr in (3) and using Lemma 2.2, we
obtain

0 = di(ar)F(y)
= (di(2)
= d1 (l‘
= di(x

for all ,y,r € N. Since o7 is an automorphism of N, we have d; (z)rFy(y) = 0 for
all z,y,r € N, and so Fz(y)rd;(z) = 0 by Lemma 2.1, which shows (4).

(74) Using the same arguments in the proof of (i), we prove (i).

(7i1) Replacing x, y by xr, ys respectively in (2) and using Lemma 2.2, for all
xz,y,7,s € N, we have

0 = Fi(axr)Fa(ys)
= (Fi(@)o1(r) + mu(z)di(r))(F2(y)o2(s) + m2(y)dz2(s))
Fy(2)o1(r)(F2(y)oz(s) + 12(y)da(s)) + 1i(x)di (1) (F2(y)o2(s) + m2(y)d2(s))
1(2)d1(r)72(y)d2(s)

where the last equation uses the orthogonality of F; and F5, di and F5, do and Fj.
Since 71 is an automorphism of N, the last relation gives Ndi(r)ma(y)dz2(s) =
{0} and hence d;(r)72(y)d2(s) = 0 by the semiprimeness of N. This implies that
dy(r)tda(s) = 0 since 71 is also an automorphism of N. We have da(s)tdy(r) = 0 by
Lemma 2.1 for all r,s,t € N. Thus, d; and ds are orthogonal.
(iv) Tt follows from (iéi) that dy and ds are orthogonal. Hence

= di(da(2)2d1(y)) = dida(x)o1(2)o1d1(y) + Tid2(x)d1 (2d1(y))

for all z,y,z € N. Using the facts that dio; = 01dy, T1ds = do1; and the or-
thogonality of di and ds, the last relation reduces to dids(x)o1(2)dio1(y) = 0 and
hence

dida(x)Ndy(y) = {0} (4)

since 71 is an automorphism of N. Replacing y by da(x) in (4), we get
dydz(x)Ndyde(xz) = {0} and hence dyds = 0 by the semiprimeness of N.
Similarly, since each of the equalities: da(di(x)zd2(y)) = 0, di(Fa(z)zdi(y)) =
0, Fa(di(w)2F2(y)) = 0, do(Fi(2)2dz(y)) = 0, Fi(da(2)2F1(y)) = 0, Fi(Fa(2)2F1(y)) =
0 and Fy(Fy(2)zF5(y)) = 0 holds for all z,y,z € N, we have dody = d1Fy = Fody =
doFy = Fids = F1Fy = Fo F1 = 0, respectively. O

Theorem 3.2. Let N be a 2-torsion free semiprime near-ring. Suppose that (Fy,dy)
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(resp. (Fa,ds)) is a generalized (01,71 )-derivation (resp. (o2, T2)-derivation) of N.
Then the following conditions are equivalent:

(i) Fy and Fy are orthogonal.

(i1) Fi(z)Fa(y) = di(z)Fa(y) =0 for all z,y € N.

(#i1) Fa(z)Fy(y) = do(x)Fi(y) =0 for all x,y € N.

Proof. (i) = (ii) It is obvious by Theorem 3.1.
(#9) = (i) We are given that Fy(x)Fy(y) = 0 for all x,y € N. Replacing x by
xz in the above equation and using Lemma 2.2, we find that
0 = Fi(zz)Fa(y)

= (Fi(@)o1(z) + 11(x)d1(2)) F2(y)

= Fi(z)o1(2)Fa(y) + i (x)di(2) Fa(y)

= Fi(@)o1(2)F2(y),
where the last equality uses the fact di(z)F»(y) = 0 for all z,y € N. Since o7 is an
automorphism of N, we have Fy(x)zF3(y) = 0 and hence Fy(y)zFi(z) = 0 for all

z,y,z € N, by Lemma 2.1. Thus, F; and F5 are orthogonal.
(1) <= (#it) The proof is similar to (i) <= (i7). a

When o1 = 02 = ¢ and 7y = 75 = 7, we can prove the following:

Theorem 3.3. Let N be a 2-torsion free semiprime near-ring. Suppose that
both (F1,d1) and (Fa,d2) are generalized (o,7)-deriwations of N. Then Fy and
Fy are orthogonal if and only if (F1Fy,dids) is a generalized (02, 72)-derivation
and Fy(x)F5(y) =0 for all z,y € N.

Proof. Suppose that (Fy Fy, d1ds) is a generalized (02, 72)-derivation and Fy (z) F»(y) =
0 for all z,y € N. On the one hand,

FiFy(zy) = FiFy(2)0%(y) + 72 (x)dy (2)d2(y) for all 2,y € N. (5)
On the other hand, Fy Fy(xy) = Fi(Fs(x)o(y) + 7(x)da(y)), which implies that
FiFy(xy) = FiFa(w)0®(y) + mFy(2)dio(y) + Fi7(x)odz(y) + 7% (2)di (x)da(y). (6)

Comparing (5) with (6), we have 7Fy(x)d1o(y) + Fi7(x)ode(y) = 0 for all z,y € N.
Since For = 7F5, doo = ods and o, 7 are automorphisms of IV, the above equation
can be rewritten as

Fy(x)dy(y) + Fi(z)de(y) =0 for all 2,y € N. (7)
Recalling our hypothesis, Fy(x)F>(y) = 0 for all x,y € N, we have
0 = Fi(z)Fy(yz) = Fi(z)Fa(y)o(z) + Fi(2)7(y)d2(2) = Fi(2)7(y)d2(2)

for all z,y,z € N. Since 7 is an automorphism of N, we have F;(z)ydz(z) = 0 for
all z,y,z € N. Making use of Lemma 2.1, we arrive at

Fi(z)d2(y) =0 for all z,y € N. (8)
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Comparing (7) with (8), we see that
Fy(z)dy(y) = 0 for all 2,y € N. (9)
Replacing y by rs in (9), we have
0= Fy(x)di(ys) = Fa(x)di(y)o(s) + Fa(a)r(r)di(s) = Fa(x)7(r)di(s)

for all x,y,r,s € N. Since 7T is an automorphism of IV, the last relation yields that
Fs(x)rdi(s) = 0 and hence d;(s)F>(x) = 0 by Lemma 2.1. Now we conclude that
Fi(z)Fe(y) = 0 = dy(z)Fa(y) for all z,y € N. Therefore, from Theorem 3.2, we
obtain the result. Conversely, if F; and F5 are orthogonal, then it follows from
Theorem 3.1 that Fy Fy = dyds = 0, as required. O

Theorem 3.4. Let N be a 2-torsion free semiprime near-ring. Suppose that both
(F1,dy) and (Fa,ds) are generalized (o, 7)-derivations of N. If both Fy, da are
orthogonal and Fy, di are orthogonal, then the following holds:

(1) dide = 0 and F1F» is a left o109-centralizer of N.

(ii) dady = 0 and FyF} is a left o901 -centralizer of N.

Proof. (i) Since F; and ds are orthogonal, we have
Fi(x)yds(z) =0 for all z,y,z € N. (10)
Replacing « by rz in (10) and using Lemma 2.2, we get
0 = Fi(ra)yds(2) = Fi(r)ou(2)yda(2) + m1(r)di(2)yda(2) = 71(r)di (2)yd(2)

for all xz,y,z,7 € N. Since 7 is an automorphism of N, from the last rela-
tion Ndj(x)yda(z) = {0} and hence d;(x)yda(z) = 0 for all z,y,z € N, by the
semiprimeness of N. Consequently, d; and dy are orthogonal and so dids = 0 ac-
cording to Theorem 3.1. On the other hand, by hypothesis, since F}, ds are orthog-
onal and F, dy are orthogonal, we obtain that Fy(x)d2(y) = 0 and Fa(z)di(y) =0
for all z,y € N. Noting that the fact Fory = 7 F5 and deo; = 01ds, for all z,y € N,
we find that

FiFy(zy) = Fi(F(z)o2(y) + m2(2)d2(y))
= FiFy(x)o102(y) + 1 Fa(x)dioa(y) + Fime(x)orda(y) + Time(z)d1da (y)
= FiFy(x)o102(y) + Fori(x)dioa(y) + Fime(x)daoi (y) + mime(x)d1da (y)
FyFy(x)o102(y)

(#4) It can be proved by using the same techniques. O

Corollary 3.1([6, Theorem 2|). Let N be a 2-torsion free semiprime near-ring.
Suppose that both (f,d) and (g,0) are generalized derivations of N. If both f and §
are orthogonal and g and d are orthogonal, then we have

(1) d6 =0 and fg is a left centralizer of N.
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(i) 0d =0 and gf is a left centralizer of N.

Proof. Take 01 = 71 = 09 = 79 = 1 in Theorem 3.4, where 1 : N — N is the
identity map of N. m]

The following result, without the assumption of F'o = oF, F'T = 7F, do = od,
dt = 7d, is of independent interest.

Theorem 3.5. Let N be a 2-torsion free semiprime near-ring. If (F,d) is a general-
ized (o, 7)-derivation of N such that F(x)F(y) =0 for allx,y € N, then F = d = 0.

Proof. We are given that F(z)F(y) = 0 for all ,y € N. Writing yz for y in the
above equation, we obtain

0= F(x)F(yz) = F(z)F(y)o(z) + F(z)r(y)d(z) = F(2)7(y)d(z)

for all z,y,z € N. Since 7 is an automorphism of N, we obtain F(z)yd(z) = 0 and
SO

d(z)F(z) =0 (11)

by Lemma 2.1. Replacing x by zz in (11), we get 0 = d(z)F(zz) = d(2)F(z)o(z) +
d(z)T(x)d(z) = d(2)7(z)d(z) for all z,z € N. Since 7 is an automorphism of N,
we have d(z)Nd(z)=0 and so d = 0 by the semiprimeness of N. Now using hy-
pothesis and Lemma 2.2, we get 0 = F(22)F(y) = F(z)o(2)F(y) +7(2)d(2)F(y) =
F(z)o(2)F(y) for all z,y,z € N, and hence F(x)NF(y) = {0}, in particular,
F(z)NF(x) = {0} for all z € N. The semiprimeness of N forces that F' = 0, as
required. O

Corollary 3.2([6, Theorem 3]). Let N be a 2-torsion free semiprime near-ring. If
(f,d) is a generalized derivation of N such that f(x)f(y) =0 for all x,y € N, then
f=d=0.

Proof. Setting 0 = 7 =1 in Theorem 3.5, we obtain the result of the corollary. O

The following example shows that the hypothesis of semiprimeness is essential
in Theorem 3.1(iv),Theorems 3.4-3.5 and Corollaries 3.1-3.2.

Example 3.1. Let S be any near-ring and N = { 8 8 | a,b €S ;. We define
a b 0 b a b
mapsdl,dg.N%Nasfollows.d1<0 0)—(0 0>andd2<0 0)—

< 8 _Ob ) . Then it is easy to see that d; and ds are nonzero orthogonal derivations

of N satisfying d;(z)d2(y) = 0 for all z,y € N. We know that a derivation is a
special type of generalized (o, T)-derivation, namely, 0 = 7 = 1 and d = F in the
symbol (F,d). However, it is straightforward to check that neither didy = 0 nor
dody = 0.
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The following example demonstrates that Theorem 3.2 fails if we omit the
semiprimeness of N.

Example 3.2. Let S be any near-ring and N = { 8 i > | a,b,c € S}. Define

maps di,dz : N — N as follows: d1<8 i)(—oa 8>andd2(8 (C,>

0 a—c
0 0
that da(x)d;i(y) = 0, however dy (z)da(y) # O for all z,y € N.

The following example shows that the hypothesis of semiprimeness is crucial in
Theorem 3.3.

. It is easy to check that d; and ds are nonzero derivations of N such

b
¢ |la,b,ce S ;. De-
0

o o e

0
Example 3.3. Let S be any near-ring and N= ( 0
0

fine maps F, d: R — R and 0, 7: R — R as follows:

0 a b 0 0 0 0 a b 0 a O
FI1 00 c¢|=(000],dlO0O0<c]=1]10200],
0 0 0 0 00 0 0 0 0 0 0
0 a b 0 - 0 a b 0 —a —b
ol 0 0 ¢c |=1]0 0 0 0 ¢ 0 0 —c
0 00 0 O 0 0 0 0 0 0
)-derivation of N which is orthogonal

One can verify that (F d)isa generahzed (o,7)
to itself, but (F2,d?) is not a generalized (02, 72)-derivation of N.
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