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ABSTRACT. We consider a delayed predator-prey system with Holling IT functional re-
sponse. Firstly, the paper considers the stability and local Hopf bifurcation for a delayed
prey-predator model using the basic theorem on zeros of general transcendental function,
which was established by Cook etc.. Secondly, special attention is paid to the global ex-
istence of periodic solutions bifurcating from Hopf bifurcations. By using a global Hopf
bifurcation result due to Wu , we show that the local Hopf bifurcation implies the global
Hopf bifurcation after the second critical value of delay. Finally, several numerical simu-
lations supporting the theoretical analysis are given.

1. Introduction

For a long time, the global existence of periodic solutions to the mathematical
models of population dynamics has attracted much attention due to its theoretical
and practical significance. It is well known that periodic solutions can arise through
the Hopf bifurcation in delay differential equations. However, these periodic solu-
tions bifurcating from Hopf bifurcations are generally local. Therefore, it is an
important mathematical subject to investigate if these non-constant periodic solu-
tions which are obtained through local Hopf bifurcations exist globally. Recently,
a great deal of research has been devoted to the topics. One of the methods used
in them is the ejective fixed point argument developed by Nussbaum [1], which has
been successfully used to obtain the global existence of periodic solutions bifurcat-
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ing from the Hopf bifurcation by many researchers (see, e.g., [2-5]). The other is
the global Hopf bifurcation theorem due to Erbe et al. [6], which was established
using a purely topological argument. Krawcewicz et al. [7] firstly applied this global
Hopf bifurcation theorem to a neutral functional differential equation. Thereafter,
many researchers have employed it to investigate the global existence of periodic
solutions for retarded functional differential equations (see, e.g., [8-15]). We would
like to mention that, several papers have studied stability of functional equations(
see, e.g.,[16-18]).

In the present paper, we again devote our attention to the global existence of
periodic solutions to the following predator-prey system:

#(t) = z(t)[r1 — ana(t - 7) - e
y(t) = y(t)[—’l“g + 1(:_2,1:90((2) - a22y(t)]7

where z(t) and y(t) denote the density of prey and predator at time ¢, respectively.
m denotes the search rate multiplied by the handling time; r; denotes the intrin-
sic growth rate of prey; ro denotes the death rate of the predator; a;; denotes
the intraspecific competitions rate of the prey; ais denotes the capturing rate of
the predator; % is the conversion rate of nutrients into the reproduction of the
predator; ago is the interspecies competitions rate of the prey and predator; 7 is
the generation time of the prey species. In biological terms, 7,7;,a;; (4,5 = 1,2)
are positive constants. The main purpose of this paper is to show that the local
Hopf bifurcation of system (1.1) implies the global Hopf bifurcation after the second
critical value of delay, by using a global Hopf bifurcation theorem in Wu [15].

This paper is organized as follows. In the next section, we shall consider the
stability and the local Hopf bifurcation of the positive equilibrium. In Section 3,
the global existence of these bifurcating periodic solutions will be considered. We
shall give some numerical simulations in Section 4.

(1.1)

2. Stability of the positive equilibrium and local Hopf bifurcations

It is obvious that system (1.1) has three boundary equilibria: E(0,0), E2(0, —72),
E3(£-,0).

a1’

(P1) riaia — reayn — mrirg > 0 and mry < aq;.

Proposition 2.1. If the condition (P1) holds, then system (1.1) has a unique

positive equilibrium E*(z*,y*), where z* € (0, 7).

In fact, from the second equation of system (1.1), we have

1 a1
2.1 [ )
2 Y azz[ r2+1—|—mx]
Let
(2.2) H(z) =1 —anz + 1272 a12a21%

an(1+mz)  age(l+ma)?’
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Hence we get that
ai272

lim H(z) =r + >0
x—0 a22
and )
a12a71|a1172 — a12m1 +mryr
lim H(z) = 12671 [a1172 1271 212]
b aijiaz(ai; +mry)
Furthermore, we have that H'(x) = —a11 — agza(llzjrnr:fxﬂ - a;z;:?isrl;;y)z;) Unde the

condition (P1), we get that H'(z) < 0 and lim, , » H(z) < 0. Hence system
a1
(1 1) has a unique positive equilibrium E*(z*,y*) under the condition (P1), where
z* € (0, 7-).
By the translation uq(t) = z(t) — z*,ua(t) = y(t) — y*, system (1.1) is written

as
(23) i () = [ur (8) + 2*[r1 — any (ua (8 — 7) + 2%) — bl )
' i () = [ua () + y*][—72 + el - — agy(us(t) + )],

The linearization of Eq.(2.3) at (0,0) is

24 { i (t) = %ul(t) — anatug(t — 7) — {222 uy(t)

U2 (t) m aggy*u2 (t)v

whose characteristic equation is

(2.5) N4 pAtr+(sh+qe =0,
where
« malgx y
=a — e, = a110227"Y",
p 22Y (1 + mz*)?2 q = ananz’y"
a1y *[ag1 — magey® — m*agr*y*] *
r = , S =a11T .
(1 4 ma*)3

The second-degree transcendental polynomial equation (2.5) has been extensively
studied by many researchers (see, e.g., [19-20]). In particular, we introduce the
following results stated in Ruan [19] about the distributions of the roots of the
characteristic Eq. (2.5).
Let
(P2) p+s>0;
P3)g+r> O

4) 6zther 52 — p? +2r < 0 and > —¢*>>0 or (52 —p?+27)2 < 4(r? — ¢%);
)r —q <0 or 2—p?>+2r>0 and (5% —p>+2r)% =4(r> — ¢°);

)

(
(P
(P5
(P6) 12 —¢*> >0, s>—p?>+2r>0 and (s> —p?+2r)? > 4(r? — ¢?).
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Lemma 2.1([19]). For Eq.(2.5), we have

(i) If (P2), (P3) and (P4) hold, then all roots of Eq.(2.5) have negative real parts
for all T > 0.

(i) If (P2), (P3), and (P5) hold and T = 7;°, then Eq. (2.5) has a pair of purely
imaginary roots tiw,. When T = 74, then all roots of Eq. (2.5) except +w.i have
negative real parts.

(i) If (P2), (P3), and (P6) hold and T = T;_(T = 7, , respectively), then Eq.
(2.5) has a pair of imaginary roots tiw, (Liw_, respectively). Furthermore, when
T = TjJr(’T = 7, , respectively), then all roots of Eq. (2.5) ewcept *iw; (Fiw—,
respectively) have negative real parts.

Here,

(2.6) wy = \/\f{s2 —p?+2r £ /(2 = p2 4+ 2r)2 —4(r2 — )},

and
1 wl — 1) — psw? 29

(2.7) Tt = —arccos[Q( 12 2) Z i]—&—ﬂ, j=0,1,2,---.
W4 s“wi +4q W4

From Lemma 2.1, we easily obtain the following results about the stability and
the Hopf bifurcation of system (1.1) of the positive equilibrium E*.

Theorem 2.1. Suppose that p+ s > 0 and q +r > 0 are satisfied. From system
(1.1), we have

(i) if either s* —p? +2r <0 and r*> — ¢*> > 0 or (s*> — p? +2r)? < 4(r? — ¢?), then
the equilibrium E* of the system (1.1) is asymptotically stable for all T > 0;

(ii) if g—r > 0, then E*is asymptotically stable when T € [0,7,") and unstable when
T> T;“. System (1.1) undergoes a Hopf bifurcation at E* when T = T;r;

(iii) if g —r < 0, 82 —p?>+2r > 0 and (s> — p? +2r)% > 4(r? — ¢?) hold, then there
is a positive integer k, such that the equilibrium E* switches k times from stability
to instability to stability; that is, E* is asymptotically stable when

TE€0,7)U(rg, ) U U(ny, )

and unstable when

T g, ) U, ) U UlnE 1) and 7> Tt
Here, wy and Tji are defined as follows (2.6) and (2.7), respectively.

Let \; = a;(7) +iw;(7), 7 = 0,1,2,--- be the root of Eq. (2.5) satisfying
+

(1) =0, w; (Tji) = w4. Then the following transversally conditions hold:

d d _
(2.8) EReAj(Tj) >0, EReAj(Tj ) < 0.
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3. Global existence of periodic solutions

In this section, we study the global continuation of periodic solutions bifurcating
from the equilibrium E*,7; +t(j=1,2,---) for system (1.1). Throughout this sec-
tion, we follow closely the notatlons in [15]. For simplification of notations, setting
zt = (xt,y:), we may rewrite systems (1.1) as the following functional differential
equation:

(3.1) At) = Fz,7,p),

where 2,(0) = 2(t + 0) € C([-1,0], R?). It is obvious that system (3.1) has four

equilibria z; = (0,0), 22 = (0,—7%), z3 = (;%,0) and 2* = E*. Following the
work of Wu [15], we need to define

X = C([-1,0], R?);
¥ =CL{(2(t),7,p) € X x Rx RT;2(t +p) = 2(t)},
N ={(z,7,p); F(z,7,p) = 0}.

and let E(z*,rj*,j—") denote the connected component of (z*, 7—]+, 34

) in ¥, where 7'+

and w4 are defined in (2.6) and (2.7), respectively.

Lemma 3.1. If the condition (P1) holds, then all the nontrivial periodic solutions
of system (1.1) are uniformly bounded.

Proof. For periodic functions z(t) and y(t), we define

(3.2) (&) = min{z(t)},x(n) = max{x(t)},
y(&2) = min{y(t)}, y(n2) = maz{y(t)}.

Let (x(t),y(t)) be a nonconstant periodic solution of system (1.1). Then we obtain

)
_ (O)e —ro+ 1a+13:1(( )) —1122?/(8)]‘157
(

{ 2(t) = w(0)e /ol —anale—n) = fEEgs s
t
)

which implies either z(t) = 0 or z(t) # 0, and either y(¢) = 0 or y(t) # 0.

(I) When z(t) > 0,y(t) > O( y(t) = )from the first equation of system (1.1), w
have,

) — a12y(m)

<ri—anx(m—r7
Ltya(m) = =)

0=r1 —anz(m —
and
(t) < riz(t),
which leads to
1

(3.3) x(m —71) < o z(t) < e™Tx(t — 7).
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It follows from (3.2) and (3.3) that

(3.4) 2(m) < LLenm
ail

On the other hand, from the second equation of system (1.1), we get,

ag12(12) nr
0=—ry+ —a < —ro+
* T T4 ma(ns) — asay(ie) 224) ’

It follows that

ag171€

m - a2zy(772)~

T2 agirie™’
3.5 < ——+ .
(3.5) yr2) azy  age(ai; +mrienT)

(I1) If z(t) > 0 y(t) < 0, then from the second equation of system (1.1) we obtain

0=—ry+ m — axy(&) > —re — any(&),
which means
(3.6) T

It follows together with the first equation of system (1.1) that

. aior r1a99 + T2
i(t) < z(t)[r —ana(t —7) 4 —2) < 22T 22,

a22 22

which induce
riaggtroagg]T 1

[
z(t) < z(t —7)et a2 ,

ie.
x(t _ 7_) S e {m}m(t)
Thus, we obtain
[r1ago+roaga]T
(3.7) i(t) < x(t)[“a??aw a0
22

By comparison, (3.7) implies that x(t) is bounded above by the solution of

[riagge+rea
(3.8) at) < u(t)[i"“”; ratiz _, mtesziEeelu)
22

satisfying u(0) = x(0). Define wu(t) by the solution of (3.8) starting at u(0) > 0.
Then we have
[r1a20 4 12012] {lriezatraaiplry

3.9 T < —¢ @22 + 1.
(39) (m) < 2L
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(ITI) If z(t) < 0, y(t) > 0, then from the second equation of system (1.1) we obtain

0=—r 127(&) - azy(&2) < —ra — axy(&2),

2T 1 ma(&
which leads to ro
y(&) < ——= < 0.

Obviously, it is a contradiction. Thus, there are no nontrivial periodic solutions to
system (1.1) in this case. Use the same methods, we can obtain that there are no
nontrivial periodic solutions of system (1.1) when z(t) < 0, y(t) < 0 or y(¢t) = 0 and
z(t) = 0, y(t) # 0. Therefore, suppose that (z(t),y(t)) is a nonconstant periodic
solution of system (1.1), then from (3.4) and (3.9) we have

TLT [riaso+roaqs]T
0 < .Z‘(t) < max{ rie ’ [r1a22 + 1"2@12] e{ Le22tre1z)7 4 1},
ai a11a22

and from (3.5) and (3.6) we get

T2 T2 agirie™’
— 2y -2y .
a2 azpe  agz(ai; +mrienT)
Therefore, Lemma 3.1 is true. O

Lemma 3.2. When the condition (P1) holds, system (1.1) has no any nontrivial
T-periodic solutions.

Proof. For a contradiction, suppose that system (1.1) has 7-periodic solution. Then
the following system (3.10) of ordinary differential equations has periodic solution:

Lo _ ~ay(?)
‘T(t) - J"(t)[rl allx(t) 1+ mx(t)]
(3.10) '
(0 =y s + T2y
1+ ma(t) ’
which has the same equilibria to system (1.1), i.e. 2z = (0,0), z2 = (O,fql),
a2

r
Z3 = (a—l, 0) and a unique positive equilibrium z* = E*. Note that z-axis and y-
11

axis are the invariable manifold of system (3.10) and the orbits of system (3.10) do
not intersect each other. Thus, there are no solutions crossing the coordinate axes.
On the other hand, we note the fact that if system (3.10) has a periodic solution,
then there must be the equilibrium in its interior, and that z;, Zs and z3 are located
on the coordinate axes. Thus, we conclude that the periodic orbit of system (3.10)
must lie in the first quadrant. Using the same methods as [21-23], we have that the
positive equilibrium E* is global asymptotically stable in the first quadrant. Thus,
there is not periodic orbit in the first quadrant too. It is a contradiction. The above
discussion means that (3.10) has no any nontrivial periodic solutions. Therefore,
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Lemma 3.2 is confirmed. O

Theorem 3.1. Suppose that ¢ —r > 0 and the condition (P1) hold. Then for each
T> T]-Jr (j=1,2,---), system (1.1) has at least k — 1 periodic solutions.

Proof. 1t is sufficient to prove that the projection of E(z*ﬁj,%) onto T-space is [T, 00)
for each j > 1, where T < Tj+ . The characteristic matrix of (3.1) at an equilibrium
z = (2, 2(2)) € R? takes the following form:

A(Z,7,p)(N) = Md — DF(z,7,p)(e™1d),
ie.

(3.11)  A(z,7,p)(N)

=(1 — AT a125(2) alzz(l)
(A +anzW(1+e )+W T+mz(D
= £(2) 2(1) )
as1Zz a1z =(2
. (1+i;5<1))2 Aty — PR + 2a292?

(z,7,D) is called a center if F(z,7,p) = 0 and A(Z,?,ﬁ)(%ﬂi) = 0. A center (z,7,p)
is said to be isolated if it is the only center in some neighborhood of (z,7,p). It
follows from (3.11) that

(3.12) det(A(Z1,7,p)(A) = (A =711)(A+712) =0,
(3.13) det(A(7, 7 p)(N) = (A =11 = =2 2) (A= r2) =0,
(3.14) det(A(z3,7,p)(N) = (A +r1e ) (A + 7o — %) =0

Obviously, (3.12) and (3.13) have no purely imaginary roots. Thus, we conclude
that (3.1) has no the center of the form as (%, 7,p) (i = 1,2). For w > 0, iw is a
root of (3.14) if and only if

iw + ri(coswt — isinwr) = 0.
Separating the real and imaginary parts, we have

{ r1coswt = 0,

r18inwT = w,

which implies

{ w=r1,
_ T 2km
Tk - 2’!‘1 + T1 :

Thus, when 7, = 2:1 + Qf—’lﬂ (3.14) has a pair of simple imaginary roots +iry. By

direction computation, we may obtain that

2
1

—— >0
1+ r37f

dA
.1 77_:7_. =
(3.15) Re{ lemr}
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Therefore, we conclude that (z3, 7%, 3—71“) is a isolated center stated as above. On
the other hand, from the discussion about the local Hopf bifurcation in Section
2, it is easy to verify that (z*, J+7 f)—’l) is also a isolated center, and there exist
e >0, § >0 and a smooth curve A : (17 — §,77 + 3 — C) such that det(A(A(1))) =
ex(tF
0,[A(r) —wi| <& for all 7 € [r}F — 8,77 + 6] and A7) = wyi, o) 5 g,
Let Q. 2x = {(n,p) : 0 < n < g |p — w+| < e} It is easy to verify that on
w4
[TJ*—S, T;“—i-é]xaQs 2, A(z*,T,p)(n—i—%”i) =0ifand onlyifn =0,7 = Tj+,p = 3—:
oy

Therefore, the hypotheses (A1) — (A4) in [15] are satisfied. Moreover, if we define

2w 2
H*(z*, 7, — = A(z*, 77 £0 —i),
(2", 7; ,W+)(n7p) (2,7 £6,p)(n+ ) i)
then we have the crossing number of isolated center (z*, 7';“, 3—1) as follows:
21 s 2
S o (ot _
7(2 T 7w+) degB( (Z T 7@)795, ) degB(H ( Ty ’E) 96751) =-L

For the isolated center (23,Tk,2—”), the similar arguments may also show that

v(zZs, T j’, 3—1) —1. Thus we have that if (2,7,p) € {,. o2 then X ~(z,7,p) <

0, where (z,7,p), in fact, take the form of either (z* ,Tj+, 5:) or (23,7.4', 31)
k=0,1,2,--- . It follows together with [15, Theorem 3.3] that the connected com-
ponent {(,. + ax through (2%, j‘, 3—1) in ¥ is unbounded. From (2.6) and (2.7),

Jw+

. 2w
when j > 0, we have — < 7"
w

Now we prove that the projection of f 7,2 onto T-space is [T, 00), where
Wt

T < +. Clearly, it follows from the proof of Lemma 3.2 that system (1.1) with
=0 has no nontrivial periodic solutions. Hence, the projection of ¢ (z¢,7F, 22 =) onto
J

T-space is away from zero.
For a contradiction, we suppose that the projection of ¢ (2,77, 22 =) onto T-space is

bounded. This means that the projection of E(z F, 2 =) onto 7- space is included in

a interval (0,7%). Notlclng < 7' and applying Lemma 3.2, wehave 0 <p < 7*
for (z,7,p) € € o 2 ThlS 1mphes that the projection of £( « 74 2n) ONto T-

J e
space is bounded Then applying Lemma 3.1 we get that the connected component

€(Z* ot 2my is bounded. This contradiction completes the proof. O
9 J 7UJ+

4. Numerical simulations
In this section, we investigate the following system:

{ z=2z(t)[0.2 —-05x(t —71) — H?)yigc)(t)]

(4.1) .
§ = y()[~0.5+ s — 0.5y(1)].
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By the section 2, we can obtain E*(0.1087,0.0307) and the following parame-
ters: wy = 0.3507, w_ = 0.2867, 7" = 4.5504, 7, = 5.8492, 7" = 22.4659, T, =
27.7643, 755 = 40.3813, 7, = 49.6794, 73" = 58.2967, 75 = 71.5946, - - -. We choose
T =3, T =5.8492, 7 = 27.7643, 7 = 40.3813, respectively, and (zg,yp) is initiative
value. Using Matlab Microsoft, we get the orbits of system (1.1) as Fig.4.1-4.4.
From the figures, we can see that the previous theoretical analysis results are true.

] [
004 006 008 01 012 014 016 018 02 004 006 008 01 012 014 016 018 02 022
Fig. 4.1 1=3, (x¥)=(0.1,0.1) Fig. 4.2 1=5.8492, (XY )=(0.1,0.1)

01 012 014 016 018 0.2 0.22 0 01 0.2 03 0.4
Fig. 4.3 1=27.7643, (xu,yu)=(0.1,0.1) Fig. 4.4 1=40.3813, (Ku,yu)=(0.2,0.2)

0 L L
0.04 0.06 0.08

0.5

The Fig. 4.1 shows that E* is asymptotically stable with the initiative (z¢,yo) =
(0.1,0.1) when 7 = 3 < 75. The Fig. 4.2 shows that E* is unstable and exists
a stable periodic orbit with the initiative (zo,y0) = (0.1,0.1) when 7 = 5.8492.
The Figs. 4.3 and 4.4 show that the periodic orbit still exists with the initiative
(z0,%0) = (0.1,0.1) and (zo,¥0) = (0.2,0.2) when 7 = 27.7643 and 7 = 40.3813,
respectively.
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