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EXPLICIT EXAMPLES OF KAHLER METRICS
ON THE ELLIPSOIDS

KWANG-SOON PARK

ABSTRACT. In this paper, we construct explicitly Kéhler metrics on the
ellipsoids and calculate their sectional curvatures. Using MAPLE (3], we
obtain some geodesic curves on an ellipsoid so that if some conditions are
dropped in Question 2.1 [4], then Question 2.1 is not true.

1. Introduction

A Kéhler metric g is a Riemannian metric on a complex manifold (M, I)
such that g(, ) =g(I ,I ) and dg(I , ) = 0. There are some explicit examples
of Kahler metrics such as the Euclidean metric on C™, the Fubini-Study metric
on CP™, the Eguchi-Hanson metric on the crepant resolution of C2/{+£1}, etc
[2]. In this paper, we construct explicitly Kéhler metrics on the ellipsoids (See
Theorem 3.1) and calculate their sectional curvatures (See Theorem 3.2). With
the aides of MAPLE, we find some closed geodesic curves on an ellipsoid. Using
them, we show that Question 4.1 is not true.

2. Preliminaries

Let S? = {(z,y,2) € R® | 22 + y*> + 22 = 1}. Let px = (0,0,1) and
ps := (0,0, —1). Consider the Riemannian manifold (52, g) such that g is the
induced metric on S? from the Euclidean space R3. Then we can write down the
metric g explicitly in local coordinates. Define the charts wx : S% — {py} — R?
and 7g : S? — {ps} — R?, respectively, by

x Y x y
N (Y, 2) 1= <1—z’ 1—2) and 7s(x,y,z) = <1—|—z7 1—|—z> )

Then {(S% — {pn},7n), (S? — {ps},7s)} is an atlas of S?. Define the identifi-
cations f; : R? — C and f_ : R? — C, respectively, by

er(.’K,y):Z and f*(xay):27
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where z = v ++/—1y and z = x —/—1y. Let Ty := f, onn and 75 := f_omg.
Since (75 o Tx')(2) = L for 2 € C—{0}, {(S? — {pn}. 7n), (52 — {ps}, 7s)} is
a holomorphic atlas of S2. Thus, S? is a complex manifold, i.e., S = CP!. Let
I be the corresponding complex structure on S2. Let § be the Fubini-Study
metric on (S?,1) = CP! [1]. Then we easily get

_ 4 2 2 2
9= (1+x2+y2)2(d9& +dy”) on wy(S* —{pn})
and )
~ L9 2 ~ (a2
g= i ‘Z|2)2(dx +dy*) on wN(S° — {pn}).

3. Kahler metrics

Throughout this section, we will use the notation of Section 2.
Let S(a,b,c) := {(z,y,2) € R?| 2—2 + %—z + z—z =1} for any positive real num-
bers a,b,c € RT. Define the maps fap. : S(a,b, c) — S? by
Ty z
fuacw:2) = (3.5 7)
for a,b,c € RT. Let py := (0,0, ¢) and pg := (0,0, —c). Consider the inclusion
maps iy : S(a,b,¢) —{pn} — S(a,b,c) and ig : S(a,b,c) — {ps} — S(a,b,c).
Let Tn := fr omn © fape 0in and Tg := f_ 0o 7g 0 fupe ©4g. Then we know
that {(S(a,b,¢) — {Pn},7n), (S(a,b,¢) — {Ds}, Ts)} is a holomorphic atlas of
S(a,b,c). Thus, S(a,b,c) is a complex manifold. Let T be the corresponding
complex structure on S(a, b, c) and gap. the induced metric on S(a,b,c) from
the Euclidean space R?. With some computations, we get

1
(1 +$2 +y2)4
— day(a(—2ax® + 2ay® + 2a) + b(2bx® — 2by? + 2b) — 4c?)
(da - dy + dy - dx) + (16a*x>y* + (202 — 2by? + 2b)* + 16¢%y?)dy?)

Jabe = (((—2az* + 2ay® + 2a)? + 16b%2%y? + 16c2x?)da?

on (0 fabe)(S(a, b, ¢) — {Pn}). Since I(:Z) = a% and I(a%) = -2 itis easy
to see that gupe is not Hermitian with respect to the complex structure I. Let
/g\abc - gabc( ) ) + Eabc(-[ aI ) and Wabe = /g\abc(-[ ) ) Since dlm S(a7b> C) = 23
we have dwgp. = 0. Now, we obtain:

Theorem 3.1. Let S(a,b,c) and Gape be the ellipsoid and the metric, respec-
tively, given as above. Then the metric Gupe 15 Kdhler on the complex manifold

~

(S(a,b,c),I). Furthermore, we get
1

(1 + x2 + y2)4

+4b? (22 — y? +1)% + 42%y?) + 16¢% (22 + y?))(dz? + dy?)

on (7 © fave)(S(a, b, c) — {Pn}).

./g\abc = (4@2((—.1'2 + y2 + 1)2 + 41}2y2)
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Remark 3.1. Define a function

e 2a% + 2? B b —a? n 4c? B (b — a?)z?
PRI 222(1+ P2 T B(1+ P2 12(1+ 2P
4c? b — a?

2
- (242 + 2b%) In(1 2
30112 A+ 3207+ 267 In(L+ |2

2a? + 2b? 3 b2 —a? 3 (b2 — a?)z?
3(1+4122)  1222(1+|2]2)2  12(1 + |2/?)?

4
+ 502 In(1+ |2|?) +
b? — a2

5211 P
on (f+ omn © fabe)(S(a,b,c) —{pn}) for each a,b,c € RT. Then by the ele-
mentary calculation, uap. is a Kéhler potential for the Kéhler metric Gabe ON

(f+ o © fare)(S(a,b,¢) — {pn}), i.e., wape = V—100ugpe. In particular,

Ugaa = 40 In(1 + |2|?) for a € RT.

Consider the pull-back metrics (f(;i)*/g\abc on S? for any a,b,c € RT. Conve-
niently, let gupe 1= (f(;bi)*ﬁabc for a,b,c € RT. Then the family {gupe | @,b,c €
R*} is the collection of Kéhler metrics gqpe on S? for a,b,c € RT so that the

metrics gqqq are the Fubini-Study metric on S? = CP!, up to constant, for
a € R*. Furthermore, we have

1 1 1 =§ OHSQ.

2v2 2vV2 2V2
With some computations, we obtain the sectional curvature K. of the Kahler
metric ggpe as follows [5].

Theorem 3.2. Let Ky be the sectional curvature of the Kahler metric ggpe
on S? for a,b,c € R*. Then we have

Kape(z,y) =2(4b*2%9? 4+ 20a2y*?2® — 6a%y* 2ot + 1602y e
— 6b%y Pt + 12a% 2 0%yt + ot + b — 4a®y5b? — 4atz?y?
— ?a? — 2% + 32¢*22y? + 2a%b% + 4b*2yS + 4atz?yC
— 4b*a%y? + datz?yt — 4a%yP0? — dataty? + 4btaty?
+8c2a2y? + 43022 + 4ataby? + 6atyt + 6b1yt + a'ly®
+b*y® + 16c¢ty* + 8a2ySc? + 4b%y5¢? — 12ay*b? + 18a%y*c?
— 4b*a?yt — 2202y + 6atatyt — 12a22*b%y? + 82z ?b?y?
—4a’22Py? — b2 22 Py? + 26%y30% — a®y3? + 6btatyt
— 028 4 8a%ySb2a? — 4a2yPca? — Ab%Sa? + 16¢2 a2yt
+ 20202y 2 + 8a2a®b?y? — 46252y — 4b%2%cPy? + 4aty®
+4da'y® — 4b*y° — 4b*y? — 120270y — da’a® + 4b*2° 4 6b*2*

+ 4b* 2% + b8 + 162 + ata® — 4a*28 + 6a*z* — 4a%25p?
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— 12622 — 40220 — 220221 4 18V%2% ¢ + 4c?a’x? + 8c2b%a?
+ 202280 4 4a*2%c? — a?xBc? + 8b%x0c? — b2aBe?) (1 + 22 + ¢?)?
/(a®z* + 2a22°%y? + ay* — 2a%2% + 2a2y? + a® + b2at + 2072y
+ b2yt 4 202227 — 26797 + % + 4c?2® 4 4cPy?)?

on wn(S? — {pn}).

Remark 3.2. If a = b = ¢, then it is easy to see that

1
Kaaa(x»y) = ﬁ on WN(S2 - {PN})

Since g = g , the sectional curvature K of the metric g is equal to 1.

11 1
V2 V2 V2

)

4. Minimal geodesic

Throughout this section, we will use the notation of the previous sections.
For convenience, denote by S, g, and f the ellipsoid S(1,2,1), the metric g1,
and the map fio21, respectively. Then we have

1
g=———+———(20(1 2 2 —48y%) (dx? + dy?
g (1+m2+y2)4((+x+y) y°)(dz™ + dy”)
on (my o f)(S—{pn}). Using MAPLE [3, See page 187], we can get Figure 1.

;é@'
fan=
/) ‘gt‘\' S
A
e

(a) geodesic curves on S (b) a geodesic curve on S
FIGURE 1. Geodesic curves for the metric g

From Figure 1-(a) showing some geodesic curves on S, we see that the fol-
lowing curves are closed geodesic in S:
Cy(t) := (my o f)~1(t,0) fort € [~o0, ]
Cy(t) := (mn o £)71(0,t) for t € [~o0, ]
C3(t) := (my o f)"'(cost,sint) for t € [0, 27].
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Note that C; = {(7y o f)~!(tan \/%’O) |t € [-Vb5m,v/57]}. Tt is easy to see

that the curve (mx o f)~!(tan \/%T), 0) is geodesic. Using MAPLE, we can also
calculate the lengthes of the above closed geodesic curves. Denote by L(C') the

length of a curve C(t). Then,
L(Cy) ~ 14.04962946, L(Cs) ~ 11.61349340, L(C3) ~ 11.61349340.

We know that Cy(t) and Cs(t) are the curves in S passing through both py
and pg, i.e., C1(0) = C2(0) = ps and C1(o0) = Ca(0) = py and

LHC1(t) |0 <t < 00}) > L{Ca(t) | 0 < t < o)),
So, we have:

Proposition 4.1. Every minimal geodesic curve in Cy is not minimal in S

Remind that the ellipsoid S is a simply connected complete (compact)
Kahler manifold and the curve C; is a closed complete totally geodesic sub-
manifold of S. Hence, Proposition 4.1 implies that the following question is
not true.

Question 4.1. Let M be a simply connected complete Kéahler manifold and
N a closed complete totally geodesic submanifold of M. Then every minimal
geodesic in N is also minimal in M.

That is, the condition that N is complex in Question 2.1 [4] can not be
dropped in order to be a true statement, although we don’t know whether it is
true or not.

Remark 4.1. Using MAPLE [3], we see that the below curves are not geodesic
in the ellipsoid S.

Cy(t) == (mn o f)" (t,t) fort € [~o0, ]

Cs(t) := (my o f) (¢, —t) for t € [—~o0,00].
Note that Figure 1-(b) is the picture of a geodesic curve (my o f)~1C(¢) on
S such that C(0) = (0,0) and C’(0) = (1,1). But they are all the closed
curves in S passing through both py and pg, i.e., C4(0) = C5(0) = ps and
C4(00) = C5(00) = pn. Furthermore,

L(Cy) = L(Cs) ~ 12.92772026.
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