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SENSITIVITY ANALYSIS FOR A NEW SYSTEM OF
VARIATIONAL INEQUALITIES

JAE UG JEONG

ABSTRACT. In this paper, we study the behavior and sensitivity analysis
of the solution set for a new system of generalized parametric multi-valued
variational inclusions with (A, n)-accretive mappings in g-uniformly smoo-
th Banach spaces. The present results improve and extend many known
results in the literature.

1. Introduction

Sensitivity analysis of solutions of variational inequalities with single-valued
mappings have been studied by many authors via quite different techniques.

By using the projection method, Dafermos [2], Yen [12], Mukherjee and
Verma [7], Noor [9] and Pan [10] studied the sensitivity analysis of solutions of
some variational inequalities with single-valued mappings in finite-dimensional
spaces or Hilbert spaces.

By using the resolvent operator technique, Agarwal et al. [1], Jeong [3] stud-
ied a new system of parametric generalized nonlinear mixed quasi-variational
inclusions in a Hilbert space and in L,(p > 2) spaces, respectively.

In 2008, using the concept and technique of resolvent operators, Lan [4]
introduced and studied the behavior and sensitivity analysis of the solution set
for a system of generalized parametric (A, n)-accretive variational inclusions in
Banach spaces.

Motivated and inspired by the research work going on this field, in this
paper, we study the behavior and sensitivity analysis of the solution set for a
new system of generalized parametric multi-valued variational inclusions with
(A, n)-accretive mappings in g-uniformly smooth Banach spaces. The present
results improve and extend many known results in the literature.
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2. Preliminaries

Let E be a real Banach space with dual space E* and (-, -) be the dual pair
between E and E*, CB(F) denote the family of all nonempty closed bounded
subsets of £ and 2¥ denote the family of all the nonempty subsets of E. The
generalized duality mapping J, : E — 2" ig defined by

Jo(x) ={f* € B :{w, f*) = ||| and ||f*|| = [l]|*""}, Vo € E,

where ¢ > 1 is a constant. In particular, J; is the usual normalized duality
mapping. It is known that, in general, J,(x) = ||z||972J2(z) for all x # 0 and
Jq is single-valued if E* is strictly convex. If £ = H is a Hilbert space, then
Jo becomes the identity mapping of H.

The modulus of smoothness of F is the function pg : [0,00) — [0, 00) defined
by

1
pi(t) = sup {5 (ol + o= yl) =1 el < Ll < ).

A Banach space F is called uniformly smooth if lim;_.g pET(t) = 0. F is called
g-uniformly smooth if there exists a constant ¢ > 0 such that pg(t) < ct?,
g > 1. Note that J, is single-valued if F is uniformly smooth.

We consider now a system of generalized parametric multi-valued variational
inclusions with (A4, n)-accretive mappings in g-uniformly smooth Banach spaces.
To this end, let Q and A be two nonempty open subsets of E in which the
parameters w and A take values, U : EXExQ - E V:ExExA— E,
f:ExQ— E,g: ExA — E are single-valued mappings and S : E x ) — 2
T : E x A — 2F are multi-valued mappings. Suppose that M : E x E x Q —
28 and N : E x E x A — 2F are any nonlinear mappings such that for all
(z,w) € ExQ, M(-,z,w) : E — 2F is an (A, n)-accretive mapping with
F(E,w)Ndom(M(-,z,w)) # ¢ and for all (t,\) € E x A, N(-,t,\) : E — 2F is
an (A, n)-accretive mapping with g(E, A\) Ndom(N(-,t,\)) # ¢. For each fixed
(w,A) € Q x A, the system of generalized parametric multi-valued variational
inclusions with (A, n)-accretive mappings in g-uniformly smooth Banach spaces
consist of finding (x,y) € E x E such that u € S(z,w), v € T(y,\) and

0¢€ A(f($7CU)) —z+ pU(LE,'U,W) + pM(f(iE,W),:E,W)7
0€ Ag(y,N) —y +7V(u,y,A) + YN (g(y, A), ¥, A)s

where p > 0 and v > 0 are two constants.

We now discuss some special cases.

Casel. Let S: ExQ — Eand T : E x A — FE be single-valued mappings.
Then for each fixed (w, A) € Qx A, the problem (2.1) reduces to finding (z,y) €
E x E such that

(2 2) 0e A(f(gc,w)) — T+ pU(:C,T(y,)\),w) + pM(f(:v,w),amw),
' 0€ A(9(y, N) —y +V(S(z,w),y,A) + YN (g(y,A), y, A).

(2.1)
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Case II. Let A(f(z,w)) = « for all (z,w) € E x Q, A(g(y,\)) = y for all
(y,A) € Ex A and p =~ = 1. Then problem (2.1) reduces to the problem of
finding (x,y) € E x E such that

0e€U(z,v,w) +M(f(z,w),z,w),
0€ V(u,y,A) + N(g(y, A), y, M),
which has been studied by Lan [4].

Case III. Let A = I, the identity mapping, f(z,w) = 2z, M(z,y,w) =
M(%x,w) for all (z,y,w) € Ex ExQ and g(y,\) =2y, N(z,y,\) = N(%x,)\)
for all (z,y,\) € EXExA. Let U(z, T(y,\),w) = G1(y,w)+Vi(y,w)— %y and
V(S(z,w),y,A) = Ga(x, \) + Va(z, ) — %m for all (z,y,w,A) € Ex ExQxA,
where G1,V; : ExQ — E, G2, V5 : E x A — E are nonlinear mappings. Then
the problem (2.2) is equivalent to finding (z,y) € E x E such that
0€z—y+p(Gily,w) +Vi(y,w)) + pM(z,w),
0€y—ax+7(Ga(z, A) + Va(z,A)) + 7N (y, A),
which was studied by Jeong [3] for m-accretive mappings M, N in (2.3). Fur-

ther, the problem (2.3) was introduced and studied by Agawal et al. [1] for a
Hilbert space F' = H, two maximal monotone mappings M, N in (2.3).

Remark 2.1. For appropriate and suitable choices of U,V, M, N,S, T, A, f,g
and E, it is easy to see that the problem (2.1) includes a number of quasi-
variational inclusions, quasi-variational inequalities studied by many authors
as special cases (see [1, 2, 3,4, 7, 9, 10]).

(2.3)

Definition 2.1. Let A: E — E, n: F x E — FE be single-valued mappings.
The mapping A is said to be
(i) accretive if

(A(x) — A(y), Jy(x —y)) >0, Vz,y € E;
(ii) ~-strongly accretive if
(A(z) = A(y), Jo(z —y)) =2 yllz =y, Va,y € E;
(iil) r-strongly n-accretive if
(A(z) — Ay), Jo(n(z,y)) = rllz —yll?, Vz,y € E.

Definition 2.2. Let A: E — F and n: Ex E — E be single-valued mappings.
Then a set-valued mapping M : E — 2F is said to be
(i) m-relaxed n-accretive if there exists a constant m > 0 such that

(u—v,Jy(n(z,y))) > —m|z —y||%,Vz,y € E,u € M(z),v € M(y);

(ii) (A, n)-accretive if
(1) M is m-relaxed n-accretive,
(2) (A+ pM)(FE) = E for every p > 0.
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Definition 2.3. Let S : £ x Q — 2F be a multi-valued mapping. Then S is
called k-H-Lipschitz continuous in the first argument if there exists a constant
k > 0 such that

H(S(x,w),S(y,w)) < ka - yH,VI,y € va € Qa
where H : 2F x 2F — (—o00, 00) U {+00} is the Hausdorff metric, i.e.,
H(A, B) = max{sup inf ||z — y||,sup inf ||z — y||},VA, B C 2".
z€AYEB zeBYEA

In a similar way, we can define H-Lipschitz continuity of the mapping S(-, -)
in the second argument.

Definition 2.4. A mapping f: E x Q — FE is said to be
(i) d-strongly accretive with respect to the first argument, § € (0, 1), if

(f(x,w) - f(y7w)’ Jq(x - y)> 2 (st - qu7V1',y S

(ii) o-Lipschitz continuous with respect to the first argument if there exists
a constant o > 0 such that

I1f (2, ) = f(y, )| < ollz —yl,V(z,y,w) € Ex Ex Q.

Definition 2.5. A single-valued mapping n : £ x E — FE is said to be 7-
Lipschitz continuous if there exists a constant 7 > 0 such that

In(z, y)| <7llz—yll, Vz,yecE.

If A: E — E is a strictly n-accretive mapping and M : E — 2F is an (4, 7)-
accretive mapping, then for a constant p > 0, the resolvent operator associated
with A and M is defined by

Ry"(u) = (A+ pM) " (u), VYu€eE.
It is well known that RI\A/fZ) is a single-valued mapping [5].

Remark 2.2. Since M is an (A, n)-accretive mapping with respect to the first
argument, for any fixed (z,w) € E x 2, we define

Ry .oy o (W) = (A4 pM(;,z,0)) 7 (w), Vue D(M),

which is called the parametric resolvent operator associated with A and M
(-, z,w).

Now we need some lemmas which will be used in the proofs for the main
results in the next section.

Lemma 2.1 ([11]). Let E be a real uniformly smooth Banach space. Then E
is g-uniformly smooth if and only if there exists a constant cq > 0 such that for
alz,y e K

lz+yl|? < |zl + q(y, Jq(z)) + cqllyll?
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Lemma 2.2 ([5]). Let E be a g-uniformly smooth Banach space, n: EXE — E
be a single-valued T-Lipschitz continuous mapping, A : E — E be a r-strongly
n-accretive mapping and M : E — 2¥ be an (A,n)-accretive mapping. Then

the resolvent operator Rfj?y E— E s TT_Q;:” -Lipschitz continuous, i.e.,
RAY () — R ()] < T Va,y € B
1R3z5 (2) = Ry )l < - — yme —yll, Va,yekE.

Lemma 2.3 ([6]). Let (X,d) be a complete metric space and Ty, Ty : X —
CB(X) be two set-valued contractive mappings with the same constant 6 €
(0,1), i.e.,

H(Ti(x),Ti(y)) < 0d(z,y), Vr,yeX,i=12.
Then

H(F(Th), F(Tz)) < sup H(T1(z), Tx(7)),

reX
where F(T1) and F(Ty) are fixed point sets of Ty, Ty, respectively.

3. Sensitivity analysis of solution set

Throughout the rest of this paper, we always assume that F is a real g¢-
uniformly smooth Banach space.

Lemma 3.1. LetU: EXExQ —FE, V:ExXEXA—FE, f:ExQ— E and
g: ExA — E be single-valued mappings. Let S : ExQ — 28, T : ExA — 2F
be multi-valued mappings. Suppose that M : Ex ExQ — 2F and N : Ex E x
A — 2% are any nonlinear mappings such that for all (z,w) € ExQ, M (-, z,w) :
E — 2F is an (A, n)-accretive mapping with f(E,w)Ndom(M(-, z,w)) # ¢ and
for all (t,\) € E x A, N(-,t,\) : E — 2F¥ is an (A,n)-accretive mapping
with g(E,\) N dom(N (-, t, X)) # ¢. Then for each fized (w,\) € Q x A, (z,y)
is a solution of the system of generalized parametric multi-valued variational
inclusions with (A, n)-accretive mappings in q-uniformly smooth Banach spaces
(2.1) if and only if there are z,y € E, u € S(x,w), v € T(y,\) such that
flz,w) = R’]el’?,w)w)’p[x — pU(z,v,w)],

9(y:X) = Ry, 3 5y = 2V (., V),

where RZ‘?/I’Z) =(A+pM)7 1L, R;‘,:Z = (A++N)~! and p,y > 0 are constants.

(3.1)

Proof. The proof directly follows from definition of resolvent operator and some
arguments. (I

Theorem 3.1. Let At F —E,n:EXE—-E, f:ExQ—FE g:ExXxXA—FE
be mappings and U : ExExQ — 28 Vi ExExA — 2F M : ExExQ — 2F,
N:ExExA—28 S:ExQ—CB(E),T:ExA— CB(E) be set-valued
mappings satisfying the following conditions:

(1) A is r-strongly n-accretive,
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(2) n is T-Lipschitz continuous,

(3) f is 61-strongly accretive and o1 -Lipschitz continuous with respect to the
first argument,

(4) g is 02-strongly accretive and oo-Lipschitz continuous with respect to the
first argument,

(5) U is y1-strongly accretive, uy-Lipschitz continuous with respect to the
first argument and po-Lipschitz continuous with respect to the second argument,

(6) V is B1-Lipschitz continuous with respect to the first argument and ~ya-
strongly accretive, Bo-Lipschitz continuous with respect to the second argument,

(7) M and N are (A,n)-accretive with respect to the first argument,

(8) S is ki-H-Lipschitz continuous with respect to the first argument,

(9) T is ko-H-Lipschitz continuous with respect to the first argument.

Suppose that

A, A,

) IRAD ) () = R ()] < wlle =yl
: A, A,

IBNC o 00, (2) = BNy, (2 < v2lle =]

for all (z,y,z,w,\) € EX EXExQxA and there exist p > 0 and v > 0 such
that

h1 = \q/ 1-— q(Sl + CqO'il + v,

ha = {/1 — qds + cq09 + 12,

(3.3) =13 k
€/1 —apm + cqptpf <7 7(r — pm)(1 — hy — Wiﬁ“),
r—am
=1,k
1@+ eiBl < T Ur —qm)(1 - hy - T 122),
r—pm

where cq is the constant as in Lemma 2.1.
Then

(1) for each (w, ) € Qx A, the system of generalized parametric multi-valued
variational inclusions with (A, n)-accretive mapping in q-uniformly smooth Ba-
nach space (2.1) has a nonempty solution set K(w, ).

(2) K(w,\) is a closed subset of E x E.

Proof. From (3.1) we first define mappings F; : EX EX Ex Q — E, Fy :
EXxExExA— E as follows:

Fl(xaya v,w) =T — f(iE,U)) + Rf/f?.7m7w)7p[‘r - pU(SE,’U,’LU)],

F2(£7 Y, u, )‘) =Y—- g(yv )‘) + Rﬁ’(ﬁ,y,A)ﬁ[Zl - ’}/V(U, Y, >‘)]

for all (z,y,w,\) € Ex E x Q x A.
Now define || - || on E x E by

1@ o)l = =l + llyll,  V(z,y) € Ex E.

(3.4)
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It is well known that (F x E,| - ||1) is a Banach space. For any given p > 0
and v > 0 we can define F : E x E x Q x A — 2F x 2F by

F(z,y,w,\) = {(Fi(z,y,v,w), Fo(z,y,u, ) : u € S(z,w),v € T(y,\)}

for every (z,y,w,\) € Ex ExQxA. Since S(z,w) € CB(E), T(y,\) € CB(E)
and f, g, U,KR}@’Z,RQ”Z are continuous, we have F(z,y,w,\) € CB(E x E)
for every (z,y,w,\) € E X E x Q x A.

Now for each fixed (w,\) € Q x A, we prove that F(z,y,w,A) is a multi-
valued contractive mapping.

In fact, for any (z1,y1,w, A), (Z2,y2,w,\) € EX ExQx A and any (a1, az2) €
F(x1,y1,w, A), there exist uy € S(z1,w), v1 € T(y1,A) such that

ap =x1 — f(x1,w) + RA’" zl,w),p[ml — pU(z1,v1,w)],
a2 = y1 = 9 A) + Ry, 0 500 =9V (un, 51, )]

It follows from Nader’s theorem [8] that there exist ug € S(z2,w) and vy €

T'(y2, A) such that
(3 5) ||U1—UQ|| SH(S(JH,LU),S(JJQ,W)),
' o1 —v2|| < H(T(y1,A), T(y2, A)).

Let
by :x27f(x27 )+RM( T2 w)p[ pU(‘r27v2aw)]7
bo =y2 — g(y2,A) + RN( ey 2 = YV (2,2, A)].

Then we have (by,b2) € F(22,y2,w,A). By (3.2) and Lemma 2.2, we have
(3.6)

llar — b1l
<z — 22 — (f(z1,w) = f(z2,w))]|
+ ||RA owr ) @1 — PU (21,01, w)] — Rfj?,xw),p[zl — pU(x1,v1,w)]]
+ ||RM’?.,x2,w) w1 = pU(x1,v1,w)] — Rfj? 2w, pl02 = PU (2202, W)]|
< oy — 20 — (f(21,w) — fw2,w))|| + v1llzr — 22|
741
r—pm ||$1 —.'1/'2—p(U(xl,U]_,u))—U(ZL‘Q,U]_,LU))H
pri!
+T‘* ||U(£L'2,’U1, ) U(.’I}Q,’UQ,(U)H,
a2 — ba|

<y —y2 = (9(y1, A) — g(y2, V)|
+ ||R§’(T.],y17)\)7—y[yl - ’YV(Ul, Y1, A)] - Rﬁf’y%)\)ﬁ[yl - ’YV(Ul, Y1, >\)”|
A, A,
+ ”RN(??,yQ,)\)W[yl -V (u1,y1, )] — RNZin,)\)ﬁ[yZ — vV (uz,y2, Nl

(3.7)
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<y —y2 — (g(y1, A) — g(y2, )| +v2llyr — 2|

a1
T = = 2V (0.0 = V., V)|
a1
+ 7:)/_ m ||V(u1ay25 A) - V(u27y2a )‘)”

From Lemma 2.1, the §;-strongly accretivity and oq-Lipschitz continuity of f,
and the ds-strongly accretivity and oo-Lipschitz continuity of g with respect to
the first argument we have
(3.8)

21 — 22 = (f(21,w) = f(22,0))[]*
< ||(E1 - xQHq - q<f($1’w) - f(l’g,w), Jq(xl - 1‘2)> + Cq”f(xlvw) - f(x27w)||q
< (1= qd1 + cq0])|lz1 — @2/,

(3.9) Ay — w2 — (g1, A) — g(y2, V)| < (1 — qd2 + cqo9)|lyr — 27

Since U is ~y;-strongly accretive, pi-Lipschitz continuous with respect to the
first argument and V is ~s-strongly accretive, (s-Lipschitz continuous with
respect to the second argument,

[z1 — 22 — p(U(z1,v1,w) = U(z2,v1,w))]*

< lwr — 22| = gp(U (21, v1,w) = Uz, v1,0), Jo(z1 — 22))
+ cgp?|U (21, v1,w) — U(z2,v1,w)||*

< (L—qpm + cqppf) |21 — 227,

(3.10)

(3.11)

Iy = y2 = Y(V(u1, 91, A) = V(ug, g2, M) < (1= g2 + g7 B3) lyr — w2l
Since U is po-Lipschitz continuous with respect to the second argument, V is
(1-Lipschitz continuous with respect to the first argument, T is ko- H-Lipschitz
continuous with respect to the first argument and S' is ki-H-Lipschitz contin-
uous with respect to the first argument, we obtain

[U (22, v1,w) = Uz, v2,w)|| < pafvr — v

(3.12) < puaH(T(y1, \), T(ya, \))
< pokollyr — 2l
(3.13) IV (u1,y2, \) = V(uz,y2, N)|| < Brkilzs — z2|.

It follows from (3.6)-(3.13) that

lar — b1

7a-1
P L eIt | e

n L
r—pm

||311 - y2||
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= O1[|z1 — @2 + O2llyr — y2ll

|az — bl
a1
< [\q/ 1 —qdy +cqo3 +vo + —— {/1 — g2+ cqvqﬂé’] y1 — vl
(3.15) . 7
YT Bk
+ ———— |71 — 22|
r—ym
= O3]lz1 — z2| + Oallyr — v2l|,
where

7a-1
01 = {/1—qd1 —|—ch§1+1/1 + S — \“/1 —qp7 +quqﬂ(f,

pTI L usks
0, =122
r—pm

YT Bk
gy = 1T
r—~ym

a1
04 = {/1 —qd2 + cq05 +v2 + </1 — qy72 + g3
r—m

By (3.14) and (3.15), we have
(3.16) llax = b1l + [laz — bl < O([lz1 — z2l| + [ly1 — v2l]),
where 6 = max{6; + 03,6 + 6,}. Hence we have

d((a1,a2), F(z2,y2,w, A)) =

inf (llax — b1 + [[az — b2|l)
(b1,b2)EF (z2,y2,w,\)

O(llx1 — x2 + lly1 — vall)
= 0l|(z1,y1) — (z2,92) 11

IN

and
d((b1,b2), F(z1,51,w,A)) < 0l[(x1,91) — (w2, 92)]]1-
By the definition of the Hausdorff metric H on CB(E x E), we have
H(F(z1,y1,w, A), F(22,52,w, A))

= max{( ) Slf(lp )d((alaa2))F(‘x27y2awa)‘))v
a1,a2)EF (z1,y1,w,A
3.17
(3.17) sup d((b1,b2), F(z1,y1,w,A))}

(b1,b2)EF (w2,y2,w,))
< O(z1,91) — (w2,92)|1

for all (1, T2,91,y2,w,\) €E EX EX E X ExQx A. Tt follows from condition
(3.3) that # < 1. Thus, (3.17) implies that F is a contractive mapping which
is uniform with respect to (w,\) € Q x A. Since F(z,y,w, A) is a uniform 6-
contractive mapping with respect to (w, A) € Q x A, by the Nadler fixed point
theorem [8], F(z,y,w, \) has a fixed point (Z, ) for each (w, A) € Q x A. From
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the definition of F' there exist @ € S(Z,w) and © € T'(7, A) such that (3.1) holds.
By Lemma 3.1, K(w, A) # ¢.

(2) For each (w,\) € Q x A, let (zp,yn) € K(w,\) and z, — o, Yyn — Yo
as n — o0o. Then we have

(xnvyn)eF(xnvynawa)‘)v n=12....
By (1), we have

H(F(xmyn7w>>\)7F($anOaW7)\)) S 9||(xnayn) - (x07y0)H1'
It follows that

d((wo,Y0), F' (0, Yo, w, A))

< [[(@o,50) = (@n, yn) It + d((@n, Yn), F(@n, Yn, w, A))
+ H(F(Zny Yn,w, N), F (20, Yo, w, \))

< (1 +O)(@n,yn) — (zo,y0)|[1 = 0 as n — oo.

Hence we have (z9,40) € F(xo,¥0,w, ). From Lemma 3.1 we have (zo,y0) €
K(w,\). Therefore, K(w, A) is a nonempty closed subset of E x E. O

Theorem 3.2. Under the hypotheses of Theorem 3.1, further assume that for
any x,y € E, the mappings w — U(z,y,w), A — V(z,y,\), w — f(z,w)
and X — g(y, A) are Lipschitz continuous with constants ly, ly, Iy, 1, respec-
tively. Let w — S(x,w) be lg-H-Lipschitz continuous and A — T(y, A) be lp-H-
Lipschitz continuous for any x,y € E. Suppose that for any (t,w,») € ExQxQ
and (2, \,\) € E x A x A

A, A )
(3.18) IR 2o @) = Bl iy (O < &illw =
”Rﬁ{],y,)\),q(z) - Rﬁ,(?y,f\)’y(z)” < €2||)\ o S\H,

where & > 0 and & > 0 are two constants.

Then the solution mapping K (w,\) for the system of generalized parametric
multi-valued variational inclusions with (A, n)-accretive mapping in q-uniformly
smooth Banach spaces (2.1) is Lipschitz continuous from Q x A to E x E.
Proof. For each (w,\), (w,\) € Q x A, by Theorem 3.1, K(w,\) and K (@, \)
are both nonempty closed subsets. Also, F(z,y,w,)\) and F(z,y,o,\) are
contractive mappings with same constant 8 € (0,1) and have fixed points
(z(w, \),y(w, ) and (z(@, A), y(@, \)), respectively. For any fixed (w, A), (@, A)
€ Q x A, by Lemma 2.3, we have

H(K(w,A), K (@, )

. 1 . .
B19 o L G HF@w, ), (@, N, w, N, P, 3, 5(@, 1), @, 8).
1 =0 (2)cExE
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For any (a1,as) € F(z(w,\),y(w, A),w, A) there exist u(w,\) € S(z(w,\),w),
v(w, A) € T(y(w, A), ) such that

a1 = z(w, ) — fz(w, \),w)

3.20
( ) az =Y

+ RZ\A/[’?,x(w,)\),w),p[x(w’ )‘) - pU(m(w, )‘)a v(w7 )\),w)],

(wa )‘) - g(y(w, )‘)7 >‘)

+ R]?f("?,y(w,)\)’A),ry[y(w? >‘) - 'yV(u(w, )‘)7 y(w7 A)7 )‘)]

By Nader’s theorem

u(w,
such that
w, A
IO (Y
Let
b1 =X
(3.22)

+ Ry

Then we have

By (3.18), (3.20), (3.
lax — b1l <

(3.23)

<

[8], there exist
A) € S(x(w,A),@),v(@,A) € T(y(@,\), \)

New@a.0 oY

(b1, b2) € F(z(@,N), y(@,\), @, \).

22) and Lemma 2.2, we have

lo(w, A) = 2(@,A) = (f(@(w, A), w) = f(2(@,A),w))]|
I (@@, ), w) = fz(@,X),®)]|

IR aony o l8(@ ) = pU (@(w, X), v(w, A), w)]

- Rfi?,m(@j\)?w)yp[x(wv >‘> - pU(:U(w, >‘)v U(wa )‘)a w)} H
+ ||R?4’?_’m(w’5\)7w)’p[$(w, )‘) - pU(x(w, )‘)a U(wz A)a W)]

Am
= By a(@ny w0t

+ HRAJ7 (@)5\)7“,)’/)[17(@7 _) - pU(I(@, A

@,\) = pU(z(@, A), v(@, A),w)]|
w ) )
0, \) — pU(2(@, A), v(@, \),w)]]|
) )
A

A,
- RM?,x(@,X),@),p[x(
+ ”Rf]\??"x(@,;\)’g,),p[‘r(@7 ) - pU(x(‘Dﬂ 70((37 )\ ,(.U)]
- R;‘i?,z(@’j\)@),p['x(a% A) — pU(.T(_,)\), ’U(L‘_ja )a (D)} H
)

Hx(w,/\)—x(@,;\)—(f m(w’)‘)vw —f(J?(LD,;\),LU )H
)—x
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qg—1

T om z(w, A) — z(@,A) — p(U(z(w, \), v(w, \),w)

—U(x(@0,N),v(w, \),w)||

r—pm X
+ &l -l + —Lly o - 3],
(3.24) ) )
las = boll < fly(w, A) = 5(@, ) = (9(y(w, 1), A) = g(y(@, A), V)|
+llgy(@, 2),\) = g(y(@, 1), V]
RN oy ) W5 X) = AV (u(w, 2), y(w, A), V)]
= Ryl i W@ A) = AV (u(w, ), y(w, 2), M|
IR oy [0 A) =V (W, 2), y(w, A), V)]
— Ry oy (@) =7V (u(@, 3), (@, 2), V]|
+ IR o ayn [9(@s A) = 7V (u(@, A), (@, A), V)]
— Ry o) s (@ N) = AV (u(@, ), y(@, 2), V]|
IR oy (@A) =V (@, 1), y(@, A), V)]
— Ryl onnn 0@ N) =V (@, X), y(@, ), V]|
< ly(w, ) = y(@, 2) = (g(y(w, \), A) — g(y(@, X), )]

FLh = X+ ally(@, ) — 5@ )]
)~ (@ X) — AV ((w, Ay, X), )
<<w 2. 5@, %), )]

HV( (@, A), (@, 1), A) = V(u(@, A),y(@, A), M|

T
+
r—

T4

+

—
_1’7 B
+ &[N = Al + W[ = Al
r—ym

(W, X) = 2(@,A) = (f(z(w, ), w) = fz(@, ), w))]|?
< (w, A) = (@, V| = ¢{f (z(w, A),w)
(3.25) — f(@(@,A),w), Jy(z(w, ) — a

+ cqll f(z(w, A), w) — f(z(w, N),
< (1= ¢qd1 + cqo})||z(w, N) — z(@,
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(3.26) .
[2(w, A) = 2(@, A) = p(U(2(w, A), v(w, A),w) — U(z(@, A), v(w, ), w))||?
< lz(w, \) — z(@, A||?
—qp(U(z(w, A),v(w, A),w) = U(z(@, ),
+egp!|U(z(w, ), v(w, A),w) = U(z(@, X), v(w, A),w)]|
< (L —apn + cgp'nd)||z(w, A) — z(@, M),

U ((@, A), v(w,

< p2flv(w, A) = v(@, N

(3.27) < peH(T(y(w, \), A), T(y(@, A), A))
< p2[H(T (y(w, A), A

< pa(kelly(w, A) — y(@

A\_/

(@, ), A) + H(T(y(@, A), A), T(y(@, 1), A))]
|+ Lzl|A = AlD,

”y(wv)‘) - y(@75\) - ( ( (w )‘) )‘) (y((jj, 5‘)7)‘)>Hq

(3.28) < (1= gds + o) y(w, \) — y(@, V|9,

(3.29) . _
[y(w,A) = y(@,A) = v(V(u(w, A), y(w, A), A) = V(u(w, A), y(@, A), A))[|*
< (1= gy + e85 ly(w, A) — y(@, M|,
(3.30) IV (u(w, ), y(w, )_ )_ V{u(@, A), y(@,A), A
< Bikal|z(w, A) — z(@, A)[| + Isllw — @)
By (3.23)-(3.30), we have

(3.31)
[lar — b1 + ||az — b2]|

[\/1—q51—|—cq01+1/1+

(@, A) = (@, A

el
g | pref2 \q/17q52+cq02+ug+
| r—pm

H?JW/\) y(@, Nl

1 ply Tq*l’Yﬂlls _
+ |w — @l
—pm —m

_Tq pung a- 'ylv]
—ym

\/ 1 —gpy1 + cqpipd +

qu’Yﬁlkl]

r—ym

\/ L=qy72+ cwqﬂz]

+ lf+§1+

-
+ |+ +£2+
|l r—pm

1A= Al
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= O1l|z(w, A) — 2@, M| + O2lly(w, A) = y(@, M| + nallw — @] +n2fA = Al
< Oz (w, A) = 2z(@, M| + [ly(w, A) = y(@, M[[] + 71 lw = &[] + n2f|A = Al
< Ofllar = ball + [laz — baf[] + na [lw — @] + naflA = All

where

a1 a1 k
01 = {/1—qb1 +cqof + 11+ \q/l—qmlJrcqpqu‘{Jr%,
T —pm T —ym
T ppsks . 77! .
0= ———— + {/1—qd2+ 205 + 12+ {1/1—(17724'%7‘152,
T — pm r—oam

T ply T Bl

ny=1lp+& + + )
r—pm r—m
ra-1 l 7117
n2:7PM2T—|—19+§2+ lyvv
r—pm r—ym

0 = max{61,02}.
It follows from (3.3) and (3.31) that

1 _
——lma o — ]|+ nalA = ]
1 -
< o max{ny, na}(lw — ] + 1A = X))
= 9(lw = @] +]A = A,

lar — b1l + [laz — b2 <

where ¥ = 15 max{n;,n2}. Then we obtain

d((a17a2)7 F(l'(@’ X)vy(("—)7 5‘)7@5 ;\))

= inf  ([lax = b1l + [[az — b2|)
(332) (b1,b2)EF (z(@,X),y(@,\),@,\)
< O(lw = + A= Al

< ||(w,A) — (@, M),

(333) d((bla b2)a F(x(wv /\)’ y(wv >‘)7 W, A)) < 19” (w7 >‘) - ("‘_}7 S‘)Hl
Hence, from (3.19), (3.32) and (3.33), we have
H(K(w,\), K(@,)))

1 _ _ _
S PN Sup H(F(Z(wa)‘)ay(w7A)7wa A),F($(@,A),y(@,)\)7@,A))
1 =0 (2)eExE
< @) - @]
=71_ 9 w, w, 1-

This proves that K(w, A) is Lipschitz continuous with respect to (w, A) € £ x
A. O
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