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CHARACTERIZATIONS OF RAPIDLY DECREASING
GENERALIZED FUNCTIONS

CHIKH BOUZAR AND TAYEB SAIDI

ABSTRACT. The well-known characterizations of the Schwartz space of
rapidly decreasing functions is extended to new algebras of rapidly de-
creasing generalized functions.

1. Introduction

The Schwartz space S of rapidly decreasing functions on R™ and its different
generalizations, in view of their importance in analysis, have been characterized
differently by many authors, e.g. see [17], [12], [14], [4], [9] and [1]. Recall that

S = {fECOO :Va € ZY,VB € 2T}, sup ‘xBOQf(x)’ <oo},
RTL

Te
and let
S*{fGCOO:Vanﬁ, sup |8O‘f(x)<oo},

zeR™
S*:{fGC‘X’:VﬁGZﬁ, sup |xﬁf(x)’ <oo}7
IERTL
then the characterization of S given in [4] is the result:
(1) S§=8"nS§..

To built a Fourier analysis within the new generalized functions of [5], the
algebra of rapidly decreasing generalized functions on R™, denoted Gg, was first
constructed in [15] and recently studied in [7] and [6]. The algebra of regular
rapidly decreasing generalized functions on R", denoted G°, is fundamental in
the study of local regularity of a Colombeau generalized functions and also for
developing a generalized microlocal analysis.

The purpose of this work is to lift the characterizations of the Schwartz
space S =S" NS, to the algebras Gs and GF. Actually we do more, these
characterizations are given in the general context of the algebras GX (Q) of
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R-rapidly decreasing generalized functions on an open set {2 of R", see [6] and
[2]. Section 2 recall the notion of regular set of sequences. Sections 3, 4 and
5 introduce, respectively, the algebra of R-bounded generalized functions, the
algebra of R-roughly decreasing generalized functions and the algebra of R-
rapidly decreasing generalized functions. Section 6 gives the characterization
of the algebra G& (), provided € is a box of R", and as corollaries of this result
we obtain the characterizations of the classical algebras Gs and G°. Finally,

Section 7 gives the characterization of g§ (R™) using the Fourier transform.

2. Regular set of sequences

Recall the definition of a regular set of sequences introduced in [6], see [2].

Definition. A non void subset R of R_Zﬁ is said to be regular, if
For all (N,),,cz. € R and (k, k') € Z3, there exists (N},),,cz. € R such
m + m +

that
(R1) Nptrk+k <N, ,VNm€eZ; .

For all (Nin),,ez, and (Ny,),,ez, in R, there exists (N”y),,e7, € R such
that
(R2) max (N,,, N, ) < N, ,Ym € Z, .

For all (Nin),,ez, and (Ny,),,ez, in R, there exists (N”y),,e7, € R such
that
(R3) Ny + Np S N oy ¥V (ma,ma) € 77

The notion of regular set is extended to the sets of double sequences.

~ 2
Definition. A non void subset R of Rf* is said to be regular if

For all (N, R and (k, ', k") € Z4, there exists (N, )
i or all ( Q»l)(q,l)eZi € R and (k, k', k") € Z7, there exists ( N/, e €
R such that
(R1) Nyt + K" <N/, V(q,1) €Z7 .

For all (qul)(q,l)EZi and (Né’l)(q,l)ezi in R , there exists (N”qvl)(q,l)EZﬁ_ c
R such that
(R2) max (Ny1, N2 ) < N7, V(q.l) € Z2 .

For all (Nqal)(q,l)eZi and (N‘;’l)(q,l)eZi in R, there exists (N”q,l)((bl)ezi €
R such that

(RS) Nq1,l1 +N¢;2,l2 < N”q1+q2,l1+l2 ) v(Ql,q%ll’lQ) € Zi .
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Example 2.1. i) The set Rﬁ* of all positive sequences is regular.
ii) The set A of affine sequences defined by

A= {(Nm)meN €R% :3a>0,3b>0,Ym € Zy, Ny, < am + b}
is regular.
iii) The set B of all bounded sequences of IKZJ is regular.
iv) The set }KZS of all positive double sequences is regular.
v) The set B of all bounded sequences of Rfi is regular.
We give the following results, easy to prove, needed in the formulation of

the principal theorems of this paper.

~ 2
Lemma 2.2. Let R be a regqular subset of Rff, Then
(i) The subset R := {N,70 N e 7%} is reqular in ]R_Zj.
(i) The subset Ry := {NO,_ :N e ﬁ} is reqular in R_Zj.

3. The algebra of R-bounded generalized functions

We adopt the standard notations and definitions of distributions and Colom-
beau algebra, see [11] and [10].
Let

S*(Q) = {f €C™(Q):VaeZy,sup|o®f (v)] < oo},
e
and R be a regular subset of Rf*, if we define

EX () = {(ue)6 €S () :INeRVa e 27 sup |0%uc (z)] = O (e NMel) e — 0} ,
e

NE Q) = {(ue)6 €8 () VN € R,Va € Z, sup |0%, (z)] = O (V=) e — 0} ,
€N

where I = ]0, 1], then the properties of £X () and N (2) are given by the

following results.

Proposition 3.1. (i) The space EX (Q) is a subalgebra of S* ()" .

(ii) The space NI () is an ideal of EX (Q).
(iii) We have NE () = Ns- (Q), where
Ns« () = {(ue)6 €S (V) :¥m e Zy,Ya € Z sup [0%u, (z)] = O (€") ;e — O} :
z€EQ
Proof. Follows easily from the definitions and standard arguments of Colom-
beau algebras, see [10]. O
Definition. An open subset €2 of R” is said to be a box, if
Q:Il><IQX~-~><In,

where each I; is a finite or infinite open interval of R.
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We have also the null characterization of the ideal Ng« (Q) provided Q is a
box.

Proposition 3.2. Let Q be a box. Then an element (u.), € EX () belongs to
Ns+ (Q) if and only if the following condition is satisfied,

(2) Vm € Z4,sup |uc ()| = O (€™), € — 0.

e
Proof. Suppose that (uc), € EX () satisfies (2) . It suffices to show that (9;u.),
satisfies the Ngs« () estimates for all 7+ = 1,...,n. Suppose that u. is real

valued, in the complex case, we shall carry out the following calculus separately
on its real and imaginary part. Let m € Z, we have to show that

sup |Qjue ()] = O (€™), € — 0.
e

Since (u.), € EX (), then

(3) AN € R, sup |[07uc (z)| = O (e772), e — 0.
€N

Since (ue), satisfies (2), we have

(4) sup |ue ()| = O (> 2™) | € — 0.
zEQ

By Taylor’s formula, we have
1
U (x + €N2+m€i) = ue (z) + Ojuc () eNetm 4 iafue (x + 9€N2+m€i) 2(Natm)

where 0 € ]0,1[ and e is sufficiently small, as Q is a box. It follows that

|0;ue (z)] < !ue (x + 6N2+m€i)| e N2y (x)| e N 4

(%) (%)
+eNatm |81-2u6 (ac + 9€N2+m€i)| .

(%)
From (4) , we have that (%) and (xx) are of order O (¢™), € — 0, and from (3),
we have that (x x x) is of order O (¢"™), € — 0. O

Definition. Let R be a regular subset of R%_*, the algebra of R-bounded
generalized functions, denoted by G& (), is the quotient algebra

EX (Q)
5 R () = S5
( ) S ( ) NS* (Q)
Remark 3.3. When R is the set of all positive sequences, the algebra G (£2) is
denoted by G (£2) in [3], this algebra is constructed on the differential algebra
Dy () of Schwartz [16]. So it is more correct to write G (Q) instead of
GE ().
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4. The algebra of R-roughly decreasing generalized functions
Let
S.(Q) = {f €C™®(Q): VB € Z%, sup |27 f ()] < oo},
e

and R be a regular subset of R_Zﬁ, if we define

I . n
£F () = (ue), EBS* () _.HN e_?\{%,Vﬁ SV
S. sup |2Puc (z)| = O (e N#1) e =0 (>
€N

(ue), € 8. (Q) VN e R,V3 € Z7,
Ng Q) = { sup|x5u6 (x)| = O(eNW\) ,e—0 }’

e
then the following properties of EF (€2) and NF () are easy to verify.

Proposition 4.1. (i) The space EX () is a subalgebra of S. )",
(i) The space NT (Q) is an ideal of EF (Q).
(iii) We have NF (Q) = Ns. (Q), where

(ue), € S. () :Vme Z, V3 e Zn,
Ns. (Q):{ sup |2Pu (z)| :O(em),e—>0Jr :
Q

paS
The following proposition characterizes Ns, (Q) .

Proposition 4.2. Let (uc), € EX (). Then (u.), € Ns, (Q) if and only if
the following condition is satisfied,

(6) VYm € Zy,sup |ue ()| = O (€™), € = 0.
€N

Proof. Suppose that (uc), € EX (Q) satisfies (6). Since (uc), € EF (Q), then
IN e R, VB € Z,

sup |x2ﬁu€ (x)| =0 (e N2is1) e — 0.

z€eQ
From (6), for all m € Z, we have

sup |ue (z)| = O (™ N2181) | e — 0.
z€Q

Therefore Vx € Q,
|xﬁu5 (@’2 = |x26ue (1')’ |u6 (ZL’)| =0 (sz) , € =0,
hence

|xﬁu5(:r)|:0(em), € — 0. O

Definition. Let R be a regular subset of R?, the algebra of R-roughly de-
creasing generalized functions, denoted by g}; (), is the quotient algebra

ER (Q
& (@ = 10

*
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Remark 4.3. The C* regularity in the definition of elements of GF (£2) is not
in fact needed in the proof of the principal results of this work.

5. The algebra of ’ﬁ-rapidly decreasing generalized functions

Recall
S(N) = {f eC>®(Q):VY(a,p) € Zi",sup |mﬁ80‘f(m)’ < oo} ,
zeN

the space of rapidly decreasing functions on €2, and let R be a regular subset
2

of RY*, if we define

_ (ur), € S(Q)": 3N € R,Y(a, §) € Z3",
EX(Q) = { sup |270%uc (z)| = O (e Nalis1) e » 0 (-
TEQ

_ (ue), € S : VYN € R,¥(a, B) € 227,
R €
NS (Q) = { Sup’xﬁao‘ue (m)‘ :O(eN\a\v\ﬁ\)76—>O ,
€N
then we have the following results.

Proposition 5.1. We have the following assertions:
(i) The space Ejg (Q) is a subalgebra of S (Q)".
(ii) The space NZ () is an ideal of EX ().
(iil) We have N () = N5 (), where

(uc), € S(Q)" :Vm € Zy,Y(a, B) € 227,
NS(Q)_{ sup|x58“u6(x)|=O+(em),e—>0+ }
e

Proof. The proof is not difficult, it follows from the properties of the set R. O

~ 2 ~
Definition. Let R be a regular subset of R%f, the algebra of R-rapidly de-
creasing generalized functions on {2, denoted by G¥ (Q), is the quotient algebra
_ ER (Q)
g’R 0) = S )
S )

2

Example 5.2. (i) For R = Ri*, we obtain the algebra Gs (£2) of rapidly
decreasing generalized functions on {2, see [10].

(i) For R = B, we obtain the algebra G° () of regular rapidly decreasing
generalized functions on €2, see [7].
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6. Characterization of ’ﬁ,—rapidly decreasing generalized functions

Let us mention that the theorem of [4] can be extended to an open subset
Q of R™, provided 2 is a box.

Proposition 6.1. If Q) is a box of R™, then
(7) S)=8"(Q)NS (D).

Proof. The proof is the same as in [4], noting that in the Taylor’s expansion, the
hypothesis that € is a box assures that (z1 + h,z’) stays in Q for all (x1,2") € Q
and h > 0 sufficiently small. O

The principal result of this section is an extension of (7) to the algebra of
R-rapidly decreasing generalized functions. It is the first characterization of
the algebra GF () in the spirit of (7).

Theorem 6.2. If Q) is a box, then

®) G () =G5 @ NnGE (@)

Proof. We have to show that £X () = €8¢ (Q) N €X' (Q) and N5 (Q) =
Ns. () N Ns- (). The inclusions EF (2) € EX° () N EE’ () and Ns () ©
Ns, () N Ns« () are obvious. In order to show the inclusion E;ig Q) n
ER(Q) c ER(Q), let (u), € EF*(Q) N EX’ (Q), then (u.), € S*(Q)' N
S. ()" =8 (Q)". In order to show that (uc), satisfies the estimates of EX (€2),
set x = (z1,2") € I1x (I x Is x - - x I;) := Q and consider in first the case

x1 > 0. For h > 0 sufficiently small, the Taylor’s expansion of u. with respect
to x1 gives

h2
(9) ue (1 + h,@') = ue (21, 2") + horue (71, 2") + ?8121;6 (¢,
for £ € |&1, 21 + h[. The hypothesis (u.), € 57;20 QN 550 () gives

~ k
3L € Ro;Vk € Zy, sup (1 + \x|2) lue ()] = O (e72#) e = 0,

x1>0

k k
sup (1 o) Jue (21 + hya)| < sup (1+](@1+ha') ) fuc (o1 + o)
x1>0 x1>0
=0 (efL’“) ,e — 0,
IM € R, sup |07 ue (a:)| =0 (e_MQ) ,€ — 0.
x1>0
It follows from (9) that

1 h
[Ovue (w1, 2)| < [lue (21 + by @] + Jue (1, 2) ] + 5 0Fue (€,27)]
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Therefore

k
sup (1 + |x|2> |81uc (2)]> = O (e =) e — 0.
x1>0

From (R3) of Definition, there exists N’ € R such that
Li+ M, < Nj, .
Consequently
sup (1 + |m\2>k 01, (2))* = O (e_Névk> ,€— 0.

x1>0
So if 3 € Z'}, then
ﬁ 2 2 ‘5‘ 2 _N/
sup |2’ d1uc (z)|” < Csup (1 + |z ) |O1ue ()" =0 (e 2Jﬁl) ,e — 0.
x>0 x>0
If 21 < 0, one considers ve such that v (z) = ue (—21,2") . We see that (ve), €
5‘752*0 (Q)NER’ (Q) and consequently the precedent argument gives the existence

of N7 € R such that

2

sup ‘xﬁawe (:c)|2 = sup |x5(’91u5 (x)|"=0 (e*N”QvV") ,e — 0.

x1>0 x1<0

Now from (R1) and (R2) of Definition, there exists N € R such that
max (N§,|,6\7N”2,Iﬁl) < N1,

consequently

sup |:10581u6 (x)| =0 (e N1y Je — 0.
FASY)

In a similar way, we show

N € ﬁ;Vﬂ € Z7 ,sup |m68iu6 (x)} =0 (e*vaV’l) i=2,...,n.
e
Therefore, by induction, we obtain
dN € 7%; Vo€ Z VB € ZT, 51618 ’xﬂaaue (m)‘ =0 (e_N‘“‘f‘ﬁ‘) ,e— 0,
€T

ie., (ue), € 5]; Q).
Suppose now that (uc), € Ns, (2) N Ns- (). Then

k m
Ym € Z4,Vk € Z4, sup (1—|—|x|2) lue ()] =0 (e2) ,e = 0,
x1>0

k k
sup (1 + |x|2> |ue (x1 + h,2")| < sup (1 + [(z1 + h,x’)|2) [te (z1 + hy2')]
z1>0 z1>0

20(6%),€—>0,

VYm € Z4; sup ’812116 (a:)‘ =0 (e%) ,e— 0.
x1>0
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It follows from (9) that
2\ ¥ 2
sup (1 + |z ) |O1ue (2)]" =0 (™), e — 0.
x1>0
Consequently, if 3 € Z7}, then
8 2 2 18 2 m
sup |z d1u, (z)|” < Cysup (1 + |z ) |[O1ue ()" = O (™), — 0.
x1>0 xz1>0

If 21 < 0, one considers v, such that v, (z) = u. (—z1,2") as above, then we

obtain ) )
sup ’mﬁﬁlve (z)|” = sup ‘xﬁﬁlus (x)’ =0 (em),e — 0.
x1>0 x1<0

Therefore, by induction, we have

Vm € Zy, Yo € 27 VB € 7}, sup }xﬁﬁaue (z)] =0 (™), e — 0.
€N

Thus N, (Q) N Ns- () C Ns () and consequently GX (2) = GR° () n
GR'(Q). O

Propositions 3.2 and 4.2 give the following result characterizing the negligible
elements of the algebra G¥ (Q2).

Corollary 6.3. Let Q be a boxz. Then an element (uc), € Sf;é (Q) is in Ns (Q)
if and only if the following condition is satisfied,
(10) Vm € Z,sup |uc ()| = O (™) ,e — 0.

€N

Theorem 6.2 gives the following corollaries characterizing the algebra of
rapidly decreasing generalized functions Gs and the algebra of regular rapidly
decreasing generalized functions GZ°.

2
3

—~ 2
Corollary 6.4. (i) When R = R_Zﬁ we obtain g§+ = Gs and we have
(11) Gs =Gs-NGs,,
where

(ue), € S* :Va € Z7,Im € Zy, sup |0%uc (z)] = O (™), e — O}

gS*':: TER”™
{(ue)€ € S :Va e Z ,Vm € Zy, sup |0% (x)] = O (™) e — 0}
reR”™
and

{(ue)6 eSl:vBeZy,3me Zy, sup |2Puc(z)| =0 (™), e — 0}
zeR”™

Gs, =

{(ue)6 €SIV eZt,Ym e Zy, sup |zPuc (z)| = O (™), e — O}
zeRfl
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(ii) When R = B we obtain G5 = G and we have

(12) gs" =05 NGs,

where

{(u€)6 €S :Im e Z, Va € 77, sup [0%u (z)] = O (e7™) e — O}

goo TER™
S*
{(ue)6 €8 :Vm e Zy Ya € Z7, sup [0%. (z)] = O (™) e — O}
rER™
and

{(ue)6 €Sl :3ImeZy V3L, sup |xﬁue (a:)| =0(e™),e— O}
GF = TERM

{(ue)6 €Sl:VmeZ V3 ey, s;l]Ra |zPue (z)] = O (em) e — O}

7. Characterization of ﬁ-rapidly decreasing generalized functions
via the Fourier transform

The Fourier transform of u € S, denoted by u or F (u), is defined by
u) =(2m) "2 /e_ixgu (x)dx .

Definition. The Fourier transform of v = [(u),]| € g?, denoted by Fs (u), is
defined by

Fs(u)=a=[(@),] inGE¥.

Remark 7.1. The inverse Fourier transform of u € S, denoted @ or Fg5 ' (u), is
defined as usually.

The following proposition gives the main results of the Fourier transform
Fs, its proof is standard.

Proposition 7.2. The map
Fs:G8 —G&
is an algebraic isomorphism.

Let
g;—{fECOO:VﬂGZL sup

£eRn

@f@ﬂ<m}7

~ 2
and let R be a regular subset of R?, if we define

_ . _
5‘7;0 = {(uﬁ)e eS* :INe R V5 e Zi7ﬁselan |€°T (&) = O (e M91) e — o} ;
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_ P -
N;i“ = {(ue)ﬁ eS* :VNeR' Ve Z?r,gsélﬂg |&Pa, (&) = O (Mer) e — 0} ,
then the following proposition is easy to prove.

= I
Proposition 7.3. (i) The space Sg;o is a subalgebra of S* .
(ii) The space Ngo s an ideal of 55;0.

(iii) The ideal J\/’;z:o = Ng , where

T
Ng = {(ue)E €S* :VmeZVp el sup ‘fﬂul ©]=0("),e— 0} .
£eRn

The following proposition characterizes Nz .

Proposition 7.4. Let (uc), € 5?;0. Then (u.), € Ngg if and only if the
following condition is satisfied,

(13) Vin € Z.,, sup [ (€)] = O(e™), € — 0.
§€Rn
Proof. The proof is similar to that of Proposition 4.2. O

Definition. The algebra g;if is defined as the quotient algebra

ﬁo
GE' = s
S*

Ns
The next theorem is the second characterization of g§.

Theorem 7.5. We have
- & .
(14) g8 =G5°NG% .

Proof. Let (uc), € Eg;o. Tt follows that

/ ’xﬁﬂ; (z)| dx

IN

C' sup (1—1— |x|2) ’xﬁﬁe (x)
TER®

= O <€7N\/5H—27L) , € — O,
= 0 (e_N‘ﬁ‘) , € — 0,

)

for some N € R°. The continuity of the Fourier transformation F from the
Lebesgue space of integrable functions L' to the Lebesgue space of essentially
bounded functions L*>° gives

10%uc|| = O (7171) e =0,
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which shows that (u.), € 5];0 and therefore 55:0 C Ego. Consequently 5‘792*0 N

Sg;o C 5?. In order to show the inverse inclusion let us mention in first, that
from [4], we have

(u), € 8T = (u.), € ST N&,

which implies in particular that S C S*. On the other hand if (ue), € Sl?, then

/|35u5 (z)| dx

IN

Csup (14 o) [0 ()]

reR™
’
[0) (e_N\ﬁ\ﬂn) , €— O7
— N,
o (e V’“’) , € =0,

for some N € ﬁ, ie.,
/ |5‘ﬁuE (:17)} dr =0 (efN‘ﬁ‘) , € =0,

for some N € R°. The continuity F from L' to L.>° gives
€% = O (7)€ =0,

which shows that (u.), € 5‘7;0 and consequently (uc), € EEO N 55;0. Thus

ng C 55*0 N 537%0, so we have ng = 5*0 N 537%0. A similar proof shows that

Ns = Ns, N Ng:. Therefore Q]; = Qz" N gg. O
The following corollary gives a second characterization of the space Ns.

Corollary 7.6. An element (u¢), € 55 is in Ns if and only if the following
condition is satisfied,

(15) Vm € Zy, sup |Ge (§)| =0 (€™),e — 0.

£ER™
Proof. If (u¢), € 5]3, then (u.), € 5:5*0 0537%0 by Theorem 7.5. From (u.), € 5?;0
and (15), we have by Proposition 7.4 that (uc), € Ng:. In order to show that
(ue), € Ns,, we have

[ia@lde < csup (1+12)" 1 @),
zER™
= O("),e—0,
for all m € Z. . The continuity of F from LL! to L> gives
el [ = O (™), € =0,
this implies, by Proposition 4.2, that (u¢), € Ns,. Consequently (u.), € Ns, N
J\/g: = Ns O

We have also an other characterization of the algebra Gs.
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Corollary 7.7. We have
(16) s =0s. NGgs,
where
I
(ue), € S* VB e€Z,Im € Zy, sup [P, ()] =0(e™),e—0
£eR™
g =

—1
(), €57 595 € 21 Y € L, sup |64 (€)

O(em),e—0

The following result is obtained as a corollary of Theorem 7.5.
Corollary 7.8. We have
(17) g3 =63 NG,
where

—~1T
(ue), €S* :ImeZy,Vpe Zﬁ,gsuRp }5512; (f)’ =0(™),e—0
cRn

gg.i f—
S*
—~1T
(utf)e €S* :Vme Z+7VB € Zi’gsuRP ‘fﬁ’&*\e (5)‘ =0 (em)ae -0
e n
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