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CONVERGENCE OF AN IMPLICIT
ITERATIVE PROCESS FOR TWO FINITE

FAMILIES OF NONEXPANSIVE MAPPINGS

S. Y. Cho, S. M. Kang, X. Qin and Y. C. Kwun∗

Abstract. Convergence of an implicit iterative process is inves-
tigated for nonexpansive mappings. Strong and weak convergence
theorems of common fixed points of two finite families of nonexpan-
sive mappings are established in the framework of Banach spaces.

1. Introduction and preliminaries

Let E be a real Banach space. Let UE = {x ∈ E : ‖x‖ = 1}. E is
said to be uniformly convex if for any ε ∈ (0, 2] there exists δ > 0 such
that for any x, y ∈ UE ,

‖x− y‖ ≥ ε implies
∥∥∥x + y

2

∥∥∥ ≤ 1− δ.

It is known that a uniformly convex Banach space is reflexive and
strictly convex.

Let C be a nonempty closed and convex subset of a Banach space
E. Let T : C → C be a mapping. Denote by F (T ) the fixed point set
of T . Recall that T is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ C.

We know that F (T ) 6= ∅ if E is uniformly convex and C is bounded,
see Browder [1].
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Recall that the normal Mann iterative process generates a sequence
{xn} in the following manner:

(1.1) ∀x1 ∈ C, xn+1 = (1− αn)xn + αnTxn, ∀n ≥ 1,

where {αn} is a sequence in the interval (0, 1).
A celebrated weak convergence theorem was established by Reich

[8], see also Falset et al. [5].
In 2001, Xu and Ori [12], in the framework of Hilbert spaces, in-

troduced the following implicit Mann-like iterative process for a finite
family of nonexpansive mappings {T1, T2, · · · , TN} with {αn} a real
sequence in (0, 1) and an initial point x0 ∈ C:

x1 = α1x0 + (1− α1)T1x1,

x2 = α2x1 + (1− α2)T2x2,

· · ·
xN = αNxN−1 + (1− αN )TNxN ,

xN+1 = αN+1xN + (1− αN+1)T1xN+1,

· · · ,

which can written in the following compact form:

(1.2) xn = αnxn−1 + (1− αn)Tnxn, ∀n ≥ 1,

where Tn = Tn(modN) (here the mod N takes values in {1, 2, · · · , N}).
They obtained the following weak convergence theorem.

Theorem 1.1. Let H be a real Hilbert space, let C be a nonempty
closed convex subset of H, and let {Ti}N

i=1 : C → C be a finite family

of nonexpansive mappings such that F =
⋂N

i=1 F (Ti) 6= ∅. Let {xn} be
defined by (1.2). If {αn} is chosen so that αn → 0 as n →∞, then {xn}
converges weakly to a common fixed point of the family of {Ti}N

i=1.

Recently, Chidume and Shahzad [3] further considered the implicit
Mann-like iterative process (1.2) in the framework of Banach spaces.
To be more precise, they obtained the following.
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Theorem 1.2. Let E be a real uniformly convex Banach space, let
C be a nonempty closed convex subset of E and let {Ti}N

i=1 : C → C be

a finite family of nonexpansive mappings such that F =
⋂N

i=1 F (Ti) 6=
∅. Let {xn} be defined by (1.2). If {αn} ⊂ [δ, 1− δ] for some δ ∈ [0, 1],
then limn→∞ ‖xn − Tixn‖ = 0 for each i ∈ {1, 2, · · · , N}.

Recall that a family {Ti}N
i=1 : C → C with F =

⋂N
i=1 F (Ti) 6= ∅ is

said to satisfy Condition (B) on C if there is a nondecreasing function
f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0 for all r ∈ (0,∞) such
that for all x ∈ C, max1≤i≤N{‖x− Tix‖} ≥ f(d(x, F )).

They also obtained the following strong convergence theorem with
the help of Condition (B).

Theorem 1.3. Let E be a real uniformly convex Banach space, let
C be a nonempty closed convex subset of E and let {Ti}N

i=1 : C → C
be a finite family of nonexpansive mappings satisfying Condition (B).
Assume that F =

⋂N
i=1 F (Ti) 6= ∅. Let {xn} be defined by (1.2). If

{αn} ⊂ [δ, 1− δ] for some δ ∈ [0, 1], then the sequence {xn} converges
strongly to some point in F .

Notice that, from the view of computation, the implicit iterative
process (1.2) are often impractical. For each step, we must solve non-
linear operator equations exactly. Therefore, one of the interesting
and important problems in the theory of implicit iterative algorithm
is to consider the iterative algorithm with errors. That is an efficient
iterative algorithm to compute approximately fixed point of nonlinear
mappings.

In this work, motivated by the above results, we introduced the
following generalized implicit iterative process for two finite families
of nonexpansive mappings {S1, S2, · · · , SN} and {T1, T2, · · · , TN} as
follows:

x1 = α1x0 + β1S1x0 + γ1T1x1 + δ1u1,

x2 = α2x1 + β2S2x1 + γ2T2x2 + δ2u2,

· · ·
xN = αNxN−1 + βNSNxN−1 + γNSNxN + δNuN ,

xN+1 = αN+1xN + βN+1S1xN + γN+1T1xN+1 + δN+1uN+1,

· · · ,
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where x0 is the initial value, {un} is a bounded sequence in C and {αn},
{βn}, {γn} and {δn} are sequences [0, 1] such that αn+βn+γn+δn = 1
for each n ≥ 1. The above table can be rewritten in the following
compact form:

(1.3) xn = αnxn−1 + βnSnxn−1 + γnTnxn + δnun, ∀n ≥ 1,

where Sn = Sn(modN) and Tn = Tn(modN).
If Si = I, where I denotes the identity, for each i ∈ {1, 2, · · · , N}

and δn = 0 for each n ≥ 1, then (1.3) is reduced to Xu and Ori’s
implicit iterative process.

If Ti = I, where I denotes the identity, for each i ∈ {1, 2, · · · , N}
and δn = 0 for each n ≥ 1, then (1.3) is reduced to the explicit Mann
iterative process.

Note from [9] that the explicit Mann iterative process (1.1) and the
implicit Mann iterative process (1.2) are independent. We remark that
our implicit iterative process (1.3) is general which includes the explicit
Mann iterative process (1.1) and the implicit Mann iterative process
(1.2) as special cases.

If Si = Ti for each i ∈ {1, 2, · · · , N} and δn = 0 for each n ≥ 1, then
(1.3) is reduced to

xn = αnxn−1 + βnTnxn−1 + γnTnxn, ∀n ≥ 1,

which was considered by Thianwan and Suantai [11].
The purpose of this paper is to study the weak and strong conver-

gence of the generalized implicit iteration process (1.3) for two finite
families of nonexpansive mappings in a real uniformly convex Banach
space.

In order to prove our main results, we also need the following con-
ceptions and lemmas.

Recall that a Banach space E is said to satisfy Opial’s condition [7]
if, for each sequence {xn} in E, the convergence xn → x weakly implies
that

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖, ∀y ∈ E (y 6= x).

It is known [7] that each lp (1 ≤ p < ∞) enjoys this property. It is
also known [4] that any separable Banach space can be equivalently
renormed so that it satisfies Opial’s condition.
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Lemma 1.1. ([10]) Let {an} and {bn} be two nonnegative sequences
satisfying the following condition:

an+1 ≤ an + bn, ∀n ≥ 1.

If
∑∞

n=1 bn < ∞, then limn→∞ an exists.

Lemma 1.2. ([6]) Let E be a uniformly convex Banach space, let
s > 0 be a positive number and let Bs(0) be a closed ball of E. There
exits a continuous, strictly increasing and convex function g : [0,∞) →
[0,∞) with g(0) = 0 such that

‖ax + by + cz + dw‖2 ≤ a‖x‖2 + b‖y‖2 + c‖z‖2 + d‖w‖2− abg(‖x− y‖)

for all x, y, z, w ∈ Bs(0) = {x ∈ E : ‖x‖ ≤ s} and a, b, c, d ∈ [0, 1] such
that a + b + c + d = 1.

Lemma 1.3. ([2]) Let E be a real uniformly convex Banach space,
let C be a nonempty closed and convex subset of E and let T : C → C
be a nonexpansive mapping. Then I −T is demiclosed at zero, that is,
xn ⇀ x and xn − Txn → 0 imply that x = Tx.

2. Main Results

Now, we are ready to give our main results.

Theorem 2.1. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C be a nonempty closed convex
subset of E and let N ≥ 1 be a positive integer. Let Ti : C → C
be a nonexpansive mapping and let Si : C → C be a nonexpansive
mapping for each i ∈ D, where D = {1, 2, · · · , N}. Assume that

F =
( ⋂N

i=1 F (Ti)
)⋂ ( ⋂N

i=1 F (Si)
) 6= ∅. Let {un} a bounded sequence

in C. Let {αn}, {βn}, {γn} and {δn} be sequences in [0, 1] such that
αn +βn +γn +δn = 1 for each n ≥ 1. Let {xn} be a sequence generated
in (1.3). Assume that the following restrictions are satisfied:

(a) there exist constants a, b ∈ (0, 1) such that a ≤ αn ≤ b, ∀n ≥ 1;
(b) there exists a constant c ∈ (0, 1) such that c ≤ βn, γn, ∀n ≥ 1;
(c)

∑∞
n=1 δn < ∞.

Then the sequence {xn} converges weakly to some point in F .
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Proof. It is easy to see that the sequence generated in (1.3) is well
defined. Fixing p ∈ F , we see that

‖xn − p‖ ≤ αn‖xn−1 − p‖+ βn‖Snxn−1 − p‖+ γn‖Tnxn − p‖
+ δn‖un − p‖

≤ (αn + βn)‖xn−1 − p‖+ γn‖xn − p‖+ δn‖un − p‖.

It follows from the restrictions (a) and (b) that

(2.1) ‖xn − p‖ ≤ ‖xn−1 − p‖+
δn

a + c
‖un − p‖.

From Lemma 1.1, we see from the restriction (c) that limn→∞ ‖xn−p‖
exists. It follows that the sequence {xn} is bounded, so are {Sixn} and
{Tixn}, where i ∈ D. On the other hand, we see from Lemma 1.2 that

‖xn − p‖2 ≤ αn‖xn−1 − p‖2 + βn‖Snxn−1 − p‖2 + γn‖Tnxn − p‖2
+ δn‖un − p‖2 − αnβng(‖Snxn−1 − xn−1‖)

≤ (αn + βn)‖xn−1 − p‖2 + γn‖xn − p‖2 + δn‖un − p‖2
− αnβng(‖Snxn−1 − xn−1‖).

It follows that

αnβng(‖Snxn−1 − xn−1‖) ≤ ‖xn−1 − p‖2 − ‖xn−1 − p‖2
+ δn‖un − p‖2.

It follows from the restrictions (a), (b) and (c) that

lim
n→∞

g(‖Snxn−1 − xn−1‖) ≤ 0.

Since g is a continuous strictly increasing convex function g : [0,∞) →
[0,∞) with g(0) = 0, we obtain that

(2.2) lim
n→∞

‖Snxn−1 − xn−1‖ = 0.
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In view of Lemma 1.2, we also see that

‖xn − p‖2 ≤ αn‖xn−1 − p‖2 + βn‖Snxn−1 − p‖2 + γn‖Tnxn − p‖2
+ δn‖un − p‖2 − αnγng(‖Tnxn − xn−1‖)

≤ (αn + βn)‖xn−1 − p‖2 + γn‖xn − p‖2 + δn‖un − p‖2
− αnγng(‖Tnxn − xn−1‖).

It follows that

αnγng(‖Tnxn − xn−1‖) ≤ ‖xn−1 − p‖2 − ‖xn − p‖2 + δn‖un − p‖2.

From the restrictions (a), (b) and (c), we obtain that

lim
n→∞

g(‖Tnxn − xn−1‖) = 0.

Since g is a continuous strictly increasing convex function g : [0,∞) →
[0,∞) with g(0) = 0, we obtain that

(2.3) lim
n→∞

‖Tnxn − xn−1‖ = 0.

Notice that

‖xn − xn−1‖ ≤ ‖Snxn−1 − xn−1‖+ ‖Tnxn − xn−1‖+ δn‖un − xn−1‖.

In view of (2.2) and (2.3), we see from the restriction (c) that

(2.4) lim
n→∞

‖xn − xn−1‖ = 0,

which implies that

(2.5) lim
n→∞

‖xn − xn+i‖ = 0, ∀i ∈ D.

Notice that

‖xn − Tnxn‖ ≤ ‖xn − xn−1‖+ ‖xn−1 − Tnxn‖.
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It follows from (2.3) and (2.4) that

(2.6) lim
n→∞∞

‖xn − Tnxn‖ = 0.

Notice that

‖xn − Tn+ixn‖ ≤ ‖xn − xn+i‖+ ‖xn+i − Tn+ixn+i‖
+ ‖Tn+ixn+i − Tn+ixn‖

≤ 2‖xn − xn+i‖+ ‖xn+i − Tn+ixn+i‖, ∀i ∈ D.

It follows from (2.5) and (2.6) that

lim
n→∞

‖xn − Tn+ixn‖ = 0, ∀i ∈ D.

Note that any subsequence of a convergent number sequence converges
to the same limit. It follows that

(2.7) lim
n→∞

‖xn − Tixn‖ = 0, ∀i ∈ D.

On the other hand, we have

‖xn − Snxn‖ ≤ ‖xn − xn−1‖+ ‖xn−1 − Snxn−1‖+ ‖Snxn−1 − Snxn‖
≤ 2‖xn − xn−1‖+ ‖xn−1 − Snxn−1‖.

In view of (2.2) and (2.4), we see that

lim
n→∞

‖xn − Snxn‖ = 0.

In a similar way, we can obtain that

(2.8) lim
n→∞

‖xn − Sixn‖ = 0, ∀i ∈ D.

Since {xn} is bounded and E is uniformly convex, we see that there
exists a subsequence {xnl

} of {xn} such that xnl
converges weakly to

x̄, where x̄ ∈ C. Note from Lemma 1.3 that I − Ti and I − Si are
demiclosed at zero for each i ∈ D. We see from (2.7) and (2.8) that
x̄ ∈ F .
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Next we show {xn} converges weakly to x̄. Suppose the contrary,
then there exists some subsequence {xnj

} of {xn} such that {xnj
}

converges weakly to x∗ ∈ C, where x∗ 6= x̄. Similarly, we can show
x∗ ∈ F . Notice that we have proved that limn→∞ ‖xn − p‖ exists
for each p ∈ F . Assume that limn→∞ ‖xn − x̄‖ = d where d is a
nonnegative number. By virtue of Opial’s condition of H, we see that

d = lim inf
nl→∞

‖xnl
− x̄‖ < lim inf

ni→∞
‖xnl

− x∗‖
= lim inf

nj→∞
‖xnj − x∗‖ < lim inf

nj→∞
‖xnj − x̄‖ = d.

This is a contradiction. Hence x∗ = x̄. This completes the proof. ¤

If Si = I, where I denote the identity, for each i ∈ D, then Theorem
2.1 is reduced the following.

Corollary 2.2. Let E be a real uniformly convex Banach space
enjoys Opial’s condition, let C be a nonempty closed convex subset of E
and let N ≥ 1 be a positive integer. Let Ti : C → C be a nonexpansive
mapping for each i ∈ D, where D = {1, 2, · · · , N}. Assume that F =⋂N

i=1 F (Ti) 6= ∅. Let {un} a bounded sequence in C. Let {αn}, {βn},
{γn} and {δn} be sequences in [0, 1] such that αn +βn +γn +δn = 1 for
each n ≥ 1. Let {xn} be a sequence generated in the following implicit
iterative:

(2.9) x0 ∈ C, xn = (αn + βn)xn−1 + γnTnxn + δnun, ∀n ≥ 1.

Assume that the following restrictions are satisfied:
(a) there exist constants a, b ∈ (0, 1) such that a ≤ αn ≤ b, ∀n ≥ 1;
(b) there exist a constant c ∈ (0, 1) such that c ≤ βn, γn, ∀n ≥ 1;
(c)

∑∞
n=1 δn < ∞.

Then the sequence {xn} converges weakly to some point in F .

If Ti = I, where I denotes the identity, for each i ∈ D and δn = 0
for each n ≥ 1, then Theorem 2.1 is reduced the following.

Corollary 2.3. Let E be a real uniformly convex Banach space
enjoys Opial’s condition, let C be a nonempty closed convex subset of E
and let N ≥ 1 be a positive integer. Let Si : C → C be a nonexpansive
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mapping for each i ∈ D, where D = {1, 2, · · · , N}. Assume that

F =
⋂N

i=1 F (Si) 6= ∅. Let {αn}, {βn} and {γn} be sequences in [0, 1]
such that αn + βn + γn = 1 for each n ≥ 1. Let {xn} be a sequence
generated in the following explicit iterative:

(2.10) x0 ∈ C, xn =
αn

1− γn
xn−1 +

βn

1− γn
Snxn−1, ∀n ≥ 1.

Assume that the following restrictions are satisfied:
(a) there exist constants a, b ∈ (0, 1) such that a ≤ αn ≤ b, ∀n ≥ 1;
(b) there exist constants c ∈ (0, 1) such that c ≤ βn ∀n ≥ 1.

Then the sequence {xn} converges weakly to some point in F .

In this paper, we introduce the following definition based on Condi-
tion (B).

Recall that two families {Si}N
i=1 : C → C and {Ti}N

i=1 : C → C with
F =

( ⋂N
i=1 F (Si)

) ⋂ (⋂N
i=1 F (Ti)

) 6= ∅ is said to satisfy Condition
(B′) if there is a nondecreasing function f : [0,∞) → [0,∞) with
f(0) = 0 and f(r) > 0 for all r ∈ (0,∞) such that for all x ∈ C

max
1≤i≤N

{‖x− Six‖}+ max
1≤i≤N

{‖x− Tix‖} ≥ f(d(x, F )).

Next, we give strong convergence theorems with the help of Condi-
tion (B′).

Theorem 2.4. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C be a nonempty closed convex
subset of E and let N ≥ 1 be a positive integer. Let Ti : C → C
be a nonexpansive mapping and let Si : C → C be a nonexpansive
mapping for each i ∈ D, where D = {1, 2, · · · , N}. Assume that

F =
( ⋂N

i=1 F (Ti)
)⋂ ( ⋂N

i=1 F (Si)
) 6= ∅. Let {un} a bounded sequence

in C. Let {αn}, {βn}, {γn} and {δn} be sequences in [0, 1] such that
αn +βn +γn +δn = 1 for each n ≥ 1. Let {xn} be a sequence generated
in (1.3). Assume that the following restrictions are satisfied:

(a) there exist constants a, b ∈ (0, 1) such that a ≤ αn ≤ b, ∀n ≥ 1;
(b) there exists a constant c ∈ (0, 1) such that c ≤ βn, γn, ∀n ≥ 1;
(c)

∑∞
n=1 δn < ∞.

If {S1, S2, · · · , SN} and {T1, T2, · · · , TN} satisfies Condition (B′), then
the sequence {xn} converges strongly to some point in F .
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Proof. In view of (2.1), we see from Lemma 1.1 that d(xn,F) ex-
ists. In view of Condition (B′), we obtain from (2.7) and (2.8) that
limn→∞ d(xn,F) = 0.

Next, we show that {xn} is a Cauchy sequence in C. Putting λn =
δn

a+c‖un − p‖, we see from (2.1) that

‖xn − p‖ ≤ ‖xn−1 − p‖+ λn.

For any positive integers m,n, where m > n, we see that

‖xm − p‖ ≤ ‖xn − p‖+
m∑

j=n+1

λj .

It follows that

‖xn − xm‖ ≤ ‖xn − p‖+ ‖xm − p‖ ≤ 2‖xn − p‖+
m∑

j=n+1

λj .

This implies that

‖xn − xm‖ ≤ 2d(xn,F) +
m∑

j=n+1

λj .

It follows from the restriction (c) that {xn} is a Cauchy sequence
in C and so {xn} converges strongly to some q ∈ C. Since F =( ⋂N

i=1 F (Si)
)⋂ ( ⋂N

i=1 F (Ti)
)

is closed, we obtain that q ∈ F . This
completes the proof. ¤

If Si = I, where I denote the identity, for each i ∈ D, then Theorem
2.4 is reduced the following.

Corollary 2.5. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C be a nonempty closed convex
subset of E and let N ≥ 1 be a positive integer. Let Ti : C → C
be a nonexpansive mapping for each i ∈ D, where D = {1, 2, · · · , N}.
Assume that F =

⋂N
i=1 F (Ti) 6= ∅. Let {un} a bounded sequence in

C. Let {αn}, {βn}, {γn} and {δn} be sequences in [0, 1] such that
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αn +βn +γn +δn = 1 for each n ≥ 1. Let {xn} be a sequence generated
in (2.9). Assume that the following restrictions are satisfied:

(a) there exist constants a, b ∈ (0, 1) such that a ≤ αn ≤ b, ∀n ≥ 1;
(b) there exists a constant c ∈ (0, 1) such that c ≤ βn, γn, ∀n ≥ 1;
(c)

∑∞
n=1 δn < ∞.

If {T1, T2, · · · , TN} satisfies Condition (B), then the sequence {xn}
converges strongly to some point in F .

If Ti = I, where I denotes the identity, for each i ∈ D and δn = 0
for each n ≥ 1, then Theorem 2.4 is reduced the following.

Corollary 2.6. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C be a nonempty closed convex
subset of E and let N ≥ 1 be a positive integer. Let Si : C → C be a
nonexpansive mapping for each i ∈ D, where D = {1, 2, · · · , N}. As-

sume that F =
⋂N

i=1 F (Si) 6= ∅. Let {αn}, {βn} and {γn} be sequences
in [0, 1] such that αn + βn + γn = 1 for each n ≥ 1. Let {xn} be a se-
quence generated in (2.10). Assume that the following restrictions are
satisfied:

(a) there exist constants a, b ∈ (0, 1) such that a ≤ αn ≤ b, ∀n ≥ 1;
(b) there exists a constant c ∈ (0, 1) such that c ≤ βn, ∀n ≥ 1;
(c)

∑∞
n=1 δn < ∞.

If {S1, S2, · · · , SN} satisfies Condition (B), then the sequence {xn}
converges strongly to some point in F .

Recall that a mapping T : C → C is semicompact if any sequence
{xn} in C satisfying limn→∞ ‖xn − Txn‖ = 0 has a convergent subse-
quence.

Finally, we give strong convergence theorems with the help of semi-
compact.

Theorem 2.7. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C be a nonempty closed convex
subset of E and let N ≥ 1 be a positive integer. Let Ti : C → C
be a nonexpansive mapping and let Si : C → C be a nonexpansive
mapping for each i ∈ D, where D = {1, 2, · · · , N}. Assume that

F =
( ⋂N

i=1 F (Ti)
)⋂ ( ⋂N

i=1 F (Si)
) 6= ∅. Let {un} a bounded sequence

in C. Let {αn}, {βn}, {γn} and {δn} be sequences in [0, 1] such that
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αn +βn +γn +δn = 1 for each n ≥ 1. Let {xn} be a sequence generated
in (1.3). Assume that the following restrictions are satisfied:

(a) there exist constants a, b ∈ (0, 1) such that a ≤ αn ≤ b, ∀n ≥ 1;
(b) there exists a constant c ∈ (0, 1) such that c ≤ βn, γn, ∀n ≥ 1;
(c)

∑∞
n=1 δn < ∞.

If one of {S1, S2, · · · , SN} and one of {T1, T2, · · · , TN} are semicom-
pact, then the sequence {xn} converges strongly to some point in F .

Proof. We may, without loss of generality, assume that S1 and T1

are semicompact. From (2.7), we see that

lim
n→∞

‖xn − T1xn‖ = 0.

It follows from the semicompact of T1 that there exists a subsequence
{xnk

} of {xn} such that xnk
→ x∗ ∈ C. Notice that

‖x∗ − Tix
∗‖ ≤ ‖x∗ − xnk

‖+ ‖xnk
− Tixnk

‖.

This implies from (2.7) that x∗ ∈ F (Ti) for each i ∈ D. In the same
way, we can show that x∗ ∈ F (Si) for each i ∈ D. This is, x∗ ∈ F .
For each p ∈ F , we have that limn→∞ ‖xn − p‖ exits. Letting p = x∗,
we see that limn→∞ ‖xn − x∗‖ exists. This implies that xn → x∗ as
n →∞. This completes the proof. ¤

If Si = I, where I denote the identity, for each i ∈ D, then Theorem
2.7 is reduced the following.

Corollary 2.8. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C be a nonempty closed convex
subset of E and let N ≥ 1 be a positive integer. Let Ti : C → C
be a nonexpansive mapping for each i ∈ D, where D = {1, 2, · · · , N}.
Assume that F =

⋂N
i=1 F (Ti) 6= ∅. Let {un} a bounded sequence in

C. Let {αn}, {βn}, {γn} and {δn} be sequences in [0, 1] such that
αn +βn +γn +δn = 1 for each n ≥ 1. Let {xn} be a sequence generated
in (2.9). Assume that the following restrictions are satisfied:

(a) there exist constants a, b ∈ (0, 1) such that a ≤ αn ≤ b, ∀n ≥ 1;
(b) there exists a constant c ∈ (0, 1) such that c ≤ βn, γn, ∀n ≥ 1;
(c)

∑∞
n=1 δn < ∞.
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If one of {T1, T2, · · · , TN} is semicompact, then the sequence {xn}
converges strongly to some point in F .

If Ti = I, where I denotes the identity, for each i ∈ D and δn = 0
for each n ≥ 1, then Theorem 2.7 is reduced the following.

Corollary 2.9. Let E be a real uniformly convex Banach space
which satisfies Opial’s condition, let C be a nonempty closed convex
subset of E and let N ≥ 1 be a positive integer. Let Si : C → C be a
nonexpansive mapping for each i ∈ D, where D = {1, 2, · · · , N}. As-

sume that F =
⋂N

i=1 F (Si) 6= ∅. Let {αn}, {βn} and {γn} be sequences
in [0, 1] such that αn + βn + γn = 1 for each n ≥ 1. Let {xn} be a se-
quence generated in (2.10). Assume that the following restrictions are
satisfied:

(a) there exist constants a, b ∈ (0, 1) such that a ≤ αn ≤ b, ∀n ≥ 1;
(b) there exists a constant c ∈ (0, 1) such that c ≤ βn, ∀n ≥ 1;
(c)

∑∞
n=1 δn < ∞.

If one of {S1, S2, · · · , SN} is semicompact, then the sequence {xn}
converges strongly to some point in F .
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