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CONVERGENCE OF AN IMPLICIT
ITERATIVE PROCESS FOR TWO FINITE
FAMILIES OF NONEXPANSIVE MAPPINGS

S. Y. CHo, S. M. Kang, X. QIN AND Y. C. Kwun*

ABSTRACT. Convergence of an implicit iterative process is inves-
tigated for nonexpansive mappings. Strong and weak convergence
theorems of common fixed points of two finite families of nonexpan-
sive mappings are established in the framework of Banach spaces.

1. Introduction and preliminaries

Let E be a real Banach space. Let Ug = {x € E : ||z|| = 1}. E is
said to be uniformly convex if for any € € (0, 2] there exists 6 > 0 such
that for any x,y € Ug,

|lx —y|| > € implies szﬂH <1-4.

It is known that a uniformly convex Banach space is reflexive and
strictly convex.

Let C' be a nonempty closed and convex subset of a Banach space
E. Let T : C — C be a mapping. Denote by F(T) the fixed point set
of T'. Recall that T is said to be nonexpansive if

[Tz = Ty| < ||z —yl, Va,yeC.

We know that F(T) # 0 if E is uniformly convex and C' is bounded,
see Browder [1].
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Recall that the normal Mann iterative process generates a sequence
{z,} in the following manner:

(1.1) Ve, € C, zpy1 = (1 —ap)xn, + Tx,, Yn>1,

where {a,} is a sequence in the interval (0, 1).

A celebrated weak convergence theorem was established by Reich
[8], see also Falset et al. [5].

In 2001, Xu and Ori [12], in the framework of Hilbert spaces, in-
troduced the following implicit Mann-like iterative process for a finite
family of nonexpansive mappings {T1,7T3,--- ,Tn} with {«a,} a real
sequence in (0,1) and an initial point zq € C:

x1 =aoz9 + (1 — ap) Ty,

xo = agxy + (1 — ag)Thxs,

zny =anrn-_1+ (1 —an)InzN,
N1 = anp1Zn + (1 — any1) Tz,

which can written in the following compact form:
(1.2) Tp = pTp_1+ (1 —ap)The,, Vn>1,

where T;, = T}, (moqn) (here the mod N takes values in {1,2,--- ,N}).
They obtained the following weak convergence theorem.

THEOREM 1.1. Let H be a real Hilbert space, let C be a nonempty
closed convex subset of H, and let {T;}}., : C — C be a finite family
of nonexpansive mappings such that I’ = ﬂfil F(T;) # 0. Let {x,} be
defined by (1.2). If {«,, } is chosen so that o,, — 0 asn — oo, then {x,, }
converges weakly to a common fixed point of the family of {T;} ;.

Recently, Chidume and Shahzad [3] further considered the implicit
Mann-like iterative process (1.2) in the framework of Banach spaces.
To be more precise, they obtained the following.
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THEOREM 1.2. Let E be a real uniformly convex Banach space, let
C be a nonempty closed convex subset of E and let {T;}Y ; : C — C be
a finite family of nonexpansive mappings such that F' = ﬂi\il F(T;) #
(. Let {x,} be defined by (1.2). If {a,, } C [0, 1— 0] for some ¢ € [0, 1],
then lim,, o ||x,, — T;x,|| = 0 for each i € {1,2,--- ,N}.

Recall that a family {T;}Y, : C — C with F = "L, F(T;) # 0 is
said to satisfy Condition (B) on C' if there is a nondecreasing function
f:1]0,00) — [0,00) with f(0) =0 and f(r) > 0 for all » € (0, 00) such
that for all z € C, max;<;<n{|lx — Tiz||} > f(d(x, F)).

They also obtained the following strong convergence theorem with
the help of Condition (B).

THEOREM 1.3. Let E be a real uniformly convex Banach space, let
C be a nonempty closed convex subset of E and let {T;}Y., : C — C
be a finite family of nonexpansive mappings satisfying Condition (B).
Assume that F = ﬂf\rzl F(T;) # (. Let {x,} be defined by (1.2). If
{an} C [0,1 — 0] for some 6 € [0, 1], then the sequence {z,} converges
strongly to some point in F'.

Notice that, from the view of computation, the implicit iterative
process (1.2) are often impractical. For each step, we must solve non-
linear operator equations exactly. Therefore, one of the interesting
and important problems in the theory of implicit iterative algorithm
is to consider the iterative algorithm with errors. That is an efficient
iterative algorithm to compute approximately fixed point of nonlinear
mappings.

In this work, motivated by the above results, we introduced the
following generalized implicit iterative process for two finite families
of nonexpansive mappings {S1, 52, - ,Sy} and {T1,T5, - ,Tn} as
follows:

r1 = o120 + S1S170 + Tz + d1ug,
To = X1 + [B25221 + y2Toxa + do2usg,

N =anTn-_1+ BnSNTN-1 +YNSNTN + dnun,
TN+1 = aN1ZN + On+1512N + N1 T2 N1 F ONF1UN+1,

T
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where xg is the initial value, {u, } is a bounded sequence in C' and {, },
{6n}, {7} and {9, } are sequences [0, 1] such that a,, + Gy +7n+d, = 1
for each n > 1. The above table can be rewritten in the following
compact form:

(1.3) Tp = AnTn_1 + BnSnTn_1 +YnTnTn + Optn, VYn >1,

where S, = n(modN) and T, = Tn(modN)-

If S; = I, where I denotes the identity, for each i € {1,2,--- N}
and J, = 0 for each n > 1, then (1.3) is reduced to Xu and Ori’s
implicit iterative process.

If T; = I, where I denotes the identity, for each i € {1,2,--- | N}
and d,, = 0 for each n > 1, then (1.3) is reduced to the explicit Mann
iterative process.

Note from [9] that the explicit Mann iterative process (1.1) and the
implicit Mann iterative process (1.2) are independent. We remark that
our implicit iterative process (1.3) is general which includes the explicit
Mann iterative process (1.1) and the implicit Mann iterative process
(1.2) as special cases.

If S; =T, foreachi € {1,2,--- ,N} and §,, = 0 for each n > 1, then
(1.3) is reduced to

Tp = QpTp_1 + ﬁnTnajn—l + ’Y’nanna vn > 1,

which was considered by Thianwan and Suantai [11].

The purpose of this paper is to study the weak and strong conver-
gence of the generalized implicit iteration process (1.3) for two finite
families of nonexpansive mappings in a real uniformly convex Banach
space.

In order to prove our main results, we also need the following con-
ceptions and lemmas.

Recall that a Banach space E is said to satisfy Opial’s condition [7]
if, for each sequence {x,} in E, the convergence x,, — = weakly implies
that

liminf ||z, — z|| < liminf ||z, —y||, Yy € E(y # x).

It is known [7] that each I? (1 < p < o) enjoys this property. It is
also known [4] that any separable Banach space can be equivalently
renormed so that it satisfies Opial’s condition.
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LeMMA 1.1. ([10]) Let {a,} and {b,} be two nonnegative sequences
satisfying the following condition:

nt1 < @y +by, Vn > 1.

If > b, < oo, then lim,, o ay, exists.

LEMMA 1.2. ([6]) Let E be a uniformly convex Banach space, let
s > 0 be a positive number and let Bs(0) be a closed ball of E. There
exits a continuous, strictly increasing and convex function g : [0,00) —
[0,00) with g(0) = 0 such that

laz + by + cz + dwl||* < allz]|* +blly[|* + c]ll|* + d]|w]|* — abg([la — yl|)

for all x,y,z,w € Bs(0) ={z € E: ||z|| < s} and a,b,c,d € [0, 1] such
thata +b+c+d=1.

LeEMMA 1.3. ([2]) Let E be a real uniformly convex Banach space,
let C' be a nonempty closed and convex subset of E' and let T' : C' — C
be a nonexpansive mapping. Then I — T is demiclosed at zero, that is,
T, — x and x, — Tx, — 0 imply that x = Tz.

2. Main Results

Now, we are ready to give our main results.

THEOREM 2.1. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C' be a nonempty closed convex
subset of E and let N > 1 be a positive integer. Let T; : C — C
be a nonexpansive mapping and let S; : C' — C be a nonexpansive
mapping for each i € D, where D = {1,2,--- /N}. Assume that
F = (ﬂf\;l F(T))N (ﬂi\il F(S;)) # 0. Let {u,} a bounded sequence
in C. Let {an}, {6n}, {7} and {J,,} be sequences in [0, 1] such that
ap+ Bn+n+0, =1 for eachn > 1. Let {z,,} be a sequence generated
in (1.3). Assume that the following restrictions are satisfied:

(a) there exist constants a,b € (0,1) such that a < a,, < b, Vn > 1;

(b) there exists a constant ¢ € (0,1) such that ¢ < By, Yn, Vn > 1;
(€) X1 0n < 0.

Then the sequence {z,} converges weakly to some point in F.
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Proof. Tt is easy to see that the sequence generated in (1.3) is well
defined. Fixing p € F, we see that

|zn — Pl < anllzn_1 — pl| + Bul|SnTn-1 — ol + Wl Thzn — D
+5nHun _pH
< (an + Bo)l|lTn—1 — pl| + YullTn — 2l + dnllun — p||.

It follows from the restrictions (a) and (b) that

n

a—+c

(2.1) [2n =Pl < l[#n-1 = pll + lun = pll-

From Lemma 1.1, we see from the restriction (c¢) that lim, . ||z, —p||
exists. It follows that the sequence {x, } is bounded, so are {S;x,,} and
{T;z,}, where i € D. On the other hand, we see from Lemma 1.2 that

lzn = plI* < anllza—1 = pI* + Bull San—1 — plI* + 7a | Tazs — pI?
+ Onllun = pl* = @ Bug(|Snn-1 = zn-1l)
< (an + Bn)||Tn-1 _sz + Ynl|Tn _pH2 + Onllun _pH2
— anBng(|Snzn—1— zn-1l]).

It follows that

B g([Sntn-1 — Tn-1ll) < [|#n—1 — plI* = |Zn1 — pII
+6n||un —p||2-

It follows from the restrictions (a), (b) and (c¢) that

nlij;og(HSnmn—l —an-1]) 0.

Since ¢ is a continuous strictly increasing convex function g : [0, 00) —
[0, 00) with g(0) = 0, we obtain that

(2.2) lim ||Sn£L'n_1 — l‘n_l” = 0.

n—oo



Convergence of an implicit iterative process 219

In view of Lemma 1.2, we also see that

|2 = plI* < anllzn—1 = plI* + BallSnwn—1 — I + Yl Tnzn — pl|?
+ 6nllun — plI? = g (| Tnzn — Tn-1l])
< (an + Bu)llen—1 = plI> + yllzn — pI* + 0nllun — pll
— an g (| Tnzn — Tn-1l)).

It follows that
g (| Tntn — xp—1l) < n—1 = plI* = 20 — plI* + &nllun — plI*.
From the restrictions (a), (b) and (c), we obtain that
Tim g1 T — i) = 0.

Since ¢ is a continuous strictly increasing convex function g : [0, 00) —
[0, 00) with g(0) = 0, we obtain that

(2.3) lim ||T,z, — xp_1| = 0.

n—oo

Notice that

[2n = @n1]| < [[Snwn—1 = @nall + [ Tntn = Znosll + 0nlltn — 2pal|
In view of (2.2) and (2.3), we see from the restriction (c) that

(2.4) lim 2, — 2] =0,

which implies that

(2.5) nlLII;O |xn — Zntil| =0, Vie D.

Notice that

|z — Than || < (|0 — Tn-1 |l + |2n—1 — Toza].
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It follows from (2.3) and (2.4) that

(2.6) lim ||z, — Thz,| = 0.

n—
Notice that
|2 — Totinll < |0 — Tngs| + |Zngs — Tngi®ngl|

+ ||Tn+ixn+i - Tn+ixn||
<2|wn = ol + [Tt — TogiTngall, Vi€ D.

It follows from (2.5) and (2.6) that

lim ||z, — Thiizn|| =0, Vie D.

n—oo

Note that any subsequence of a convergent number sequence converges
to the same limit. It follows that

(2.7) lim ||z, — Tiz,| =0, VieD.

n—oo
On the other hand, we have

”mn - Snan S ||'Tn - xn—l” + ||xn—1 - Snxn—lu + ”Snxn—l - Snxn”

S 2Hxn - xn—l” + ||1L'n—1 - Snxn—lH-
In view of (2.2) and (2.4), we see that

lim ||z, — Spz,| =0.
n—oo

In a similar way, we can obtain that
(2.8) lim ||z, — S;z,| =0, VieD.

Since {z,} is bounded and FE is uniformly convex, we see that there
exists a subsequence {z,,} of {z,} such that x,, converges weakly to
Z, where € C. Note from Lemma 1.3 that I — T; and I — S; are
demiclosed at zero for each i € D. We see from (2.7) and (2.8) that
zeF.
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Next we show {x,} converges weakly to Z. Suppose the contrary,
then there exists some subsequence {z,,} of {z,} such that {z,,}
converges weakly to x* € C, where z* # Z. Similarly, we can show
x* € F. Notice that we have proved that lim, . ||z, — p|| exists
for each p € F. Assume that lim, o ||z, — Z|| = d where d is a
nonnegative number. By virtue of Opial’s condition of H, we see that

d = liminf ||z, — Z|| < liminf ||z, — 2|
n;— 00 N — 00

= liminf ||z,,, — 2"[| <liminf ||z, — 2| = d.
00 n;— o0

n;—
This is a contradiction. Hence x* = Z. This completes the proof. [

If S; = I, where I denote the identity, for each i € D, then Theorem
2.1 is reduced the following.

COROLLARY 2.2. Let E be a real uniformly convex Banach space
enjoys Opial’s condition, let C' be a nonempty closed convex subset of £
and let N > 1 be a positive integer. Let T; : C'— C' be a nonexpansive
mapping for each i € D, where D = {1,2,--- , N}. Assume that F =
ﬂivzl F(T;) # 0. Let {u,} a bounded sequence in C. Let {ay}, {3.},
{7} and {6,,} be sequences in [0, 1] such that o, + By, +n+ 9, = 1 for
eachn > 1. Let {x,} be a sequence generated in the following implicit
iterative:

(2.9) zo€eC, z,=(an+0n)Tn-1+VThxy + dpun, Vn>1.

Assume that the following restrictions are satisfied:
(a) there exist constants a,b € (0,1) such that a < o, < b, Vn > 1;
(b) there exist a constant ¢ € (0,1) such that ¢ < By, Y, Vn > 1;
(c) Yo% 6, < oc0.

Then the sequence {z,} converges weakly to some point in F.

If T; = I, where I denotes the identity, for each i € D and d,, = 0
for each n > 1, then Theorem 2.1 is reduced the following.

COROLLARY 2.3. Let E be a real uniformly convex Banach space
enjoys Opial’s condition, let C' be a nonempty closed convex subset of £
and let N > 1 be a positive integer. Let S; : C'— C be a nonexpansive
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mapping for each i € D, where D = {1,2,--- ,N}. Assume that
F = ﬂfvzl F(S;) # 0. Let {a,}, {6n} and {y,} be sequences in [0, 1]
such that «, + B + v, = 1 for each n > 1. Let {x,} be a sequence
generated in the following explicit iterative:

On Bn

Tp—1+
1_7n " 1_771

(2.10) ro€ C, x,= SnTpn_1, Vn>1.
Assume that the following restrictions are satisfied:
(a) there exist constants a,b € (0,1) such that a < o, < b, Vn > 1;
(b) there exist constants ¢ € (0,1) such that ¢ < 3, Yn > 1.
Then the sequence {z,} converges weakly to some point in F.

In this paper, we introduce the following definition based on Condi-
tion (B).

Recall that two families {S;}Y, : C — C and {T;}¥, : C — C with
F = (ﬂfvzl F(S))N (ﬂf\il F(T;)) # 0 is said to satisfy Condition
(B’) if there is a nondecreasing function f : [0,00) — [0,00) with
f(0) =0 and f(r) > 0 for all » € (0,00) such that for all x € C

jax {lz —Sizll} + max {[lz —Tizll} > f(d(z, F)).

Next, we give strong convergence theorems with the help of Condi-
tion (B).

THEOREM 2.4. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C' be a nonempty closed convex
subset of E and let N > 1 be a positive integer. Let T; : C' — C
be a nonexpansive mapping and let S; : C' — C' be a nonexpansive
mapping for each i € D, where D = {1,2,--- /N}. Assume that
F = (ﬂf\il F(TZ)) N (ﬂiil F(SZ)) # (. Let {u,} a bounded sequence
in C. Let {an}, {6n}, {7} and {,} be sequences in [0, 1] such that
ap + Bn+n+0, =1 for eachn > 1. Let {z,,} be a sequence generated
n (1.3). Assume that the following restrictions are satisfied:

(a) there exist constants a,b € (0,1) such that a < a,, < b, Vn > 1;

(b) there exists a constant ¢ € (0,1) such that ¢ < By, Yn, ¥Yn > 1;

(€) 2oy On < 0.

If {51,852, -+, Sy} and {T1,T5,--- , Ty} satisfies Condition (B’), then
the sequence {x,} converges strongly to some point in F.
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Proof. In view of (2.1), we see from Lemma 1.1 that d(x,,F) ex-
ists. In view of Condition (B’), we obtain from (2.7) and (2.8) that
lim,, 00 d(2p, F) = 0.

Next, we show that {z,} is a Cauchy sequence in C. Putting \,, =

O ||u,, — p||, we see from (2.1) that

a+c

[2n = pll < [l2n—1 = pll + An.

For any positive integers m,n, where m > n, we see that

m
|Zm — pll < [|on —pl| + Z Aj-
j=n-+1

It follows that

|2n = @mll < 20 — pll + llzm — pll < 2z —pl+ 3 Ap.
j=n+1

This implies that

|20 — | < 2d(xn, F) + Z Aj.

j=n+1

It follows from the restriction (c) that {z,} is a Cauchy sequence
in C' and so {x,} converges strongly to some ¢ € C. Since F =
(ﬂ,fil F(S))N (ﬂfvzl F(T;)) is closed, we obtain that ¢ € F. This
completes the proof. O

If S; = I, where I denote the identity, for each ¢ € D, then Theorem
2.4 is reduced the following.

COROLLARY 2.5. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C' be a nonempty closed convex
subset of E and let N > 1 be a positive integer. Let T; : C — C
be a nonexpansive mapping for each i € D, where D = {1,2,--- | N}.
Assume that F = ﬂ;N:l F(T;) # 0. Let {u,} a bounded sequence in
C. Let {an}, {Bn}, {1} and {6,} be sequences in [0,1]| such that



224 S. Y. Cho, S. M. Kang, X. Qin and Y. C. Kwun

an+ Bn+n+0, =1 for eachn > 1. Let {x,} be a sequence generated
in (2.9). Assume that the following restrictions are satisfied:
(a) there exist constants a,b € (0,1) such that a < o, < b, Vn > 1;
(b) there exists a constant ¢ € (0,1) such that ¢ < 3,7, Yn > 1;
(€) 2oy On < 0.
If {T1,T5,--- ,Tn} satisfies Condition (B), then the sequence {x,}
converges strongly to some point in F.

If T; = I, where I denotes the identity, for each ¢ € D and 4,, = 0
for each n > 1, then Theorem 2.4 is reduced the following.

COROLLARY 2.6. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C' be a nonempty closed convex
subset of £ and let N > 1 be a positive integer. Let S; : C'— C be a
nonexpansive mapping for each i € D, where D = {1,2,--- | N}. As-
sume that F = ﬂf\il F(S;) # 0. Let {a, }, {Bn} and {~,} be sequences
in [0,1] such that o, + 3, + v, = 1 for each n > 1. Let {z,,} be a se-
quence generated in (2.10). Assume that the following restrictions are
satisfied:

(a) there exist constants a,b € (0,1) such that a < a,, < b, Vn > 1;

(b) there exists a constant ¢ € (0,1) such that ¢ < f3,,, Vn > 1;

(€) 2opey On < 0.

If {51,852, ,Sn} satisfies Condition (B), then the sequence {x,}
converges strongly to some point in F.

Recall that a mapping 7' : C' — C' is semicompact if any sequence
{zn} in C satisfying lim, o ||z, — Tx,| = 0 has a convergent subse-
quence.

Finally, we give strong convergence theorems with the help of semi-
compact.

THEOREM 2.7. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C' be a nonempty closed convex
subset of E and let N > 1 be a positive integer. Let T; : C — C
be a nonexpansive mapping and let S; : C' — C' be a nonexpansive
mapping for each i € D, where D = {1,2,--- /N}. Assume that
F = (ﬂfil F(ﬂ)) N (ﬂi\il F(SZ)) # (. Let {u,} a bounded sequence
in C. Let {an}, {Bn}, {7} and {5, } be sequences in [0, 1] such that
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an+ Bn+n+0, =1 for eachn > 1. Let {x,} be a sequence generated
in (1.3). Assume that the following restrictions are satisfied:
(a) there exist constants a,b € (0,1) such that a < a,, < b, Vn > 1;
(b) there exists a constant ¢ € (0,1) such that ¢ < B, Yn, ¥Yn > 1;
(€) 2opy On < 00
If one of {S1,52,---,Sn} and one of {T1,Ts,--- ,Tn} are semicom-
pact, then the sequence {x,} converges strongly to some point in F.

Proof. We may, without loss of generality, assume that S; and T}
are semicompact. From (2.7), we see that

lim |z, — Thz,| =0.
n—oo

It follows from the semicompact of T that there exists a subsequence
{zn,} of {x,,} such that z,, — =* € C. Notice that

[ = Tix™|| < [la" = 2, || + [0, = Tiwn, |

This implies from (2.7) that z* € F(T;) for each i € D. In the same
way, we can show that z* € F(S;) for each ¢ € D. This is, z* € F.
For each p € F, we have that lim,, . ||z, — p|| exits. Letting p = z*,
we see that lim, . ||z, — 2| exists. This implies that z,, — z* as
n — oo. This completes the proof. OJ

If S; = I, where I denote the identity, for each ¢ € D, then Theorem
2.7 is reduced the following.

COROLLARY 2.8. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C' be a nonempty closed convex
subset of E and let N > 1 be a positive integer. Let T; : C — C
be a nonexpansive mapping for each i € D, where D = {1,2,--- | N}.
Assume that F = ﬂ;Nzl F(T;) # 0. Let {u,} a bounded sequence in
C. Let {an}, {Bn}, {1} and {6,} be sequences in [0,1] such that
an+ Bn+n+0, =1 for eachn > 1. Let {x,,} be a sequence generated
in (2.9). Assume that the following restrictions are satisfied:

(a) there exist constants a,b € (0,1) such that a < a,, < b, Vn > 1;

(b) there exists a constant ¢ € (0,1) such that ¢ < By, Vn, ¥Yn > 1;

(€) 2onzq 0n < 00
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If one of {T1,Ts, - ,Tn} is semicompact, then the sequence {x,}
converges strongly to some point in F.

If T; = I, where I denotes the identity, for each ¢ € D and 4,, = 0
for each n > 1, then Theorem 2.7 is reduced the following.

COROLLARY 2.9. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C' be a nonempty closed convex
subset of £ and let N > 1 be a positive integer. Let S; : C'— C be a
nonexpansive mapping for each i € D, where D = {1,2,--- /N}. As-

sume that F = ﬂf\il F(S;) # 0. Let {a, }, {Bn} and {~,} be sequences
in [0,1] such that a,, + (3, + vy, = 1 for each n > 1. Let {z,,} be a se-
quence generated in (2.10). Assume that the following restrictions are
satisfied:
(a) there exist constants a,b € (0,1) such that a < o, < b, Vn > 1;
(b) there exists a constant ¢ € (0,1) such that ¢ < 3, Vn > 1;

(€) 2onzq 0n < 00
If one of {S1,S52, -+ ,SN} Is semicompact, then the sequence {x,}
converges strongly to some point in F.

References

[1] F. E. Browder, Nonezpansive nonlinear operators in a Banach space, Proc.
Natl. Acad. Sci. USA 54 (1965), 1041-1044.

[2] F. E. Browder, Semicontractive and semiaccretive nonlinear mappings in Ba-
nach spaces, Bull. Amer. Math. Soc. 74 (1968), 660—665.

[3] C.E.Chidume and N. Shahzad, Strong convergence of an implicit iteration pro-
cess for a finite family of nonexpansive mappings, Nonlinear Anal. 62 (2005),
1149-1156.

[4] D. van Dulst, Equivalent norms and the fized point property for nonerpansive
mapping, J. Lond. Math. Soc. 25 (1982), 139-144.

[6] J. G. Falset, W. Kaczor, T. Kuczumow and S. Reich, Weak convergence the-
orems for asymptotically nonexpansive mappings and semigroups, Nonlinear
Anal. 43 (2001), 377-401.

[6] Y. Hao, S. Y. Cho and X. Qin, Some weak convergence theorems for a family
of asymptotically nonexpansive nonself mappings, Fixed Point Theory Appl.
2010 (2010), Article ID 218573.

[7] Z. Opial, Weak convergence of the sequence of successive appprozimations for
nonexpansive mappings, Bull. Amer. Math. Soc. 73 (1967), 591-597.

[8] S. Reich, Weak convergence theorems for monexpansive mappings in Banach
spaces, J. Math. Anal. Appl. 67 (1979), 274-276.



Convergence of an implicit iterative process 227

[9] B. E. Rhoades and S. M. Soltuz, The convergence of mean value iteration for
a family of maps, Int. J. Math. Math. Sci. 2005 (2005), 3479-3485.

[10] K. K. Tan and H. K. Xu, Approzimating fized points of nonerpansive mappings
by the Ishikawa iteration process, J. Math. Anal. Appl. 178 (1993), 301-308.

[11] S. Thianwan and S. Suantai, Weak and strong convergence of an implicity
iteration process for a finite family of nonexpansive mappings, Sci. Math. Jpn.
66 (2007), 221-229.

[12] H. K. Xu and M. G. Ori, An implicit iterative process for nonexrpansive map-
pings, Numer. Funct. Anal. Optim. 22 (2001), 767-773.

Department of Mathematics
Gyeongsang National University
Jinju 660-701, Korea

E-mail: ooly61@yahoo.co.kr

Department of Mathematics and RINS
Gyeongsang National University

Jinju 660-701, Korea

E-mail: smkang@gnu.ac.kr

Department of Mathematics
Hangzhou Normal University
Hangzhou 310036, China
E-mail: qxlxajh@163.com

Department of Mathematics
Dong-A University

Pusan 614-714, Korea
E-mail: yckwun@dau.ac.kr



