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FUZZY STABILITY OF A GENERALIZED QUADRATIC
FUNCTIONAL EQUATION

ABBAS NAJATI

ABSTRACT. We prove the generalized Hyers—Ulam stability of the gener-
alized quadratic functional equation
TS

flrz + sy) = r2f(x) + Szf(y) + E[f(w +y) — flz—y)]

in fuzzy Banach spaces, where r,s are non-zero rational numbers with
r? 452 £ 1.

1. Introduction

The stability problem of functional equations originated from a question of
Ulam [27] concerning the stability of group homomorphisms: Let (G, *) be a
group and let (Ga,0,d) be a metric group with the metric d(-,-). Given € > 0,
does there exist §(¢) > 0 such that if a mapping h : G1 — Go salisfies the
inequality

d(h(z xy),h(x) o h(y)) <6
for all x,y € Gy, then there is a homomorphism H : G1 — Go with
d(h(z), H(z)) <€

for all x € G17?

Hyers [11] gave a first affirmative answer to the question of Ulam for Banach
spaces. Aoki [3] and Th. M. Rassias [24] provided a generalization of the Hyers’
theorem for additive and linear mappings, respectively, by allowing the Cauchy
difference to be unbounded. P. Gavruta [9] provided a further generalization
of the Th. M. Rassias’ theorem by using a general control function.

The functional equation

(1.1) fle+y)+ fle—y)=2f(x) +2f(y)

is called a quadratic functional equation. Quadratic functional equations were
used to characterize inner product spaces [1, 2, 13]. In particular, every solution
of the quadratic equation (1.1) is said to be a quadratic mapping. It is well
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known that a mapping f between real vector spaces is quadratic if and only
if there exists a unique symmetric bi-additive mapping B such that f(z) =
B(x,z) for all = (see [1, 16]). The bi-additive mapping B is given by

Blay) = [/ +v) - 1z - ).

The generalized Hyers-Ulam stability problem for the quadratic functional
equation (1.1) was proved by F. Skof for mappings f : E1 — Es, where F;
is a normed space and Fs is a Banach space (see [26]). Cholewa [6] noticed
that the theorem of Skof is still true if the relevant domain E; is replaced by
an abelian group. In [7], Czerwik proved the generalized Hyers-Ulam stability
of the quadratic functional equation (1.1). Grabiec [10] has generalized these
results mentioned above. Jun and Lee [14] proved the generalized Hyers-Ulam
stability of a Pexiderized quadratic equation. The stability problems of several
functional equations have been extensively investigated by a number of authors
and there are many interesting results concerning this problem (see [14]-[23]).
We also refer the readers to the books [8], [12], [15] and [25].

We recall some basic facts concerning fuzzy Banach spaces and some pre-
liminary results.

Definition 1.1 ([4]). Let X be a real vector space. A function N : X xR —
[0,1] is called a fuzzy norm on X if for all z,y € X and all s,t € R,

Ny) N(x,t) =0 for ¢t <0;

x—OlfandonlylfN(x t) =1 for all t > 0;

N(cz,t) = N(x, |c|) if ¢ #£ 0;

N(z +y,s+1t) = min{N(z, s), N(y,1)};

N(z,-) is a non-decreasing function of R and lim; ., N(z,t) = 1;

Ng) for z # 0, N(z,-) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.

)
)
)
)

(
(N2
(N3
(N4
(Ns
(

Example 1.2. Let (X, | - ||) be a normed linear space and «, 3 > 0. Then
—e— t>0,z€eX;
N(z,t) =<4 o+l ’ ’
(@,7) {0, t<0,z€X
is a fuzzy norm on X.

Example 1.3. Let (X,]| - ||) be a normed linear space and 8 > « > 0. Then

0, t < affl);
N(z,t) = m’ allzll <t < Blz|;
1, t> B

is a fuzzy norm on X.

Definition 1.4. Let (X, N) be a fuzzy normed space. A sequence {z,} in X
is said to be convergent if there exists « € X such that lim,— ., N(z, —x,t) =1
for all ¢ > 0. In this case, x is called the limit of the sequence {x,} and we
denote it by N-limz,, = x.
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The limit of the convergent sequence {z,} in (X, N) is unique. Since if
N-limz, =« and N-limz,, = y for some z,y € X, we have from (N,) that

N(z —y,t) > min{N(z — z,,t/2), N(x, — y,t/2)}

forall¢ > 0and all n € N. So N(x —y,t) =1 for all t > 0. Hence (N3) implies
that z = y.

Definition 1.5. Let (X, N) be a fuzzy normed space. A sequence {x,} in X
is called Cauchy if for each ¢ > 0 and each t > 0 there exists M € N such that
for all n > M and all p > 0, we have N(zp4p — n,t) > 1 —¢.

It follows from (NNVy) that every convergent sequence in a fuzzy normed space
is Cauchy. If in a fuzzy normed space, each Cauchy sequence is convergent,
then the fuzzy norm is said to be complete and the fuzzy normed space is called
a fuzzy Banach space.

Example 1.6. Let N : R x R — [0, 1] be a fuzzy norm on R defined by

_t >0

N(z,t) =24 trlzl ’

(z.¢) { 0, t<o.
Then (R, N) is a fuzzy Banach space. Let {x,} be a Cauchy sequence in R,
6>0and e = ILH' Then there exists M € N such that for all n > M and all

m>1—5. SO |Tp4p — xn| < 0 for all n > M and all

p > 0. Therefore {z,} is a Cauchy sequence in (R,|-|). Let x,, — z¢ € R as
n — oo. Then lim,, o N(z, — zq,t) = 1 for all ¢ > 0.

p > 0, we have

We say that a mapping f: X — Y between fuzzy normed vector spaces X
and Y is continuous at a point zg € X if for each sequence {z,} converging
to 2o in X, then the sequence {f(z,)} converges to f(zg). If f : X —- Y
is continuous at each z € X, then f : X — Y is said to be continuous on
X. For different types of continuity such as fuzzy continuity, sequential fuzzy
continuity, weakly fuzzy continuity and strongly fuzzy continuity of an operator
over fuzzy normed linear spaces we refer the interested reader to [5].

Throughout this paper, we assume that r, s are non-zero rational numbers
with 72 +s2 # 1, and that X is a vector space and that (Y, N) is a fuzzy Banach
space.

In this paper, we prove the generalized Hyers—Ulam stability of the following
generalized quadratic functional equation
(L2)  flra+sy) = f@) + 52 @) + Sl +y) - o —y)
in fuzzy Banach spaces. Letting » = s = 1 in (1.2), we get the quadratic
functional equation (1.1). For convenience, we use the following abbreviation
for a given mapping f: X — Y,

Df(.y) s = flra+sy) —r*f(x) = *f(y) = [fl@+y) = fla —y)]
for all z,y € X.
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2. Stability of the generalized quadratic functional equation (1.2)

We start this section with the following result concerning on the functional
equation (1.2).

Proposition 2.1 ([21]). Let X and Y be real vector spaces. A mapping f :
X — Y satisfies

(2.1) Df(z,y) =0
for all x,y € X if and only if f is quadratic.

Now we prove the generalized Hyers—Ulam stability of the quadratic func-
tional equation (1.2) in fuzzy Banach spaces. In this section X is a linear space,
X is a linear normed space and (Y, N) is a fuzzy Banach space.

Theorem 2.2. Let ¢ : X2\ {(0,0)} — (0,00) be a function such that
~ =L o(rmx, "y
(2.2) o(z,y) = Z % < 00
n=0
for all (z,y) € X2\ {(0,0)}. Let f: X — Y be a mapping with f(0) =0 such
that
(2:3) Jim N (Df(@,y), to(e,y)) =1

uniformly on X2\ {(0,0)}. Then Q(x) := N-lim, o f(;;w) exists for each
x € X and defines a quadratic mapping Q@ : X — Y such that if for some
0>0,aa>0

(2.4) N(Df(z,y),0¢(x,y)) = a
for all (z,y) € X2\ {(0,0)}, then

.

(2.5) N(f(z) - Qx), 5&(x,0)) > a

for all x € X \ {0}.
Furthermore, the quadratic mapping Q : X — Y is a unique mapping such
that

(2.6) lim N(f(x) — Q(a), t3(x,0)) = 1

t—o0

r

uniformly on X \ {0}.

Proof. For a given € > 0, by (2.3), we can find some tg > 0 such that
(2.7) N(Df(z,y),to(z,y)) > 1 —¢

for all (x,y) € X2\ {(0,0)} and all t > (. Letting y = 0 in (2.7), we get
(2.8) N (f(rz) — r? f(x), tp(z, 0)>1-¢
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for all x € X \ {0} and all ¢t > ty. Replacing « by ™z in (2.8) and using (N3),
we get

29) AL (G

r2nt2 r2n 0 p2nt2 ol
for all x € X \ {0}, all t > to and all integers n > 0. Since

n+p n nip-l
N(f(r ZL’)_f(’I" ZL’)’ Z Jﬁsp(rkx’o))

r”x,O)) >1—¢

72(n+p) r2n =
(3 - 1Y i)
k=n
Z"Skrﬁrl?iLI-‘:l-p—l { N(f(:?lj:zx) B f(;’;x)’ 7«2Jf+2 @(rkx,O)) }’
we get from (2.9) that
(2.10) N Ug&fx) ~ f(;;@,wzp—l TQ% p(rz,0)) 21— =

for all z € X \ {0} and all integers n > 0,p > 1. Let x € X \ {0} and § > 0. It
follows from (2.2) that there exists M € N such that

to Mi ! gp rFx, O <5
for all n > M and all integers p > 1. Now we deduce from (N5) and (2.10) that
n-+p n
WL g gy

r2(n+p) r2n

for all n > M and all integers p > 1. Hence {f (:27;;1;)

Y. Since Y is a fuzzy Banach space, this sequence converges to some Q(x) €

Y. Since f(0) = 0, we can define a mapping @ : X — Y by Q(x) := N-

limy, oo 252 e, for each ¢ > 0 and = € X, lim,,—oo N(L52 —Q(2),1) = 1.
Let z,y € X and ¢t > 0. It follows from (N3) and (Ny4) that

N(DQ(z,y),t)
> min { N(Q(rm + sy) —

f@r"(re + sy)) t)’

r2n '5
N o ) v (L5 - o 5)
N(rs x+y;i2nf(r (z —y)) _%[Q(m—i—y)—Q(x_y)]’é)’
N(Df 'z, ry), %) }
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for all n > 0. Let 0 < € < 1. From the definition of @), there exists My € N
such that the first four terms on the right-hand side of the above inequality are
greater than 1 — ¢ for all n > M. By (2.3), we can find some ¢y > 0 such that
(2.7) holds true. Since lim,,_, o r~2"p(r"z,r"y) = 0, there exists M; > My
such that top(r™z, r"y) < T?t for all n > M. Therefore by (N5) and (2.7) we
have

Qnt
=5) 2 N(DSG ) top(r 1) 21—

N(Df(r"x, r'y),

for all n > Mj. Thus N(DQ(z,y),t) > 1 —¢c for all z,y € X, all t > 0 and all
0 < e < 1. It follows that N(DQ(z,y),t) = 1 for all t > 0, and (N2) implies
that DQ(x,y) =0 for all z,y € X. So Q is quadratic by Proposition 2.1.

Now let for some positive  and «, (2.4) holds. Let

n—1

1 o(rkz,0)

on(2,0) = 5 Y g
k=0

for all z € X \ {0}. Let x € X \ {0} and ¢ > 0. By the same reasoning as in
the beginning of the proof, similar to (2.10), one can deduce from (2.4) that

r2p

(2.11) N(ID )Y retrte0) 2 a
k=0

for all positive integers p. Hence we have

N(f(z) = Q(x),0n(x,0) +1)

f(rmx)

ey {N(f(x)— ik ,5%(x,o>),N(f<:;x>_Q<x>,t)}.

Combining (2.11) and (2.12) and the fact that lim,, N(f(:;f') —Q(x),t) =1,
we observe that

for large enough n € N. It follows from the continuity of the real function

N(f(x) = Q(x),-) that
N(f(z) - Q=)

Letting ¢t — 0, we conclude (2.5).

To end the proof, it remains to prove the uniqueness of Q). Let T be another
quadratic mapping satisfying (2.6). Given ¢ > 0, by applying (2.6) for @ and
T, we can find some ty > 0 such that

N(f(z) = Q(z),tp(x,0)) 2 1 -,
N(f(z) = T(x),tp(x,0)) > 1 —¢

o
T—ng(x,()) + t) > .
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for all x € X \ {0} and all ¢ > . Fix some z € X \ {0} and ¢ > 0. So we find
some integer ng such that

to Zr 7“ z,0) g
for all n > ng. Since
ZT_Qk k., 0) rin ir o(rnthy, 0) = 5—p(r"z,0)
k=0

we have

N(Q(z) — )

f( c frz) ¢
2 m H{N( r2” (@), 5) N(T(x)— r2n ’2)}
r2n 2n

= mln{N(f (r*z), 26),N<T(r"x)—f(r"x),r2c)}
> m {N(f 2"tOZr rac())

N(T r:z:rtoz m:o)}

= min {N(f(r”a:) —QUrz), top(r"x,0)), N(T'(r"z) — f(r"z), top(r"x, O))}

>1—c.

Therefore N(Q(z) — T'(z),¢c) = 1 for all ¢ > 0. Thus Q(z) = T(z) for all
x € X \ {0}. Since Q(0) = T(0) =0, we have Q = T. O

Corollary 2.3. Let 6,p,q > 0 and 6, be non-negative real numbers with
62 + 2 £ 0. Suppose that f : X — Y is a function with f(0) = 0 such that

tlggoN(Df(x,y),tso(:c,y)) =1
uniformly on X2\ {(0,0)}, where ¢ : X2\ {(0,0)} — (0,00) is defined by
o +e(llzP +llyll?), 0<pg<2 |r|> 1
p(r,y) =

Ol + llyll*), pq>2, rf <1

Then there is a unique quadratic mapping @ : X — Y such that

Jim N(f(@) - Q(a), t¥(2)) =
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uniformly on X\ {0}, where

4] n €
r2—1 r2—|rp

lz]P, 0<p,g<2 |r|>1;

[”

ey pg>2, |r| <1

Remark 2.4. Let f : X — Y be a mapping with f(0) = 0 for which there exists
a function ® : X2\ {(0,0)} — (0,00) such that

P(x,y) = ZTQ"Q(T%, %) < 00,
n=1

tli)I{.loN(Df(x,y),tq)(!L‘,y)) =1

uniformly on X2\ {(0,0)}. By a similar method to the proof of Theorem 2.2,
there exists a unique quadratic mapping @ : X — Y satisfying

Jim N(f(x) Q(z),t®(z,0)) = 1
uniformly on X \ {0}. For the case

d+e(flzllP + lyll?), 0<p,g<2, |r|<1;
O(x,y) =
O(ll]|? + [lyl|9), p.g>2, |r|>1

there exists a unique quadratic mapping @ : X — Y satisfying

Q@)= N-lm /(=) lim N(f(@) - Q@) 1¥(2)) =1

uniformly on X\ {0}, where

1) €
Po0<p,g<2, <1
= ¥ o el P <2 I

[l]|”

= g >2, || > 1.
=12 p.q 7|

Theorem 2.5. Let ¢ : X2\ {(0,0)} — (0,00) be a function such that
_ = p(27x, 2"
(2.13) oz, y) == nZOW < 00

for all (x,y) € X2\ {(0,0)}. Let f: X — Y be an even mapping with f(0) =0
such that

(2.14) Jim N (Df(z,y), te(z,y)) =1
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uniformly on X2\ {(0,0)}. Then Q(x) := N-lim, . f(i:g”) exists for each

x € X and defines a quadratic mapping Q@ : X — Y such that if for some
0>0,aa>0

(2.15) N (Af(x,y),dzp(%, %)) > a
for all (z,y) € (X \ {0}) x (X \ {0}), then
(2.16) N( iik Qk—xﬁ)za

for all x € X \ {0}, where

U(x,y) == @z, y) + @(x, —y) + 2p0(z,0) + 2¢(0,y),
Af(x,y) = fle+y)+ flx—y) —2f(x) — 2f(y).

Furthermore, the quadratic mapping Q : X — Y is a unique mapping such
that

o0 k. ok
(2.17) Jim N(#0) ~ Qo3 5 EN) =1
uniformly on X \ {0}.
Proof. Tt follows from (2.13) that
Z W( 2% 2y) _

for all (z,y) € (X \ {0}) x (X \ {0}). Since f is even, it is clear that

Df(z,y) := Df(z,y) + Df(x,—y) — 2D f(x,0) — 2D f(0,y)
= f(rz + sy) + f(rz — sy) — 2f(rz) — 2f(sy)

for all z,y € X. Since
N (Df(w,y), tila,y)
> min {N (Df (@), t(@,1)) , N (Df (2. =), t(w, ).
N (Df(2,0),t(@,0)), N (D (0,9), t(0,9)) },
it follows from (2.14) that
(2.18) Jim N (Df(,y), t(z,y)) =1
uniformly on (X \ {0}) x (X \ {0}). By (2.18), we deduce that

(2.19) Jim N (Af(x,y),w(% %)) -1
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uniformly on (X \ {0}) x (X \ {0}). For a given € > 0, by (2.19), we can find
some tg > 0 such that

(2.20) N(af@y) (s Y)) = 1-c

for all (z,y) € (X \ {0}) x (X \ {0}) and all ¢ > ¢y. Letting y = = in (2.20), we
get

(2.21) N (f(2x) — 4f(2), tw(f 7)) >1-¢

for all z € X \ {0} and all ¢ > ¢y. Replacing = by 2" in (2.21) and using (N3),
we get

2n+1 2n 277, 2n

for all z € X \ {0}, all ¢t > ¢¢ and all integers n > 0. Since

N f@rtrr)  f(2nx) ety 2ky 2kg
( qntr 4n z_: 4h+1 (T’T))

L pky)  f(2kx), TR ¢ 2kx 2kg
7N( Z Ak+1 T 4k ], ; 4k+1¢(7’7))
fF ) f(2Fx) ot 2kz 2y
{N< Ak+1 4k ’4k+1w(T’T)) },

Y

min
n<k<n+p—1

we get from (2.22) that

n+p n n+p-1
(229 N(f(2 ) J@) NS 2 2’3)) S1-e

4ntp 4n 4k+1 r’ s

k=n
for all x € X\ {0} and all integers n > 0,p > 1. Similar to the proof of Theorem
2.2, we conclude from (2.23) that the sequence {f (2"z) } is Cauchy in Y for
each x € X. So we can define a (quadratic) mapping Q X =Y by Q(z) :=
N-lim,,_ o f(i:z), namely, for each ¢ > 0 and z € X, lim, N(f@i:z) —
Q(x),t) = 1. The rest of the proof is similar to the proof of Theorem 2.2 and
we omit the details. O

Corollary 2.6. Let 0 < p,q < 2 and 6,& be real numbers with 6% + 2 # 0.
Suppose that f : X — Y is an even function with f(0) =0 such that

tlingoN(Df(x,y),tso(w,y)) =1
uniformly on X2\ {(0,0)}, where ¢ : X2\ {(0,0)} — (0,00) is defined by
pla,y) =0 +e(flz]” + llyll).
Then there is a unique quadratic mapping @ : X — 'Y such that
Jim N(f(z) - Q). ti(x)) =1
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uniformly on X\ {0}, where

2¢e 2¢e

VD=0t = e

Remark 2.7. Let f: X — Y be an even mapping with f(0) = 0 for which there
exists a function ® : X2\ {(0,0)} — (0,00) such that

]|

5(w,y) = 24"@(2%, 2%) < 00,
n=1

tligloN (Df(x,y),t@(:c,y)) =1

uniformly on X2\ {(0,0)}. By a similar method to the proof of Theorem 2.5,
there exists a unique quadratic mapping @ : X — Y satisfying

t—oo

lim N(f(x) - Q(ff)at’;ﬂw(;li«’ 2%5)) =1

uniformly on X \ {0}, where ¢(z,y) := p(z,y) +¢(z, —y) + 2¢(z,0) + 2¢(0,y).
For the case

O(z,y) = e(llzl” + lyl1!),  (p,qa>2,6>0)

there exists a unique quadratic mapping @ : X — Y satisfying

O(z) := N- lim 4nf(2in), tlggoN(f(x) —Q(x),tlll(az)) —1

n—oo

uniformly on X\ {0}, where

o lal? [
U(x) [rjp(2r —4) = |s]9(29 —4)°

For the case p = ¢ = 2, we have the following counterexample.
Example 2.8. Let ¢ : R — R be defined by

2
| pa® for x| < 1;
@) = { 1 for |x| > 1,

where p is a positive real number. Consider the function f : R — R by the
formula

f(z) = Za‘2"¢(a”m),
n=0

where v = /1412 + s2 + |rs|. Then f is continuous, bounded and satisfies
10

- 2, .2
|Df(@,y)| < 5= +y7)
for all 2,y € R (see [21]). So

Jim N (Df(z,y),ta” +y%)) =1
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uniformly on R? \ {(0,0)}, where N(-,-) is the fuzzy norm on R defined in
Example 1.6. Let @ : R — R be a quadratic function such that

tlLIgON(f(J:) - Q(x),th) =1

uniformly on R\ {0}. Hence there exists a constant § > 0 such that |f(z) —
Q(x)| < Ba? for all z € R. Since Q is quadratic, there exists a constant ¢ € R
such that Q(z) = ca? for all rational numbers . Therefore

(2.24) |f(@)] < (B +|e])a?
for all rational numbers x. Let m be an integer with mu > 5+ |c|. If = is a
rational number in (0, «'~™), then a™z € (0,1) for all n = 0,1,...,m — 1. So

m—1
fl@) = ) a ?¢(a") = mpa® > (B + |e])a?
n=0

which contradicts (2.24).
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