Korean J. Math. 18 (2010), No. 3, pp. 253-259

APPROXIMATION THEOREM FOR CONTRACTION
C-SEMIGROUPS

YOuNG S. LEE

ABSTRACT. In this paper we establish approximation of contrac-
tion C-semigroups on the extrapolation space X, by showing the
equicontinuity of contraction C-semigroups on X¢.

1. Introduction

Let X be a Banach space with norm || - ||. Given a linear operator
A:D(A) C X — X, consider the abstract Cauchy problem
(1) u'(t) = Au(t), t>0, u(0)==z.

The solution of (1) is closely related to operator semigroups. It is known
that the integrated version of (1)

(2) u(t) = A/O u(s)ds + x

has a unique solution for all x € X if and only if A generates a Cy semi-
group (see [3]). To be a generator of a Cy semigroup, A is a closed linear
operator satisfying certain conditions and having dense domain. When
we want to deal with the abstract Cauchy problem with A satisfying
weaker conditions or having nondense domain, we need generalizations
of Cy semigroups. If the integrated version of abstract Cauchy problem
(2) has a solution for some subset of initial values and the set of these
initial values is the range of some operator C', we can arrive at one of
generalizations of Cj semigroups.

DEFINITION 1. Let C' € B(X) be an injection. A family {T(t) : t >
0} of bounded linear operators on X is called a C-semigroup if
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(a) T'(-)zx is continuous in t > 0 for each x € X.
(b) T(t+ s)C =T(t)T(s) fort, s >0 and T(0) = C.
A C-semigroup {T'(t) : t > 0} is said to be of contraction if ||T'(t)z|| <
||Cz|| for x € X and t > 0.
The generator A of {T'(t) : t > 0} is defined by

Ar = C~! ( lim —TUL):E _ Cm)

h—0t h

with D(A) = {z € X : lim,_o+ w exists and is in R(C)}.

If A generates a C-semigroup, then the integrated version of (1) has
a unique solution for x € R(C') and the solution is given by wu(t) =
S(t)C~'z. For C-semigroup and its generator, we refer to [2, 5].

In this paper we establish the convergence of contraction C-semigroups
on an extrapolation space X¢ without any conditions on the generator
A and C. In general, the convergence of Laplace transforms does not
imply the convergence of original functions. Under the condition of
equicontinuity of original functions, we have the equivalence between
the convergence of Laplace transforms and original functions. We need
the extrapolation space of X to have the equicontinuity of contraction
C-semigroups. And we study to approximate the operator A by oper-
ators A,, and then conclude that A is the generator of a contraction
C-semigroup.

Throughout this paper, B(X) is the space of all bounded linear op-
erators on X and C' € B(X) is injective. For an operator A, D(A) and
R(A) are its domain and range, respectively.

2. Approximation

First, we will present some basic properties of C-semigroups and gen-
erators.

LEMMA 1. Let {T'(t) : t > 0} be a contraction C-semigroup on X
with generator A. Then
(a) A is closed, C"'AC = A and R(C) C D(A), the closure of D(A)
in X.
(b) For x € D(A) andt > 0, T(t)x € D(A) and AT (t)x = T'(t)Ax.
(c) For v € X and t > 0, [, T(s)zds € D(A) and A [, T(s)xds =
T(t)x — Cx.
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(d) For A > 0 andn € N, A — A is injective, R(C') C R(A — A) and
(A= A)1Cx = [T e MT(t)adt.
(e) For x € X, limy oo A(A — A)"'Cx = Cx.

Now we construct the extrapolation space. For each x € X, define
|z|lc = [|Cz||. Then || -||¢ is a norm on X and ||z]c < [|C]|||z] for
z € X. Let X© be the completion of X with respect to || - ||c-

Let {T'(t) : t > 0} be a contraction C-semigroup on X. We can
extend T'(t) to X¢ by defining

T¢(t)x = lim T(t)z, in X,
where {z,} is a sequence in X converging to = in X¢. Notice that
|z, — x||c — 0 and || T¢(t)x — T(t)x,]| — 0 as n — oo. Let C¢ be the
extension of C'. Then C is bounded linear and injective on X. By the
definition of T(t), we have R(TC(t)) C R(T(t)), the closure of R(T(t))
in X.

THEOREM 1. {T°(t) : t > 0} is a contraction C°-semigroup on X¢.

Proof. Tt is not difficult to show that {T9(t) : ¢t > 0} satisfies T¢(0) =
C% and CCTC(t + s) = TC(t)TC(s) for all t, s > 0.

For & € X, |[T%(t)allc = |T(®)zlle = |T®Cx] < [C2] = [Callo
= [|C||¢. Since X is dense in X, ||T¢(t)x||c < ||C%x||c for z € X©.

Next we will show the continuity of T¢(t)z for z € X©. For x €
XY there exists {z,} in X such that lim, ..z, = z in X¢. By the
contractivity of {T¢(t) : t > 0}, we have

| Tt +h)x — T ()|

< T+ h)e = Tt + h)aalle + IT(t + h)a, — T (Daalle
HIT @)z, — T (D

< 2|C%a — xn)llc + |CT(t + h)z, — CT(t)z|

< 210 = za)llo + ICIIT (R)2n — Caal.

By the continuity of T'(t)x, in X, TC(t)z is continuous in ¢ > 0 for
e X¢. O

Now we present the convergence of contraction C-semigroups.
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THEOREM 2. Let {T'(t) : t > 0} and {T,,(t) : t > 0}, n € N, be
contraction C-semigroups on X with generators A and A, respectively.
Suppose that

lim (A —A,) 'Cr=\—A)"'Crin X

n—oo

for all A > 0 and z € X. Then

lim T (t)z = T°(t)x in XC¢

n—oo

for all # € X and the convergence is uniform on compact subset of
[0, o)

Proof. By Lemma 1 (d), (A—A,)'Cz = [;° e T, (t)xdt is a Laplace
transform of T, (t)x € C([0, ), X). So we show that {T°(¢t)x : t > 0}
is equicontinuous at ¢ in X¢ and then apply Theorem 2.2 in [7].

Let z € X. Then

T3t +hz — T (t)z]c

= ||CT,.(t +h)x — CT,(t)x||
| T ()T (h)x — T, (1) C|
| T, (h)Cx — C?z|
|IT.(h)Cx — T (R)(A(A — A) 7' Car)|
HIT () (A = A) 7 C) = To(h)(AA — A,) 7' Car)|
H| T (h) (AN — Ap) " 'Cx) — C(ANN — A,) "' Ca)||
+H|CAN = A, 1Cx) — O\ — A)'C)||
+H|CAN = A)"'Cx) — C%x||

VANVAN

Since {T,(t) : t > 0} is a contraction C-semigroup,
IT(h)Cx = To(R)(AA = A)7'C)|| < [C(AN = A)7'Cx — Ca))|
and

ITa(R)AA = A)7'Cx) = To(R)(AA = An)~'Ca)|
< AJC((A—A)'Ca — (A= A,)7'C)|



Approximation theorem for contraction C-semigroups 257

By Lemma 1 (c¢) and the above inequalities, we have

I T3 (t+ R = T ()]
= 2[CIlIAA = A)7'Cx - Ca
H2ACIII(A = Ap) ™' Ca — (A — A) " Ca

I, / () — A,)"1C)ds|

Let £ > 0 be given. By Lemma 1 (e), there exists A\g > 0 such that
2ICHAo(ho — A)~'Cx — Ca|| < /3.
Since lim,, o (A — A,)"'Cx = (A — A)~'Cz, there exists ny such that
20/ CllI(Ao = An) "' Cz — (Ao — A)~'Cx|| < &/3
for n > ng and [|[(A — A,)"'Cz| is bounded. And we have

h
I A, / To(5) ho(ho — An) " C)ds|

_ H/ CA)IC — ACa)ds|

< I A2|| Ap) T Ol + Xo[| Ok < £/3

for all sufficiently small h.

Since T,,(t)x is continuous for n < ng, {T,,(-)z : n € N} is equicontin-
uous at ¢ in X¢. By Theorem 2.2 in [7], we have lim,, .., T,,(t)z = T'(t)z
in X% for x € X and the convergence is uniform on compact subsets of
[0, o).

Since X is dense in X, the result follows for € X¢. O

If C' is an isometry, then we have the convergence of C-semigroups in
X and the converse is also true by dominated convergence theorem. That
is, lim,, o T}, (t)z = T'(t)z in X for x € X and the convergence is uniform
on compact subsets of [0, oo) if and only if lim, ..(A — A4,)"'Cx =
(A —A)"'Cx in X for x € X. In particular, if C = I, then the above
theorem is a Trotter-Kato Theorem for Cj semigroups.

In the above theorem we had to assume that the limit operator A is
already known to be a generator. We want to approximate the operator
A by the operators A,, and show that A is a generator of a contraction
C-semigroup.
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THEOREM 3. Let {T,(t) : t > 0}, n € N, be a contraction C-
semigroup on X with generator A,, and let R,(\) = (A — A,)"'Cx
for A\ > 0. Suppose that lim,,_.., R,(\)z exists for x € X and A > 0.
Then there exists a closed linear operator A in X such that

lim R,(\)x = (A — A)'Cx

for x € X and A > 0 and the part Apy of A in D(A) generates a
contraction C-semigroup {T'(t) : t > 0} on D(A).

Proof. Let u,(t) = f(f T, (s)xds. Then u,(t) is Lipschitz continuous,
u,(0) = 0 and R,(N)z = [~ _’\tT Jadt = [° e *Mdu,(t), the Laplace
- Stieltjes transform of w,(t). Smce hm7HOO R,( Nz ex1sts there exists
R(\) € B(X) and a Lipschitz continuous function u : [0, ) — X
with ©(0) = 0 such that lim,,_,. R,(A)z = R(\)zx, limnﬂOO un(t) = u(t),
uniformly on compact subintervals of [0, 00), and R(\)z = fo e Mdu(t)
by Theorem 2.1.1 in [1].

Suppose that R(A)z = 0. Then lim,,_,» R,(A\)z = 0. So for any € > 0,
there exists ng such that || AR, (\)z|| < &/2 for n > ng. By Lemma 1 (e),
there exists A\ such that || A\gR,(A\o)x — Cz|| < /2. Thus we have ||Cz||
< ||Cz — MRy (Xo)zx|| + [N Rn(Xo)z|| < €. By the injectivity of C, x =0
and so R(\) is one-to-one.

Define a closed linear operator A by Ax = (A — R(A\)"'C)x with
x € D(A) = C7*(R(R()\))). Then X\ — A is injective, C"'AC' = A and
(A — A)"'C = R()\) by Theorem 3.4 in [6].

Define S(t)z = u(t) = lim,HOO u,(t) for x € X. Then (A — A)"'Czx =
Joo e Mdu(t) = X [JT e Mu(t)dt = X [T e MS(t)xdt. Thus {S(t) : ¢t >
0} is a strongly Lipschitz contlnuous family of linear operators on X
such that

MO — A) / MG (t)dt = C
0

for v € X. By Theorem 23 in [4], {S(¢) : t > 0} is a Lipschitz continuous
1-times integrated C-semigroup on X with generator A. Define
d

T(t)r = dtS( Jx for x € D(A)

Then we obtain a C-semigroup {7'(t) : t > 0} on D(A) with generator
Apay by Theorem 18 in [4]. Since u,(t) = f(f To(r)xdr, ||u,(t) — un(s)||
= fst T, (r)zdr| < |t — s|||Cx| for t, s > 0. So ||S(t + h)x — S(t)z| <
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h||Cx||. This implies |T'(t)z| < ||Cz| for x € D(A). That is, {T'(¢) :
¢t > 0} is a contraction C-semigroup on D(A) with generator Ag . O

Remark that if D(A) is dense in X, then {T'(¢) : ¢ > 0} is a contraction
C-semigroup on X with generator A. By Lemma 1 (a), if we assume
that R(C') is dense in X, then we obtain that A has a dense domain.

References

[1] W. Arendt, C. J. K. Batty, M. Hieber and F. Neubrander, Vector-Valued Laplace
Transforms and Cauchy Problems, Birkhéser, 2001.

[2] R.deLaubenfels, Existence Families, Functional Calculi and Evolution Equations,
Lecture Notes in Math. vol. 157, Springer-Verlag, 1994.

[3] K.J. Engel and R. Nagel, One Parameter Semigroups for Linear Evolution Equa-
tions, Springer-Verlag, 2000.

[4] M. Bachar, W. Desch and Mardiyana, A Class of Semigroups Regularized in Space
and Time, J. Math. Anal. Appl. 314(2006), 558-578.

[6] M. Li and F. L. Fuang, Characterization of Contraction C-semigroups, Proc.
Amer. Math. Soc. 126(1998), 1063-1069.

[6] Y. C. Li and S. Y. Shaw, N-times Integrated C-semigroups and the Abstract
Cauchy Problems, Taiwanese J. Math. 1(1997), 75-102.

[7] T. J. Xiao and J. Liang, Approzimations of Laplace Transforms and Integrated
Semigroups, J. Funct. Anal. 172(2000), 202-220.

Department of Mathematics
Seoul Women’s University
Seoul 139-774, Korea

E-mail: younglee@swu.ac.kr



