Commun. Korean Math. Soc. 25 (2010), No. 3, pp. 385-389
DOI 10.4134/CKMS.2010.25.3.385

GENERALIZATIONS OF TWO SUMMATION FORMULAS
FOR THE GENERALIZED HYPERGEOMETRIC FUNCTION
OF HIGHER ORDER DUE TO EXTON

JUNESANG CHOI AND ARJUN KUMAR RATHIE

ABSTRACT. In 1997, Exton, by mainly employing a widely-used process
of resolving hypergeometric series into odd and even parts, obtained some
new and interesting summation formulas with arguments 1 and —1. We
aim at showing how easily many summation formulas can be obtained by
simply combining some known summation formulas. Indeed, we present
22 results in the form of two generalized summation formulas for the
generalized hypergeometric series 4 F3, including two Exton’s summation
formulas for 4 F3 as special cases.

1. Introduction and preliminaries

It is well known that the generalized hypergeometric function
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where (a), = I'(a + n)/T'(a) is the Pochhammer symbol, occurs in many the-
oretical and practical applications such as mathematics, theoretical physics,
engineering, and statistics. For detailed discussion of this function, including
the convergence of its series representation, see, for example, Exton [1], Slater
[5], Rainville [4], or Srivastava and Choi [6]. Among other things in the theory
and application of ,F;, the summation formulas for ,F, such as (1.4) and (1.5)
have played vital roles (see, e.g., Shen [7], Choi and Srivastava [1], Chu and de
Donno [2]).
By considering the following two combinations
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Exton [2] obtained some interesting summation formulas. Among those things,
we recall here the following two formulas written in slightly modified form:

1 1 1 1 1 1
5a, 504 + 3 §b7 =b + 5 .
1.2 4F3[§+§“_§b7 1+ 2a—1dp, 17
(R N S Nt
- I(l+da-b) |T(i+ia-b) T(i+1la)
and
1 1 1 1 1 1
gats, e+l gb+g, b4 1.
1.3 4FS[1+§“_§@ Y T
U3 yeirera-p[ r@E-n ()
 abT(1+3a-0) [T($+3a-b) T(}+1ia)

Exton [2] established these results with the help of the following two sum-
mation theorems:
Gauss’s theorem [4]

a, b 1] _ I'(c)T(c—a—b)
¢’ I'(c—a)T'(c—0b)

(14)  oF (R(c —a—b) > 0).

Kummer’s theorem [4]

[a, b _ T(l+a—-b)T(1+ 3a)
_1+a—b’_ :|_F(1+G)F<1+éa—b) (%(b)<]—)

(1.5)  oF

In 1996, Lavoie et al. [3] obtained a generalization of (1.5) in the form:
2£1 [1+a&[b)+i ; _1]
Fr(Hra-srd+a—>b+i
20T (1= b+ 5i+ 5il)
A;
) {r(;a_H;iH) T (Jati+ai- )

(1.6)

B;
+ - T3
R T
(i =0, £1, £2, £3, £4, +5),

where [z] denotes (as usual) the greatest integer less than or equal to z and
the table of A; and B; is given at the end of this paper.

The main purpose of this paper is to show how easily many summation for-
mulas for 4 F5 can be deduced by simply combining known summation formulas.
In fact, we derive 22 (11 each) summation formulas for 4F3 closely related to
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the Exton’s results (1.2) and (1.3) with the help of the results (1.4) and (1.6).
For this we shall use the following two results:
(1.7)

a, b a, b g lg41 1p 1p4 1
y 0 T 20 3 20 3% 3 2.
2F1{ . ,1]+2F1[ ¢ 1} 241*—‘3[ %c, %c—l—%, % ;1
and
2Ry {“’Cb, 1}—2& {“’ ", —1]
(1.8)

7F32 12
c

2ab la+1i la+1, fb+1
3¢t 5 zetl,

which are the special cases of Equatlon (1.4) in [2] and the corrected form of
Equation (1.5) in [2], respectively. Note that the ,41F, appearing on the right-
hand side of Equation (1.5) in the work of Exton [2] should be corrected as

2g+2F2q+1.
2. Main summation formulas

The 22 (each 11) summation formulas for the generalized hypergeometric
series 4[5 presented in the form of the following two formulas will be estab-

lished.

(2.1)
Lo, lo4 1 1, lp4l
L PGV e O R iR
_ F(1+a—b)T(3-b) L(z) TA-HT (1 +a—b+i)
20t T (L4 la—b) T (1+La—0) 2001 (1 — b+ 3i+ 3/i))
Ai
F'(3a—b+2Li+1) T (2a+ i+ i [1H])
B;
+ , e (i = 0, £1, £2, £3, +4, £5)
F(éa—b+51+é)F(2a+éz—[g])}
and
la+1, sa+1, ip4 1 ib+1
LI EEVE PR ARG VA T
_l+a—b+i I'(l+a—b)T(3—b)
ab2ett T (3+3a-b)T(1+1a—0)
(2:2) (1) T(1— )T (1+a—bti)

F(l—b+§i+§‘l|)
A;
r

{F(ga—b+§z‘+1)
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+ D
1 1 - 1 1 1 - 7
I(za—b+gi+3) (za+35i—[3])
(i=0, £1, £2, +3, +£4, £5),

where A; and B; are given in the table.

Proof. The derivations of (2.1) and (2.2) are straightforward. If we take ¢ =
1+a—b+iin (1.7) and (1.8) for i = 0, £1, +2, +3, +4, £5 and use the results
(1.4) and (1.6), then we get (2.1) and (2.2), respectively. O

Note that it is easily seen that the special cases of (2.1) and (2.2) when i =0

reduce to the Exton’s results (1.2) and (1.3), respectively.

(1]
2]
(3]
(4]
(5]

[6]
(7]

(8]

(9]

TABLE
[ il A; l B |
5] —4(6+a—0)2+2b(6+a—b)+b> | 4(6+a—0b)%+2b(6+a—0b)—b?
+22(6 + a — b) — 13b — 20 —34(6 + a — b) — b + 62
4] 2(a—b+3)(1+a—-b)—(b-—1)(b—4) —4(a —b+2)
3 3b—2a—5 20 —b+1
2 1+a—b —2
1 —1 1
0 1 0
—1 1 1
—2 a—b—1 2
-3 2a — 3b — 4 20 —b—2
—4 2(a—b—3)(a—b—1) —b(b+3) 4(a—b—2)
-5 4(a—b—4)2 —2b(a —b—4) — b? 4(a —b—4)2 +2b(a — b —4) — b2
+8(a—b—4)—7b 16(a—b—4) —b+12
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