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FOURTH ORDER ELLIPTIC BOUNDARY VALUE
PROBLEM WITH SQUARE GROWTH NONLINEARITY

TACKSUN JUNG AND Q-HEUNG CHOT*

ABSTRACT. We give a theorem for the existence of at least three
solutions for the fourth order elliptic boundary value problem with
the square growth variable coefficient nonlinear term. We use the
variational reduction method and the critical point theory for the
associated functional on the finite dimensional subspace to prove our
main result. We investigate the shape of the graph of the associated
functional on the finite dimensional subspace, (P.S.) condition and
the behavior of the associated functional in the neighborhood of the
origin on the finite dimensional reduction subspace.

1. Introduction

Let © be a bounded domain in R™ with smooth boundary 9€2. Let
a : {2 — R be a continuous function which changes sign on €2, that is,
the subsets of 2

Ot ={z € Q] a(z) > 0}, Q" ={zr e Q] a(zx) <0}

are nonempty. Let us set

+ _ - _
a = a-xat, a = —a-Xa-,

Received September 1, 2010. Revised September 13, 2010. Accepted September
15, 2010.

2000 Mathematics Subject Classification: 35J20, 35J25, 35J20, 35Q72.

Key words and phrases: fourth order elliptic boundary value problem, square
growth nonlinear term, finite dimensional reduction method, variational method,
critical point theory, (P.S.) condition.

This work(Jung) was supported by Basic Science Research Program through the
National Research Foundation of Korea(NRF) funded by the Ministry of Education,
Science and Technology (KRF- 2010-0023985).

*Corresponding author.



324 Tacksun Jung and Q-Heung Choi

so that @ = a* — a~. Let A be the elliptic operator and A? be the
biharmonic operator. Let ¢ € R. The eigenvalue problem

A’u + cAu = Au in €,
u =0, Au=0 on 0f)

has infinitely many eigenvalues A; = \;(A\;—c), 7 > 1, and corresponding
eigenfunctions ¢;, 7 > 1, where \;, j > 1 are the eigenvalues and ¢;,
j > 1, are the corresponding eigenfunctions, suitably normalized with
respect to L?(Q) inner product and each eigenvalue ); is repeated as
often as its multiplicity, of the eigenvalue problem

Au+Adu=0 in Q,

u=20 on Of).

We note that Ay < Ay, limy Ay = 00, and that ¢1(z) > 0 for x € Q.
In this paper we study the following variable coefficient nonlinear fourth
order elliptic equation with Dirichlet boundary condition

A*u + cAu = a(z)g(u) in Q, (1.1)
u=0, Au =0 on 0f2.

For the constant coefficient nonlinear case Choi and Jung [1,2] show
that the problem

Ay + cAu = but + s in €, (1.2)

u =0, Au=0 on 0f2
has at least two nontrivial solutions when (¢ < A, Ay < b < Ay and
s <0)or (A <c< Ay b< Ay and s > 0). The authors obtained these
results by use of the variational reduction method. The authors [3] also
proved that when ¢ < A;, Ay < b < Ay and s < 0, (1.2) has at least
three nontrivial solutions by use of the degree theory. Tarantello [6] also
studied the problem

A*u+cAu=b((u+1)" —1) in €, (1.3)

u =0, Au=0 on 0f2.
She show that if ¢ < A; and b > Ay, then (1.3) has a negative solution.
She obtained this result by the degree theory. Micheletti and Pistoia
[4] also proved that if ¢ < A; and b > A, then (1.3) has at least four
solutions by the variational linking theorem and Leray-Schauder degree
theory.
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We assume that g satisfies the following conditions:
(g1) g € C'(R, R) with g(0) =0,
(g2) There exist a < [ such that

a<at(z)d(u) <p.

(g3) Let Ajiq, Ajia, Ajym, m > 1, be all eigenvalues within [«, §](without
loss of generality, we may assume that «, ( are not the eigenvalues A;,
i > 1). Suppose that there exist v and C such that A, <y < [ and

1
" (2)G(u) 2 Slullfz) = C, VueR,

where G(§) = fog g(t)dt.
(g4) There exists eigenvalue A; € [Aj41, Aj4y,) such that

A < at(2)g' (0) < Ay
In this paper we are trying to find the weak solutions of (1.1), that is,

/Azu-v—i-cAu-v—a(x)g(u)v:0, Vv e H,
Q

where H is introduced in section 2.
Our main result is the following.

THEOREM 1.1. Assume that \; < ¢ < \jy1. We also assume that g
satisfies the conditions (g1)-(g4), and there exists a small number € > 0
such that [, a~(x)dx < e. Then (1.1) has at least three nontrivial
solutions.

For the proof of main theorem we use the finite dimensional reduc-
tion method to reduce the theory on the infinite dimensional space to
the one on the finite dimensional subspace. So we obtain the critical
points results of the functional on the infinite dimensional space H from
the critical points results of the corresponding functional I(v) on the
finite dimensional reduction subspace. By these reasons we are trying
to find the critical points for I(v) by investigating the (P.S.), condi-
tion and the shape of the graph of the functional I and applying the
critical point theory for the functional I(v). The outline of the proof
is as follows: In section 2 we introduce the Hilbert space H and show
that the corresponding functional I(u) of (1.1) is in C'(H, R), Fréchet
differentiable. In section 3, we show that I(v) satisfies the Palais-Smale
condition. prove Theorem 1.1.
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2. Variational formulation

Let L?*(Q) be a square integrable function space defined on . Any
element u in L?(Q) can be written as

u=>Y hj¢; with Y h?<ooc.
We define a subspace H of L*(Q) as follows
H={ue Q)| Y |Aj]h} < oo},
Then this is a complete normed space with a norm
1
lull = 1D 1451032
Since A; — +o0 and c is fixed, we have
(i) A%u+ cAu € H implies u € H.
(ii) [lull > C||lu||L2(q), for some C' > 0.
(iii) [Jul|r2() = 0 if and only if |Jul| =0,
which is proved in [1].
From now on we assume that \; < ¢ < Ajj;1. Let us define the
subspaces of H as follows:

H, = span{eigenfunctions whose corresponding eigenvalues A; are positive.},

H_ = span{eigenfunctions whose corresponding eigenvalues A; are negative.}.

Then H=H & H, , forue Hyu=u_+u, € H & H,. Let P, be
the orthogonal projection from H onto H, and P_ be the orthogonal
projection from H onto H_. We can write Pyu = uy, P.u = u_, for
ue H.

LEMMA 2.1. Assume that g satisfies the conditions (g1)-(g4). Then
the solutions in L?(2) of

A*u+ cAu = a(z)g(u) in L*(Q)
belong to H.
Proof. Let a(z)g(u) =Y a(z)hydr, € L*(Q). Then

(8% + ) M al@)g(w) = Y -al@ludr.
Hence we have

1A% + ) a(z)g(w)|* =) |Ak|Aiz(a(33)hk)2 <O (a(x)hy)’
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for some C' > 0, which means that
1(A% + cA) a(z)g(u)|| < Cilla(z)g(w) r2)-
m

We are looking for the weak solutions of (1.1). The weak solutions of
(1.1) coincide with the critical points of the associated functional

I(u) € C'(H, R),

I(w) — %/Q[%\Auﬁ—g\vuﬁ—/ﬂa(x)e(m]dm. 2.1)

= 0Pl = 1P-ul?) = [ a@)Gu)ds,

where G(¢) = fowg(t)dt.
By (g1) and (¢2), I is well defined. By the following Lemma 2.2,
I € C'(H,R) and [ is Fréchet differentiable in H:

LEMMA 2.2. Assume that \; < ¢ < Ajy1, j > 1, and g satisfies
(g1) — (g4). Then I(u) is continuous and Fréchet differentiable in H
with Fréchet derivative

VI(u)h = /[Au -Ah —cVu-Vh —a(x)g(u)h]dz. (2.2)

If we set
K(u) = /Qa(x)G(u)dm,

then K'(u) is continuous with respect to weak convergence, K'(u) is
compact, and

K'(u)h = / a(z)g(u)hdx  for allh € H,
Q

this implies that I € C'(H, R) and K (u) is weakly continuous.

The proof of Lemma 2.2 has the same process as that of the proof in
Appendix B in [5].

Now we shall give a lemma to obtain the critical points of the func-
tional on the infinite dimensional space H from that of the reduced
functional on the finite dimensional reduction one.

Let V' be a m dimensional subspace of H spanned by ¢;i1,...,@j4m
whose eigenvalues are A;,..., Ajy,,. Let W be the orthogonal comple-
ment of V in H. Let P : H — V be the orthogonal projection of H onto
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Vand I — P : H — W denote that of H onto W. Then every element
u € L*(Q) is expressed by u =v + z, v € Pu, z = (I — P)u. Then (1.1)
is equivalent to the two systems in the two unknowns v and z:

A0+ cAv = P(a(z)g(v + 2)) in Q,
A’z 4+ cAz = (I — P)(a(z)g(v+2))  inQ,
v =0, Av =0 on 0f,

z =0, Az=0 on 0f).

Let W, be a subspace of W spanned by eigenvalues Ay, ..., A; and W,
be a subspace of W spanned by eigenvalues A;; 7 > j+m+1. Letv e V
be fixed and consider the function h : Wi x Wy — R defined by

h(wy,wy) = I(v+ wy + ws).

The function h has continuous partial Fréchet derivatives Dih and Dyh
with respect to its first and second variables given by

Dih(wy,ws)(y;) = DI(v+ wy + wa)(y;)
for Yi c Wi; 1= 1,2

LEMMA 2.3. Assume that \; < ¢ < \j1;. We also assume that g
satisfies the conditions (g1)-(g4) and there exists a small number ¢ > 0
such that [, a~(x)dx < e. Then
(i) there exists my < 0 such that if wy and y, are in Wi and wy € Wi,
then

(Dih(wy, ws) — Dih(yr, wa))(wi — y1) < maflwi — 1|72,

(ii) there exists my > 0 such that if wy and y, are in Wy and w, € Wy,
then

(D2h(wi,ws) — Dah(wy, o)) (w2 — y2) = mallws — y2[72()-
(iii) there exists a unique solution z € W of the equation
Az + cAz = (I — P)(a(z)g(v + 2)) in W. (2.3)

If we put z = 6(v), then 0 is continuous on V and satisfies a uniform
Lipschitz condition in v with respect to the L* norm(also norm || - ||).
Moreover

DI(v+0(v))(w)=0 for all w € W.
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(iv)IfI :V — Ris defined by I(v) = I(v+6(v)), then I has a continuous
Fréchet derivative DI with respect to v, and

DI(v)(h) = DI(v+6(v))(h)  forallv,h e V.

(v) If vy € V is a critical point of I if and only if vy 4 6(vo) is a critical
point of I.

Proof. (i) According to the variational characterization of the eigen-
values {A;}32, we have

lwi | < Ajllwi ]2 (2.4)
for all w; € W7 and
[wal|* > Aj+m+1||w1||%2(9) (2.5)
for all wy € Wy, If wy and y; are in Wy and wy € Wy, then
(D1h(wy, wa) = Dih(y1, w2))(wr — 1)
= [ 1w = ) = eV = )P — @ @)g(o + v+ )
— g4y + w2)) (w1 — 1)

+!La(@@@+ﬂh+wﬁ—g@+yer»@u—me

Since a™(z)(g(&) — g(&1)) (& — &) > a(& — &1)? and (2.4) holds, we see
that if wy; and y; are in Wi and w, € W, then

(D1h(w, ws) = Dih(yr, wz))(wr — 1) < mflwr — 1|72
+max |(g(v + wy +wz) — g(v + y1 + wa)) (w1 — y1)| a” (z)dzx.
o-
where m = 1 — Ai < 0. Since there exists a small number € > 0 such

that [, a™(x)dz < e, We can choose a small number € such that

mllwi—y1 || 720y Fmax [ (g (v+wi +we) —g(v+y1+ws)) (w1 —y1)| a” (z)dx
0

<mllwr = yi||72) + ¢ < mallwr = yill72)
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with m; < 0.
(ii) Similarly, we have that if we and y, are in Wy and wy € Wy, then

(D2h(wy, ws) — Dah(w1,y2)) (w2 — ya)
= [ 1 we = ) = eV = ) — o @)g(0 + v+ )
— gv+wi + y2))(wa — yo)
+ [ @ @)oo+t wa) — oo+ o+ )2~ )

Since a™(z)(g(&) — g(&1)) (& — &) < B(& — &)? and (2.5) holds, we see
that if wy is in W} and wy and y, € W, then

(Dah(wy, ws) — Dah(wy,y2))(wy — y2) > m/||wy — y2||%2(9)

+min [(g(v 4+ wy + we) — g(v 4+ w1 + y2) (w2 — yo)| / a (x)dx,
Q
B8

Ajtmtr

where m' =1 — > 0. We can choose a small number €’ > 0 such

that

m’llwz—yzllizmﬁmin|(g(v+w1+wz)—9(v+w1+yz)(wz—yz)\/a‘(:v)d:v
Q

> m/|[wy — ?/2”%2(9) + €' > mallwy — ?/2||%2(Q)
with mq > 0.
(iii) Let 6 = QT% If g1(&) = g(§) — &, the equation (2.3) is equivalent
to

2= (A% 4+ cA -6 — P)(a(x)gi(v + 2)). (2.6)
Since (A% 4+ ¢cA — 6)7}(I — P) is self adjoint, compact and linear map
from (I — P)L?(2) into itself, the eigenvalues of (A% +cA —§)~1(I — P)
are (A; —6)™', 1 < jorl > j+ m+ 1. Therefore its Ly norm is
(min{[A;—0], [Ajm1—6[} 1. We also have that |a(2)(g1(£2) —g1(&1))] <
la*(2)(g1(&2) — g1(&))| + la™ (2)(g1(&2) — 91(&1))] < max{[a —d],[8 —
O He =&l +1a™(x)(g1(&) — g1(&))]- Since [, a™(x)dx < e, there exists

a small number ¢; such that
max{|o — 8|, |3 = 8|} — &l + a™ (#)(91(&2) — 91(61))]
< max{|a — 6|, |8 — 0[}|& — &| +erl&e — &)

and r = (min{|A; — 0|, |Aj1mi1 — 0|} (max{|a — 8], |8 — 4|} + &) < 1.
it follows that the right-hand side of (2.6) defines, for fixed v € V, a
Lipschitz mapping of (I — P)L*(Q) into itself with Lipschitz constant
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r < 1. Therefore, by the contraction mapping principle, for given v €
V, there exists a unique z € (I — P)L?*(Q2) which satisfies (2.6). If
6(v) denote the unique z € (I — P)L?*(Q) which solves (2.3), then 6 is
continuous and satisfies a uniform Lipschitz condition in v with respect
to the L? norm(also norm || - ||). In fact, if z; = 6(v1) and 2z, = 0(vs),
then

|21 = 22|22

= [[(A% 4+ cA = 6)7H(I = P)a(z)(g1(v1 + 21) = g1(v2 + 22)) || 2(0)
<rl[(vy + 21) — (v2 + ZQ)HL?(Q)

< r(llvr = vallr2@) + lz1 — 22llz2(0) < rllvr — vl + rllz1 — 22|

Hence
r

—. (2.7)

Letu=v+2zveVand 2 =0(v). Ifwe (I —P)L*()N H, then from
(2.3) we see that

|21 — 22| < Cllvr — v, C=

/Q[Az cAw —cVz-Vw — (I — P)(a(x)g(v + z)w)]dx = 0.

Since

/Az-Aw:O and/Vv-Vw:O,
Q Q

we have
DI(v+6(v))(w) =0. (2.8)

(iv) Since the functional I has a continuous Fréchet derivative DI, I
has a continuous Fréchet derivative DI with respect to v.
(v) Suppose that there exists vy € V such that DI(vy) = 0. From
DI(v)(h) = DI(v+ 6(v))(h) for all v,h € V, DI(vg+ 0(vy))(h) = 0 for
all h € V. Since DI(v+6(v))(w) for all w € W and H is the direct sum
of V and W, it follows that DI(vg + 6#(vg)) = 0. Thus vy + (vy) is a
solution of (1.1). Conversely if u is a solution of (1.1) and v = Pu, then
DI(v) =0.

O]

3. Proof of Theorem 1.1

Now we shall show that I(v) satisfies the (P.S.). condition.
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PROPOSITION 3.1. (Palais-Smale condition)
Assume that \; < ¢ < \j41. We also assume that g satisfies (g1) — (g4)
and there exists a small number ¢ > 0 such that [, a”(x)dz. Then

I(v), v € V, satisfies the Palais-Smale condition.

Proof. Let u(v) =u_+v+u,u_ € H ,veV, u, € Hy. Then we
have

I(v) = I(u(v))=I(u_+v+uy)
— [ BIAu@E - vatoPlar - [ al)Glu(w)ds

_ /Q[%|Az|2—§|Vz|2]dx—/ga(x)G(z)dx
([ [GIAUP - §IVu) - 5lasP

+ SVaPlde — [ a@)Glule) - G(a)lds)
Q
where z = u_ +v. The terms in the bracket

[ GIauP =5 TuP=51asP 5 VaPlda— | a@)Glutv)~G(e)lds

1
= %/(AQ + cA)(uy + 2)uspdr — / / a(z)g(suy + 2)u dsdz.
Q@ aJo

Integrating by parts, we have that

/Q/Ol a(z)g' (sug + 2)uyuysdsde
- /Qa(a:)g(u+ + z)uydr — /Q /01 a(x)g(suy + 2)uydsde

_ /Q (A% + cA)(uy + 2)uydo — /Q /0 a(@)g(sus + 2y dsde.
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Thus we have that

/(A2 + cA)(ug + 2)updr — / / g(sus + z)uidsdx
= / / "(suy + 2)ujuysdsdr — = /(A2 + cA)(uy)uyde

= / / "(suy + 2)uyuysdsdr — / / "(suy + 2)uyuysdsde

— /(A2 + cA)(uy)uyde.
2 Ja
Since
1
// g (suy+2)uiuy sdsdr— // a” (2)g (suy+2)uiuysdsdr < 0
aJo

and —1 [ (A% + cA)(uy)uspdz < 0,

/ / "(suy + 2)uyuy sdsdr — / / "(suy + 2)uyuysdsdx

1
= /Q(A2 + A (ws )y dr < 0.
Thus

I(v) §/ﬂ[%|AZ|2—g|Vz|2]d:p—/Qa+(x)G(z)dx+maX|G(z)|/Qa_(a:)da:

1
< 5em = DI +max |G [ 0 (o
Since Aj4,, <y < and fQ x)dx < e. we can choose €3 such that
~ 1
I(v) < Q(Aj+m =N +e < 0.

Thus I(v) — —o0 as ||z|| — oo. So —I(v) is bounded from below and
satisfies the Palais-Smale condition. ]

PROOF OF THEOREM 1.1 .
By Lemma 3.1, I(v) — —o0 as ||z]| — oo, so —I(v) is bounded from
below and satisfies the (P.S.) condition and We claim that 0 is neither
a minimum nor degenerate. In fact, we note that 0 = 0+ 6(0), (0) =
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0. Since I + @ is continuous, [ is identity map, there exists a small
neighborhood B of 0 such that if v € B, then, by (g4),

1/(sz—i-cAv)valac— é/112clx—i-0(||v]|2) < I(v)
2 Ja 2 Ja

< 1/(A%—l—cAv)vdm—é/vzda:—i-o(Hsz),
2 Jq 2 Ja

where (A, A) C (A;, Aiy1). Thus I(v) has at least three nontrivial weak
solutions.
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