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THE FUNDAMENTAL FORMULAS
OF FINSLER SUBMANIFOLDS

Jintang Li

Abstract. Let ϕ : (Mn, F ) → (M
n+p

, F ) be an isometric immersion
from a Finsler manifold to a Finsler manifold. In this paper, we shall
obtain the Gauss and Codazzi equations with respect to the Chern con-
nection on submanifolds M , by which we prove that if M is a weakly
totally geodesic submanifold of M , then flag curvature of M equals flag
curvature of M .

1. Introduction

Let M be an n-dimensional smooth manifold and π : TM → M be the
natural projection from the tangent bundle. Let (x, Y ) be a point of TM
with x ∈ M,Y ∈ TxM and let (xi, Y i) be the local coordinates on TM with
Y = Y i ∂

∂xi . A Finsler metric on M is a function F : TM → [0, +∞) satisfying
the following properties:

(i) Regularity: F (x, Y ) is smooth in TM\0;
(ii) Positive homogeneity: F (x, λY ) = λF (x, Y ) for λ > 0;
(iii) Strong convexity: The fundamental quadratic form

g = gij(x, Y )dxi
⊗

dxj

is positively definite, where gij = ∂2[ 12 F 2]

∂Y i∂Y j .
It is well known that the Gauss, Codazzi and Ricci equations play an impor-
tant role in studying the Riemannian submanifolds. To the author’s knowledge,
there is no one using the induced Chern connection in studying Finsler sub-
manifolds. Firstly, in §3 we shall establish the Gauss and Codazzi equations of
the Chern connection for Finsler submanifolds. In §4 we introduce the notion
of weakly totally geodesic for Finsler submanifolds. By Gauss and Codazzi
equations of the Chern connection we prove the following:

Theorem 4.4. If M is a weakly totally geodesic submanifold of M , then flag
curvature of M equals flag curvature of M .
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2. The Gauss formula

Let (Mn, F ) be an n-dimensional Finsler manifold. F inherits the Hilbert
form and the Cartan tensor as follows:

ω =
∂F

∂Y i
dxi, A = Aijkdxi ⊗ dxj ⊗ dxk, Aijk := F

∂gij

∂Y k
.

Let ϕ : (Mn, F ) → (M
n+p

, F ) be an isometric immersion from a Finsler
manifold to a Finsler manifold. We have [4]

F (Y ) = F (ϕ∗(Y )), gY (U, V ) = gϕ∗(Y )(ϕ∗(U), ϕ∗(V )),(2.1)

AY (U, V, W ) = Aϕ∗(Y )(ϕ∗(U), ϕ∗(V ), ϕ∗(W )),(2.2)

where Y, U, V, W ∈ TM , g and A are the fundamental tensor and the Cartan
tensor of M , respectively.

It can be seen from (2.1) that

(2.3) ϕ∗(ω) = ω,

where ω is the Hilbert form of M .
We shall make use of the following convention:

ϕ∗(U) := U, ∀U ∈ TM,

and

1 ≤ i, j, . . . ≤ n, n + 1 ≤ α, β, . . . ≤ n + p, 1 ≤ λ, µ, . . . ≤ n− 1.

Let ϕ : (Mn, F ) → (M
n+p

, F ) be an isometric immersion from a Finsler
manifold to a Finsler manifold. Take a g-orthonormal frame form {ea} for
π∗TM and {ωa} be a local dual coframe such that {ei} is a frame field of
π∗TM and ωn is the Hilbert form. Let θa

b and ωi
j denote the Chern connection

1-form of F and F , respectively, i.e., ∇ea = θb
aeb and ∇ei = ωj

i ej , where ∇
and ∇ are the Chern connection of M and M , respectively. We obtain

(2.4) A(ei, ej , en) = 0, A(ea, eb, en) = 0, ∀i, j, a, b.

The structure equations of M are given by

(2.5)





dωa = −θa
b ∧ ωb,

dθa
b = −θa

c ∧ θc
b + 1

2R
a

bcdω
c ∧ ωd + P

a

bcdω
c ∧ θd

n,
θa

b + θb
a = −2Aabcθ

c
n,

θa
n + θn

a = 0, θn
n = 0.

We have the following:

Theorem 2.1 (The Gauss formula). Let ϕ : (Mn, F ) → (M
n+p

, F ) be an
isometric immersion from a Finsler manifold to a Finsler manifold and ∇ be
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the Chern connection of M . If

(2.6)
∇UV = ∇UV + B(U, V ) +

∑

i

{
A(U, V,∇eien −∇eien)

−A(V, ei,∇Uen −∇Uen)−A(U, ei,∇V en −∇V en)
}

ei,

where U = uiei, V = viei ∈ Γ(π∗TM) and B(U, V ) = uivjhα
ijeα ∈ Γ(π∗TM)⊥,

then ∇ is the Chern connection of M .

Proof. (1). (Affine connection)
For ∀U, V ∈ Γ(π∗TM) and ∀f, h ∈ C∞(π∗TM), by ∇ is the Chern connec-

tion of M , we have
(2.7)
∇fU (hV ) = f(Uh)V +fh∇UV +fhB(U, V ) +fh

∑

i

{
A(U, V,∇ei

en −∇ei
en)

−A(V, ei,∇Uen −∇Uen)−A(U, ei,∇V en −∇V en)
}

ei.

On the other hand, we also have
(2.8)
∇fU (hV ) = ∇fU (hV ) + B(fU, hV ) +

∑

i

{
A(fU, hV,∇eien −∇eien)

−A(hV, ei,∇fUen −∇fUen)−A(fU, ei,∇hV en −∇hV en)
}

ei.

From (2.7), (2.8), we take

(2.9) B(fU, hV ) = fhB(U, V ).

It can be seen from (2.4) and (2.6) that

(2.10) ∇W en −∇W en = B(W, en)−
∑

λ

A(W, eλ, B(en, en))eλ,

then

(2.11)
A(U, V,∇W en −∇W en)

= A(U, V, B(W, en))−
∑

λ

A(U, V, eλ)A(W, eλ, B(en, en)).

So (2.6) is equivalent to
(2.12)

∇UV = ∇UV + B(U, V ) +
∑

i

{
A(U, V, B(ei, en))−A(U, ei, B(V, en))

−A(V, ei, B(U, ei))−
∑

λ

A(U, V, eλ)A(eλ, ei, B(en, en))

+
∑

λ

A(U, ei, eλ)A(eλ, V,B(en, en))

+
∑

λ

A(V, ei, eλ)A(eλ, U,B(en, en))
}

ei
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and (2.7) is equivalent to
(2.13)
∇fUhV = f(Uh)V + fh∇UV + fhB(U, V )

+ fh
∑

i

{
A(U, V, B(ei, en))−

∑

λ

A(U, V, eλ)A(eλ, ei, B(en, en))

−A(U, ei, B(V, en)) +
∑

λ

A(U, ei, eλ)A(eλ, V, B(en, en))

−A(V, ei, B(U, ei)) +
∑

λ

A(V, ei, eλ)A(eλ, U,B(en, en))
}

ei.

From (2.9) and (2.11), (2.8) can be written as
(2.14)
∇fUhV = ∇fUhY + fhB(U, V )

+ fh
∑

i

{
A(U, V, B(ei, en))−

∑

λ

A(U, V, eλ)A(eλ, ei, B(en, en))

−A(U, ei, B(V, en)) +
∑

λ

A(U, ei, eλ)A(eλ, V, B(en, en))

−A(V, ei, B(U, ei)) +
∑

λ

A(V, ei, eλ)A(eλ, U,B(en, en))
}

ei.

It follows from (2.13) and (2.14) that

(2.15) ∇fUhV = fh∇UV + f(Uh)V.

(2). (Torsion freeness)
By (2.6), we obtain

(2.16) ∇UV −∇V U = ∇UV + B(U, V )−∇V U −B(V, U).

On the other hand, since ∇ is the Chern connection of M , we have

(2.17) ∇UV −∇V U = [U, V ].

It follows from (2.16) and (2.17) that

(2.18) ∇UV −∇V U = [U, V ]

and

(2.19) B(U, V ) = B(V, U).

(3). (Almost g-compatibility)
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For ∀U, V, W ∈ Γ(π∗TM)

(2.20)

U〈V, W 〉g = 〈∇UV,W 〉g + 〈V,∇UW 〉g + 2A(V, W,∇Uen)

= 〈∇UV,W 〉g +
{

A(U, V,∇W en −∇W en)

−A(V, W,∇Uen −∇Uen)−A(U,W,∇V en −∇V en)
}

+ 〈V,∇UW 〉g +
{

A(U,W,∇V en −∇V en)

−A(W,V,∇Uen −∇Uen)−A(U, V∇W en −∇W en)
}

+ 2A(V, W,∇Uen)

= 〈∇UV,W 〉g + 〈V,∇UW 〉g + 2A(V, W,∇Uen).

Combining (1), (2) and (3) completes the proof of Theorem 2.1 . ¤

For ∀U, V ∈ TM and ξ ∈ T⊥M , we have

(2.21) 0 = U〈V, ξ〉g = 〈B(U, V ), ξ〉+ 〈V,∇Uξ〉+ 2A(V, ξ, ea)θa
n(U).

Let B(ei, ej) = hα
ijeα. It follows from (2.21) that

(2.22) θj
α(ei) = −hα

ij − 2Ajαaθa
n(ei).

By the almost g-compatibility, we have

(2.23) θj
α + θα

j = −2Ajαaθa
n.

On the other hand, since ωα = 0 and the structure equations of M , we have

(2.24) θα
j ∧ ωj = 0.

It follows from (2.22), (2.23) and (2.24) that

(2.25) θα
j = hα

ijω
i

and

(2.26) θj
α = −hα

ijω
i − 2Ajαaθa

n.

From (2.12), we get

(2.27) θj
i = ωj

i + Ψjikωk,

where
(2.28)
Ψjik = hα

jnAkiα−hα
knAjiα−hα

inAkjα−hα
nnAiklAljα+hα

nnAijlAlkα+hα
nnAjklAliα.

In particular,

(2.29) θj
n = ωj

n − hα
nnAjλαωλ, θn

j = ωn
j + hα

nnAjλαωλ.

It can be seen from (2.26) and (2.29) that

(2.30) θj
α = (−hα

ij − 2hβ
niAjαβ + 2hβ

nnAjλαAiλβ)ωi − 2Ajαλωλ
n.
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In particular,

(2.31) θn
α = −hα

niω
i.

3. The Gauss equations

By (2.27) ∼ (2.31) and the structure equations, we have
(3.1)

dθj
i = θk

i ∧ θj
k + θα

i ∧ θj
α +

1
2
R

j

iklω
k ∧ ωl + P

j

ikλωk ∧ θλ
n + P

j

ikαωk ∧ θα
n

= ωk
i ∧ ωj

k + Ψkilω
l ∧ ωj

k + Ψjklω
k
i ∧ ωl + ΨkisΨjklω

s ∧ ωl

− hα
ikhα

jlω
k ∧ ωl − 2hα

ikhβ
nlAjαβωk ∧ ωl + 2hα

ikhβ
nnAjsαAlsβωk ∧ ωl

− 2hα
ikAjαλωk ∧ ωλ

n +
1
2
R

j

iklω
k ∧ ωl

+ P
j

ikλωk ∧ ωλ
n − hα

nnAlsαP
j

iksω
k ∧ ωl + hα

nlP
j

ikαωk ∧ ωl

= ωk
i ∧ ωj

k + +Ψkilω
l ∧ ωj

k + Ψjklω
k
i ∧ ωl

+
{

ΨsikΨjsl − hα
ikhα

jl − 2hα
ikhβ

nlAjαβ + 2hα
ikhβ

nnAjsαAlsβ

+
1
2
R

j

ikl − hα
nnAlsαP

j

iks + hα
nlP

j

ikα

}
ωk ∧ ωl

+
{
− 2hα

ikAjαλ + P
j

ikλ

}
ωk ∧ ωλ

n.

On the other hand, we also have

(3.2) dωj
i = ωk

i ∧ ωj
k +

1
2
Rj

iklω
k ∧ ωl + P j

ikλωk ∧ ωλ
n

and
(3.3)

d(Ψjikωk) = Ψjik|lωl ∧ ωk + Ψjik;λωλ
n ∧ ωk + Ψlikωl

j ∧ ωk + Ψjlkωl
i ∧ ωk

= Ψkilω
l ∧ ωj

k + Ψjklω
k
i ∧ ωl

+ Ψjik|lωl ∧ ωk +
{
−Ψjik;λ + 2ΨsikAjsλ

}
ωk ∧ ωλ

n.

Substituting (3.1), (3.2) and (3.2) into (2.27) implies

(3.4)

(−2hα
ijAjλα + P

j

ikλ)ωk ∧ ωλ
n + (ΨsikΨjsl − hα

ikhα
jl − 2hα

ikhβ
nlAjαβ

+2hα
ikhβ

nnAjsαAlsβ +
1
2
R

j

ikl − hα
nnP

j

iksAslα + hα
nlP

j

ikα)ωk ∧ ωl

= (P j
ikλ −Ψjik;λ + 2ΨsikAjsλ)ωk ∧ ωλ

n + (
1
2
Rj

ikl −Ψjik|l)ωk ∧ ωl.

Thus we have the following result:

Theorem 3.1 (The Gauss equations). Let ϕ : (Mn, F ) → (M
n+p

, F ) be an
isometric immersion from a Finsler manifold to a Finsler manifold. Then we
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have

(3.5)





P j
ikλ = P

j

ikλ + Ψjik;λ − 2ΨsikAjsλ − 2hα
ikAjλα,

Rj
ikl = R

j

ikl − hα
ikhα

jl + hα
ilh

α
jk + Ψjik|l −Ψjil|k

+ΨsikΨjsl −ΨsilΨksl − 2hα
ikhβ

nlAjαβ + 2hα
ilh

β
nkAjαβ

2hα
ikhβ

nnAjsαAlsβ − 2hα
ilh

β
nnAjsαAksβ − hα

nnAslαP iks

+hα
nnAskαP

j

ils + hα
nlP

j

ikα − hα
nkP

j

ilα.

Exterior differentiate the left hand side term of (2.25), we obtain

(3.6)

dθα
i = θk

i ∧ θα
k + θβ

i ∧ θα
β +

1
2
R

α

iklω
k ∧ ωl + P

α

ikλωk ∧ θλ
n + P

α

ikβωk ∧ θβ
n

= hα
kjω

k
i ∧ ωj + hα

kjΨkilω
l ∧ ωj + hβ

ikωk ∧ θα
β +

1
2
R

α

iklω
k ∧ ωl

+ P
α

ikλωk ∧ ωλ
n − hβ

nnAlsβP
α

iklω
k ∧ ωs + hβ

nlP
α

ikβωk ∧ ωl

=
{

hα
slΨsik +

1
2
R

α

ikl − hβ
nnAslβP iks + hβ

nlP
α

ikβ

}
ωk ∧ ωl

+ P
α

ikλωk ∧ ωλ
n + hα

kjω
k
i ∧ ωj + hβ

ikωk ∧ θα
β .

Exterior differentiate the right hand side term of (2.25), we also obtain

(3.7)
d(hα

ijω
j) = hα

ij|kωk ∧ ωj + hα
ij;λωλ

n ∧ ωj + hα
kjω

k
i ∧ ωj − hβ

ijθ
α
β ∧ ωj

= hα
il|kωk ∧ ωl − hα

ik;λωk ∧ ωλ
n + hα

kjω
k
i ∧ ωj + hβ

ikωk ∧ θα
β .

It follows from (3.6) and (3.7) that

(3.8)
[P

α

ikλ + hα
ik;λ]ωk ∧ ωλ

n

+[12R
α

ikj − hα
ij|k + hβ

njP
α

ikβ − hα
lkΨlij − hβ

nnAljβP
α

ikl]ωk ∧ ωj = 0.

From (3.8), we may state the following theorem:

Theorem 3.2 (The Codazzi equations). Let ϕ : (Mn, F ) → (M
n+p

, F ) be an
isometric immersion from a Finsler manifold to a Finsler manifold. Then we
have

(3.9)





hα
ij;λ = −P

α

ijλ,

hα
ij|k − hα

ik|j = −R
α

ijk + hβ
njP

α

ikβ − hβ
nkP

α

ijβ

−hα
lkΨlij + hα

ljΨlik − hβ
nnAljβP

α

ikl + hβ
nnAlkβP

α

ijl.

4. Some application of the fundamental formulas

In this section, we shall use the fundamental formulas of the Finsler sub-
manifolds to prove some results.

Definition 4.1. Let ϕ : (M, F ) → (M, F ) be an isometric immersion. B
defined by (2.6) is called the second fundamental form of ϕ. H = 1

n trB =
1
n

∑
i B(ei, ei) = 1

n

∑
i,α hα

iieα is called the mean curvature vector field of ϕ. M

is called to be minimal (or totally geodesic) if H (or B) vanishes identically.
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When M is a geodesic curve of M , we have ∇e1e1 = 0, i.e., B(e1, e1) = 0,
this implies the following:

Theorem 4.2. A geodesic curve is totally geodesic.

Definition 4.3. A submanifold (M, F ) of (M, F ) is said to be weakly totally
geodesic if B(en, en) = 0.

Remark. We find it hard to explain the difference between “weakly totally
geodesic” and “totally geodesic” by examples.

Theorem 4.4. If M is a weakly totally geodesic submanifold of M , then flag
curvature of M equals flag curvature of M .

Proof. Since M is weakly totally geodesic, we have

(4.1) hα
nn = 0, ∀α.

Thus we get

(4.2)
hα

nn|iω
i + hα

nn;λωλ
n = dhα

nn − 2hα
λnωλ

n + hβ
nnθα

β

= − 2hα
λnωλ

n,

from which we have

(4.3)
{

hα
nn|i = 0,

hα
nn;λ = −2hα

λn.

On the other hand, using the fact P
α

nnλ = 0 and the first formula of (3.9),
we obtain

(4.4) hα
nn;λ = 0.

It follows from (4.4) and the second formula of (4.3) that

(4.5) hα
λn = 0, ∀λ, α.

Substituting (4.1) and (4.5) into (2.28) yields

(4.6) Ψijk = 0, ∀i, j, k.

Substituting (4.1), (4.5) and (4.6) into the second formula of (3.5) implies

(4.7) Rn
ikl = R

n

ikl,

which and the definition of flag curvature for the flag (en ∧ V ) yields

(4.8) K(en, V ) =
1
|V |2 R(en, V, en, V ) =

1
|V |2 R(en, V, en, V ) = K(en, V ),

which completes the proof of Theorem 4.4. ¤
Corollary. Let (M, F ) be a Finsler manifold with constant flag curvature c.
If M is a weakly totally geodesic submanifold of M , then M has constant flag
curvature c.
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