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CONVERGENCE OF RELAXED TWO-STAGE
MULTISPLITTING METHOD USING AN OUTER SPLITTING

JAE HEON YUN

ABSTRACT. In this paper, we study the convergence of relaxed two-stage
multisplitting method using H-compatible splittings or SOR multisplit-
ting as inner splittings and an outer splitting for solving a linear sys-
tem whose coefficient matrix is an H-matrix. We also provide numerical
experiments for the convergence of the relaxed two-stage multisplitting
method.

1. Introduction

In this paper, we consider relaxed two-stage multisplitting method for solv-
ing a linear system of the form

(1) Ax=b, x,beR",

where A € R" ™ is a large sparse H-matrix. Multisplitting method was in-
troduced by O’Leary and White [5] and was further studied by many au-
thors [3, 4, 6, 8, 9]. The multisplitting method can be thought of as an extension
and parallel generalization of the classical block Jacobi method [2].

A matrix A = (a;;) € R™™ is called monotone if A=% > 0. A matrix
A = (ai;) € R™™" is called an M -matriz if A is monotone and a;; < 0 for 7 # j.
The comparison matriz (A) = (a;;) of a matrix A = (a;;) is defined by

|Cbij| if ¢ Zj

Q5 = P .

—lag| ifi#j.
A matrix A is called an H-matriz if (A) is an M-matrix. A representation
A = M — N is called a splitting of A when M is nonsingular. A splitting
A =M — N is called regular if M~' > 0 and N > 0, weak regular if M~ >0
and M—'N > 0, M-splitting of A if M is an M-matrix and N > 0, and H-

compatible splitting of A if (A) = (M) — |N]|.
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A collection of triples (Mg, Ni, Ex), k =1,2,...,¢, is called a multisplitting
of Aif A = My — Ny is a splitting of A for k = 1,2,...,¢, and E}’s, called
weighting matrices, are nonnegative diagonal matrices such that 22:1 Ey=1.
The relazed two-stage multisplitting method with a relaxation parameter 3 > 0
using A = M — Ny as outer splittings and My = By — Cf as inner splittings
is as follows.

ALGORITHM 1: RELAXED TWO-STAGE MULTISPLITTING METHOD

Given an initial vector =z

For i =1,2,..., until convergence
Fork=1to/
Yk,o = Ti—1

For j=1tos
Yk; = BBr " (Cikj—1 + Neio1 + ) + (1 = B)yk,j—1

14
T = Z Ekyk:,s
k=1

In Algorithm 1, it is assumed to be s > 1. Bru et al. [2] showed that if
0 < B <1, then Algorithm 1 converges for an H-matrix A under the assumption
that both the outer splittings A = M — Ny and the inner splittings M =
By, — C}, are H-compatible splittings.

In 1991, Wang [8] studied the convergence of relaxed multisplitting method
associated with AOR multisplitting for solving the linear system (1). In this
paper, we study the convergence of relaxed two-stage multisplitting method
using H-compatible splittings or SOR multisplitting as inner splittings and an
outer splitting for solving the linear system (1). This paper is organized as
follows. In Section 2, we present some notation and well-known results. In
Section 3, we provide convergence results of relaxed two-stage multisplitting
method using H-compatible splittings or SOR multisplitting as inner splittings
and an outer splitting. In Section 4, we also provide numerical experiments for
the convergence of the relaxed two-stage multisplitting method.

2. Preliminaries

For a vector z € R™, > 0 (z > 0) denotes that all components of z are
nonnegative (positive). For two vectors z,y € R", x > y (x > y) means
that x —y > 0 (x —y > 0). For a vector x € R™, |z| denotes the vector
whose components are the absolute values of the corresponding components
of x. These definitions carry immediately over to matrices. It follows that
|A| > 0 for any matrix A and |AB| < |A||B| for any two matrices A and B
of compatible size. Let diag(A) denote a diagonal matrix whose diagonal part
coincides with the diagonal part of A, and let p(A) denote the spectral radius
of a square matrix A. Varga [7] showed that for any square matrices A and B,
|A| < B implies p(A) < p(B). It is well-known that if A = M — N is a weak



CONVERGENCE OF RELAXED TWO-STAGE MULTISPLITTING METHOD 729

regular splitting, then A=! > 0 if and only if p(M~1N) < 1 [1, 7]. It was shown
that if A > 0 and there exists a vector x > 0 and an a > 0 such that Az < ax,
then p(A) < a [1]. Frommer and Mayer [3] showed that [A=!| < (A)~! when
A is an H-matrix.

Theorem 2.1 ([2]). Let A € R™ "™ be a monotone matriz. Assume that the
outer splittings A = My — Ny, are reqular and the inner splittings My = By —C}
are weak reqular. If 0 < 3 < 1, then the relazed two-stage multisplitting method
converges to the exact solution of Ax = b for any initial vector xg.

Theorem 2.2 ([2]). Let A € R™*™ be an H-matriz. Assume that the outer
splittings A = My, — Ny are H-compatible splittings and the inner splittings
M, = By — Cy are H-compatible splittings. If 0 < 8 < 1, then the relaxed
two-stage multisplitting method converges to the exact solution of Ax = b for
any initial vector xg.

The SOR multisplitting to be used in this paper is defined as follows.

Definition 1. Let 0 <w <2and A=D — L — U for k=1,2,...,¢, where
D = diag(A), Li’s are strictly lower triangular matrices, and Uy’s are general
matrices. (Mg (w), Np(w), Ex), k = 1,2,...,¢, is called the SOR multisplitting
of Aif (Mg(w), Ng(w),Ex), k =1,2,...,¢, is a multisplitting of A, My(w) =
L(D - wLy), and Ni(w) = L ((1 — w)D + wUy).

w

If w = 1 in Definition 1, then the SOR multisplitting of A is called the Gauss-
Seidel multisplitting of A. In this case, My (w) = D — Ly and Ng(w) = Uy.

3. Convergence results of relaxed two-stage multisplitting method

In this section, we consider convergence of relaxed two-stage multisplitting
method (Algorithm 1) with a relaxation parameter 5 > 0 using an outer split-
ting A = M — N and inner splittings M = By — C). Then, Algorithm 1 can
be written as x; = Hgx;—1 + Pgb, i =1,2,..., where

Vi ¢ s—1
Hp =  Ep(Rpx)*+B) B | Y (Rsx) | By'N,
k=1 k=1 j=0
¢ s—1
Ps=0) B | (Box) | B,
k=1 j=0

where Ry = BB} 'C), + (1 — B)I. The Hyg is called an iteration matriz for
the relaxed two-stage multisplitting method with a relaxation parameter 5 > 0
and s inner iterations. Then, it can be shown that PsA = I — Hg and the
relaxed two-stage multisplitting method with a relaxation parameter 3 > 0
converges to the exact solution of Az = b for any initial vector z¢ if and only
if p(Hg) < 1. First, we provide convergence result of the relaxed two-stage
multisplitting method using H-compatible splittings.
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Theorem 3.1. Let A € R"*™ be an H-matriz and A = M — N be an H-
compatible splitting of A. Let M = By, — Cy be an H-compatible splitting such
that diag(By) = diag(M) = D for each 1 < k < ¢, and let B =D — M.
Then, the relazed two-stage multisplitting method using an outer splitting A =
M — N and inner splittings M = By — Cy, k = 1,2,...,L, converges to the
exact solution of Ax = b for any initial vector xg if 0 < 8 < where
a = p(|D|71(|B] + NI)).

2
1+a’

Proof. For 0 < 3 < 1, this theorem follows directly from Theorem 2.2. Now
we consider the case of 1 < 8 < 1-%1 Let

4 s—1
Hs =Y EnHgi, Hor=(Rsx)" + B> (Rsx)By'N,
k=1 Jj=0
~ 4 ~ ~ ~ s—1 ~
Hs =Y EpHpi, Har=(Rox)" + 5> (Rax) (Be) '[N,
k=1 j=0
where Rg = B, 'Cy, + (1 — B)I and Rg 1, = B(By) "' |Ck| + (3 — 1)I. Let
i 2-p - 2-8
Agr = T<Bk> —|Ck| = |[N| and Ag = TIDI — [B] =[N

Notice that M and By are H-matrices since A = M — N and M = B, — C
are H-compatible splittings. Since it can be easily shown that |Rg x| < Rgk,
|H3,k| S Hﬁ,k and thus

(2) [Hg| < Hp.

Since diag(By) = diag(M) = D, (M) = |D| — |B| and (By) < |D|. Since
(A) = |D| = (|B|+|N|) = (Bg) — (|Cx| + | N|) are regular splittings of (A) and
(Br)™' > D7, p ((Br) "M (ICk| + IN])) < @ < 1. Since 8 < 125, 3% < 1
and thus [ — Rg y, = (2— )] — 3(B,)~'|Cy| is nonsingular. Hence, one obtains
Hgo = (Rox)® + B = (Rpp)*) I — Ro) " (Br) !N
=1 —(I—(Rpx)*)I = B(I = Rgx) " (By) "' |N])
)

I— Rg_’k)il(j - Rﬁ,k - ﬂ<Bk>71|N|)
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Let Ex, = D — By, for each k. Then (By) = |D| — |Eg| and |B| = |Ex| + |Ck|-
Since 1 < 8 < —2-, one obtains

1+a?
Ao =22LB0 - Gl - IV
:2;B\D\—2;Q|Ek\—|ck|—uv|
(4) z%\m—w—m—m

2-p

=—_— "|D|—-|B|—-|N
510l 311

:Aﬁ

for each k. Since Ag = ¥|D| — (|B| + |N|) is a regular splitting of Az and
% <1, Agl > 0. Since Ry, and (By)~! are nonnegative, from (3) and (4)
one obtains

s—1

(5) Hyp <18 (Rar) (Br) ™" Ag.

7=0
Let e = (1,1,...,1)T and v = flgle. Then v > 0 and (By)~'e > 0. Using
these relations and (5),

s—1

(6) Hypo <v—BY (Rpx) (Be) ‘e <v—B(Bp) e <.
§=0

From (6), there exists 63 € [0,1) such that

(7) I:I,@,kv < g kv

for each k. Let g = max{fz; | 1 <k < (}. It is clear that 63 < 1. From (2)
and (7),

¢ ¢
(8) ‘H5|U < ffgv = ZEkﬁﬁ,kU < ZQ@]CEH} < Ogv.

k=1 k=1
From (8), p(|Hg|) < 63 < 1 and hence p(Hg) < fg < 1forl < § < 1-&-%
Therefore, the proof is complete. (I

In Theorem 3.1, notice that 1%[ > 1since a < 1. It means that Theorem 3.1
can be viewed as an extension of Theorem 2.2. The following corollary for an
M-matrix A is directly obtained from Theorem 3.1

Corollary 3.2. Let A € R™™" be an M-matrix and A = M — N be an M-
splitting of A. Let M = By — Cy be an M-splitting such that diag(By) =
diag(M) = D for each 1 < k < {, and let B = D — M. Then, the relazed
two-stage multisplitting method using an outer splitting A= M — N and inner
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splittings M = By, — Ck, k = 1,2,...,¢, converges to the exact solution of

Ax = b for any initial vector g if 0 < 8 < H—%’ where a = p(D~Y(B + N)).

We next provide convergence results of the relaxed two-stage multisplitting
method using SOR multisplitting.

Theorem 3.3. Let A € R"*"™ be an H-matriz and A = M — N be an H-
compatible splitting of A. Let M = D—B =D — Ly — Uy (1 <k <{) such that
(M) = |D| — |Li| — |Ug|, where D = diag(M), Ly, is a strictly lower triangular
matriz, and Uy, is a general matriz, and let (B (w), Cx(w), Ex), k=1,2,...,¢,
be the SOR multisplitting of M. Let o = max{max{p ((By(w))|Cx(w)|) |1 <
k </}, p(|D|7Y(|B|+|NJ)) }. Then, the relaxed two-stage multisplitting method
using an outer splitting A = M — N and inner splittings M = By(w) — Ci(w),

k=1,2,...,4, converges to the exact solution of Ax = b for any initial vector
o if 0<w<1 and0<ﬁ<m.

Proof. Notice that (By(w)) = 1(|D| — w|Ly|) and |Cy(w)| = 1((1 — w)|D| +
w|Uyg|) for 0 < w < 1. It follows that M = By (w) — C(w) is an H-compatible
splitting of M, that is, (M) = (Bg(w)) — |Ck(w)]|. Since (A) = |D|—(|B|+|N])
and (M) = (By(w)) — |Cx(w)] are regular splittings, it is clear that o < 1. For
0 <w<1land0 < @ <1, this theorem follows directly from Theorem 2.2 since
both A= M — N and M = By(w) — Cx(w) are H-compatible splittings. Now
we consider the case of 0 <w < land 1 < g8 < m Let

Rpwik = B(Brw)) ' Crlw) + (1 - B)I,

Rk = B(Br(w)) ' Cr(w)| + (B — 1)1,

14 s—1
Hg . = Z ExHg ok, Hpwrk = (Rgwk)® + ﬁZ(Rﬁ,w,k)j(Bk(w))_lM
k=1 =0
~ 4 ~ _ ~ s—1 ~ .
Hpo = EpHpon, Hawr = (Rawr) +B8Y (Rawr) (Brw)) '[N
k=1 =0
Let
- 2-4 < 2—-28+ fw
Agwk = T(Bk(w)>—|0k(w)\—|N| and Ag ., = T|D|—|B|—\N|-

Since Bj(w) is an H-matrix, |(Bg(w))™! < (Bg(w))™' and thus |Rg x| <
Rg3 5. It follows that

(9) |Hpw| < Hpo.
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Since 8 < 3oty < Toar 205 < 1and thus [ — Rgop = (2 — )1 —
B(Br(w))"!|C(w)] is nonsingular. Hence, one obtains

Hg ok = (Rpwr)® + B — (Rpwr))I — Rawr)  (Br(w)) '|N|
=T—(I—(Rpwi))I = B(I—Rawr)  (Br(w)) 'IN|)
=T1—(I—-(Rpuwi)’ ) — Rpwi) "I = Rpwr— B(Br(w)) ' |N|)

|
—

o) =1 =3 (Ron (2= B = BB(w) ! Ck(w)| — B(Bx(w) ! IN])
23

1= B3 R (B (252 B0 - 1] - 131

| o

s—1

=T-8Y (Rswr) (Br(w) " Agw

Jj=0

Since B > 1 and |B| = |Li| + |Ug| for every k, one obtains

~ 2-28+4+ pw 2 —
Apo =222 - 2By - i) - |V
2—-20+ fw
> ————|D[ = [Ly| — [Ux| = |N|
(11) Pw
2—-20+ fw
- 2| - 15| - ]
:Aﬁ,w

for each k. Since 3 < #1—04)’ 2—283+ Bw >0 and 2_55% < 1. It follows

that Ag, = 2_2[’?7;[3“’|D| — (|B| +|N|) is a regular splitting of Ag,, and thus

AE}U > 0. Since R, and (By(w))~! are nonnegative, from (10) and (11) one

obtains
~ s71 ~ ~
(12) Hpor <T—B (Rgwr) (Be(w)) ' Ap .
§=0

Let e = (1,1,...,1)T and v = flgide. Then v > 0 and (Bg(w))~te > 0. Using
these relations and (12),

s—1

(13) Hpopv <v— ﬁZ(Rg,w’k)j (Br(w)) " te < v — B(Br(w)) " te < v.
7=0

From (13), there exists a g, € [0,1) such that

(14) E[ﬁ,w,ku < eﬂ,w,kv
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for each k. Let 03, = max{fgwr | 1 < k < £}. It is clear that 65, < 1.
From (9) and (14),

¢ ¢
(15) |Hg,w|v < I‘?[gywv = Z Ekﬁgyw,kv < Zgﬁ,w,kEk'U <0s,v.
k=1 k=1
From (15), p(|Hgw|) < 8p,. < 1 and hence p(Hp ) < g, <lfor0<w<1
and 1 < 8 < m Therefore, the proof is complete. ([

Theorem 3.4. Let A € R"™" be an H-matrix and A = M — N be an H-
compatible splitting of A. Let M = D —B =D — L, — U, (1 < k <)
such that (M) = |D| — |Lg| — |Uk|, where D = diag(M), Lyj is a strictly
lower triangular matriz, and Uy, is a general matriz, and let (Bg(w), Ck(w), Ex),
k=1,2,...,¢4, be the SOR multisplitting of M. Let 6 = p(|D|~*(|B| + |N|))
and a = max{d, max{p ((By(w)) !|Cr(w)|) |1 <k < €}}. Let

4 s—1
Hyw =3 B | (Bon) + 83 (Bpon) (Bulw) N
k=1 j=0

be an iteration matrix of the relazed two-stage multisplitting method using an
outer splitting A = M — N and inner splittings M = By(w) — Cx(w), where
Rg.wx = B(Br(w)) 'Ck(w) + (1 — B)I. Then the following hold.

(a) Ifl<w< %‘_5 and 0 < B <1, then p(Hg,,) < 1.

(b) If w > 1 is chosen so that w(l +a) < 2 and if 0 < B < —=2—, then

w(l4a)’
p(Hpw) < 1.
Proof. Let M = (Bp(w)) — |Cr(w)| for 1 < w < }%. Since (Bg(w)) =
5(ID|=w|L]) and [Cr(w)| = § ((w = D|D| + w|Uk|), M = (Bi(w))~|Cr(w)| =

2=w|D| — | B| are regular splittings of M. Since 2% < 1, M is an M-matrix
w w

2
and thus a < 1. Let
Rg ok = B(Bi(w)) " |Cr(w)

Rpor = B(Br(w)) ! |Cr(w)
Y/
Hyo=> ExHpur, Howr = (Rpwr) +B8Y (Rpwr) (Br(w)) "IN,
k=1 j=0
_ Y/ ~ _ _ s—1 ~ ‘
Hpo=> ExHpur, Hpwr = (Rpwr)' +B8Y (Rpwr) (Br(w)) "IN

k=1 =0
We first prove part (a). Let A = M — |N|. Then A = M — |[N| = =9 |p| -
(|B] + |N|) are regular splittings of A. Since 20, A is also an M-matrix.

Since Hg , can be viewed as an iteration matrix of the relaxed two-stage mul-
tisplitting method using an outer splitting A=M- |N| and inner splittings
M = (Bp(w)) — |Cx(w)|, p(Hgw) < 1 is obtained from Theorem 2.1. Since it
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can be easily shown that |Hg | < Hg.., p(Hs.,) < 1. Next we prove part (b).
Assume that w > 1 is chosen so that w(1 4+ a) < 2. Then w(1 + §) < 2. For
0< B8 <1, p(Hpgw) < 1is directly obtained from part (a). Now we consider
the case of 1 < 8 < Let

2-p

2
w(l+a)”

- 9 _
(Bu@) - Cu)] - N and Ap., = Z2221D] - |B] - N

Apwk=

Since By(w) is an H-matrix, |Rgw x| < Rp ok and thus [Hg,,| < Hg,,. Since
w>1 < ﬁ < ﬁ and so % < 1. It follows that I — Rg .k =
(2 — B)I — B{Bg(w)) '|Ck(w)] is nonsingular. Hence, one obtains

s—1
(16) Hporo =T =B (Rpwr) (Be(w)) " Ag k-

7=0

Since 8 > 1 and |B| = |Li| 4 |Ug| for every k, one obtains

- 2 — Bw 2 —
Apon = 222101 - 2210 - ) -
2 — fw
> |D| = |L| — |Uk| = [N
(17) puw
2 — fw
|- 151 |V
= Aﬁ’w
for each k. Since 8 < ﬁ, 2—fBw > 0 and 2{“’,80; < 1. It follows that
A = 2;5‘” |D| — (|B| +|N|) is a regular splitting of Ag,, and thus flgi > 0.
Since Rg,  and (By(w))~! are nonnegative, from (16) and (17) one obtains
~ 8_1 ~ . ~
(18) Hpwr <T=BY (Rpuwr) (Be(w)) " Ag .
3=0

Let e = (1,1,...,1)T and v = A5l e. Then v > 0 and (By(w))~'e > 0. Using
these relations and (18),

s—1
(19)  Hpwrv Sv— B8 (Rpwn) (Be(w)) e < v — BBu(w)) e < v.

§=0
The remaining part of the proof can be done in a similar way as was done in
that of Theorem 3.3. Hence, p(Hg ) < 1 is obtained for 1 < 8 < ﬁ
Therefore, the proof is complete. O

Notice that 1 < 1-%@ < 1%—6 in Theorem 3.4. The following theorem is

directly obtained by combining Theorems 3.3 and 3.4.
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Theorem 3.5. Let A € R™" be an H-matric and A = M — N be an H-
compatible splitting of A. Let M = D— B =D — Ly — U, (1 < k <)
such that (M) = |D| — |Lg| — |Uk|, where D = diag(M), Ly is a strictly
lower triangular matriz, and Uy, is a general matriz, and let (By(w), Ckx(w), Ex),
k=1,2,...,4, be the SOR multisplitting of M. Let 6 = p(|D|=*(|B| + |N|))
and o = max{d, max{p ((Bx(w)) ' |Cr(w)|) |1 < k < £}}. Let

4 s—1
Hpo = Ei [ (Rpwi)® + 8> (Rpwr) (Br(w) "N
k=1 j=0

be an iteration matriz of the relaxed two-stage multisplitting method using an
outer splitting A = M — N and inner splittings M = By(w) — Cx(w), where
Rg.wr = B(Br(w)) 'Ck(w) + (1 — B)I. Then the following hold.
(a) fl<w< 1%-5 and 0 < 3 <1, then p(Hg,,) < 1.
(b) If w > 0 is chosen so that w(l14+ «) < 2 and if 0 < § <
then p(Hg,,) < 1.

2
14wa+|l1—w]|?

In Theorem 3.5, notice that if 0 < w < 1, then the condition w(1 + a) < 2
in part (b) is automatically satisfied from the fact that @ < 1. Also notice
that the upper bound of 3, which is m, is greater than 1 when w(1 +

a) < 2. The following corollary for an M-matrix A is directly obtained from
Theorem 3.5.

Corollary 3.6. Let A € R™*" be an M-matrix and A = M — N be an M-
splitting of A. Let M = D—B = D—Ly—Uy, (1 < k < ¥{), where D = diag(M),
Ly > 0 is a strictly lower triangular matriz, and Uy > 0 is a general matriz,
and let (Bg(w), Cr(w), Ex), k =1,2,...,£, be the SOR multisplitting of M. Let
§ = p(D"Y(B+N)) and o = max{6, max{p ((Br(w)) |Cr(w)|) |1 <k < £}}.
Let

J4 s—1
Hpw =Y Bi | (Rown) +BY (Rpwr) (Br(w) 'N
k=1 j=0

be an iteration matriz of the relaxed two-stage multisplitting method using an
outer splitting A = M — N and inner splittings M = By(w) — Cx(w), where
Rg.wr = B(Br(w))'Ck(w) + (1 — B)I. Then the following hold.

(a) If 1 <w< 125 and 0 < 3 <1, then p(Hp,) < 1.
(b) If w > 0 is chosen so that w(l1 4+ «a) < 2 and if 0 < f <

then p(Hpg ) < 1.

2
14wa+|l1-w|’

4. Numerical experiments

In this section, we provide numerical experiments for the convergence of
the relaxed two-stage multisplitting method using SOR multisplitting as inner
splittings. All numerical values are computed using MATLAB.
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Example 4.1. Suppose that £ = 3. Consider an H-matrix A of the form

F I 0 4 -1 0 1 0 0
A=|(-1 F 1|, F=[1 4 -1|, 1=[(0 1 o
0 -1 F 0 1 4 0 0 1
Let A= M — N, where
F 0 0 0 -1 0
M=o F o, N=|1 o -1
0 0o F 0o I 0
Let D =diag(M), B=D — M,

0 0 0 0 1 0
Lu=|-1 0 o], uu=(0 o 1],
0 0 0 0 -1 0
0 0 0 0 1 0
Lis=[-1 0 o], Un=[0 0o 1],
0 -1 0 0O 0 O
L1 0 0 Lo 0 0 Li2 0 0
L1 = 0 L12 0 ) L2 = 0 Lll 0 3 LS = 0 L12 0 5
0 0 Lio 0 0 Li2 0 0 Li1
Ui 0 0 Uiz 0 0 Uiz 0 0
U, = 0 Uia 0 , Us = 0 U1 0 , Us = 0 Uiz 0 s
0 0 U2 0 0 Uiz 0 0 Ui
I 0 O 0 0 0 0 0 O
Eir=|10 0 O0],E=(0 [T O0],E=(0 0 0
0o 0 O 0o 0 O 0o o I

Then, A = M — N is an H-compatible splitting of A and M = D — Ly — Uy
is such that (M) = |D| — |Lg| — |Uk| for & = 1,2,3. Let (Bg(w), Cr(w), Ek),
k =1,2,3, be the SOR multisplitting of M. That is, By(w) = (D —wLg) and
Cr(w) =1 ((1 —w)D + wUy) for k =1,2,3. Then §, o and Hg,, are defined as
in Theorem 3.5. Note that § = p(|D|~!(|B|+|N|)) ~ 0.7071 and %‘_5 ~ 1.1716.

For various values of w, the numerical values of o, w(1 + «) and m
are listed in Table 1. Numerical values of p(Hg,,) for various values of w,

and s are listed in Table 2.

We next consider the more general case where A is a large sparse block-
tridiagonal H-matrix which is usually constructed from five-point finite dif-
ference discretization of the elliptic second order partial differential equations.
For simplicity of exposition, suppose that / = 3. Then A can be partitioned
into an ¢ x ¢ block-tridiagonal matrix of the form

A A 0
A=Ay Ay As],
0 Aszy  Ass



738 JAE HEON YUN

where A;; is a square matrix for i = 1,2,3. Let A = M — N, where

All 0 0 0 —A12 0
M= 0 A»n 0|, N=[-45 0 —Aos
0 0 A33 0 *ABQ 0

Let Aii = Dii - L” — Uii for i = 1, 2, 3, where Dii = dlag(A”), L” is a StI'iCtly
lower triangular matrix and U;; is a strictly upper triangular matrix. Let

0 0 0 Ly; O 0 Ly 0 0
Li=10 Lo 0 |, Ly = 0 0 0 |,Ls=1]0 Loy 0],
0 0 Las 0 0 Ls3 0 0 0
L1+ Ups 0 0 Ui 0 0
Uy = 0 Uz 0 ), Ua=1| 0 Lo + Uz 0 ],
0 0 U33 0 U33
Ui 0 0 Dy 0
Us=| O Usa 0 , D= 0 D22 0 1,
0 0 L35 + U33 0 Ddd
I 0 0 0 0
E,=10 0 0}, E>= O I O , B3 = 0 0 O
0O 0 O 0 0 0 0o o0 I

Then, A = M — N is an H-compatible splitting of A and M = D — Ly — Uy,
is such that (M) = |D| — |Lg| — |Uk| for k = 1,2,3. Let (Bg(w), Cr(w), Ek),
k =1,2,3, be the SOR multisplitting of M. That is, By(w) = (D —wLy) and
Cr(w) = 2 (1 —w)D +wUy) for k = 1,2,3. Using the ideas and techniques
mentioned above, we provide numerical results for the following example.

Example 4.2. Consider the following Poisson PDE

(20) —Ugy —Uyy =g in §
u(z,y) =0 on 09,

where 2 = (0,1)x (0, 1) and 02 denotes the boundary of 2. The five-point finite
difference discretization for the PDE (20) is used. We have used a uniform mesh
of Az = Ay = 1/46, which lead to a block-tridiagonal H-matrix A of order
n = 452 = 2025, where Az and Ay refer to the mesh sizes in the z-direction and
y-direction, respectively. d, o and Hg,, are deﬁned as in Theorem 3.5. Note
that 6 = p(|D|=*(|B| + |N|)) ~ 0.9977 and 1+5 ~ 1.0012 for this example. For

various values of w, the numerical values of @, w(1 4+ «) and are

2
1Hwa+|l-w|
listed in Table 3. Numerical values of p(Hg,,) for various values of w, § and s
are listed in Table 4.

For test problems used in this paper, the upper bound of 3, which is
2
1+wa+ |1 —w|’
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becomes maximum when w = 1 (see Tables 1 and 3). All numerical results are
consistent with the theoretical results provided in this paper (see Tables 1 to
4). From Tables 2 and 4, it may be concluded that the optimal pairs of 3 and
w for which p(Hpg,,) is minimized vary depending upon s and the problem to

be considered.

TABLE 1. Numerical values of o, w(1 + o) and m
w @ w(l+ ) #Il—wl
0.2 0.8683 0.3737 1.0133
0.3 0.8006  0.5402 1.0308
0.4 0.7316  0.6926 1.0567
0.5 0.7071  0.8536 1.0790
0.8 0.7071  1.3657 1.1327
0.9 0.7071 1.5364 1.1518
1.0 0.7071 1.7071 1.1716
1.1 07071  1.8778 1.0651

1.15 0.7071  1.9632 1.0188
1.17 0.7071  1.9973 1.0013
1.18 0.7071 2.0144 0.9929

TABLE 2. Numerical values of p(Hg,,) for Example 4.1.

for Example 4.1.

5w B p(Hpw) |8 w B p(Hpw) | s w 8 p(Hpw)
1 0.2 0.8 0.8452 | 2 0.2 0.8 0.7226 | 3 0.2 0.8 0.6275
1.0 0.8093 1.0 0.6688 1.0 0.5688

1.01 0.8075 1.01 0.6662 1.01 0.5662

0.5 0.8 0.6432 0.5 0.8 0.4821 0.5 0.8 0.4204
1.0 0.5851 1.0 0.4504 1.0 0.4084

1.07  0.5696 1.07  0.4455 1.07  0.4060

0.8 0.6 0.5775 0.8 0.6 0.4353 0.8 0.6 0.3958
0.8 0.5160 0.8 0.4236 0.8 0.3858

1.0 0.5257 1.0 0.4224 1.0 0.3574

1.13 0.5696 1.13  0.4069 1.13 0.3532

1.0 0.6 0.5079 1.0 0.6 0.4110 1.0 0.6 0.3826
0.8 0.5042 0.8 0.4118 0.8 0.3542

1.0 0.6101 1.0 0.3646 1.0 0.3536

1.17 0.7538 1.17 0.4511 1.17 0.3553

1.1 0.6 0.4838 1.1 0.6 0.4067 1.1 0.6 0.3745
0.8 0.5243 0.8 0.3953 0.8 0.3529

1.0 0.6810 1.0 0.4065 1.0 0.3539

1.06 0.7412 1.06 0.4448 1.06 0.3552

1.15 0.6 0.4751 1.15 0.6 0.4051 1.15 0.6 0.3696
0.8 0.5406 0.8 0.3827 0.8 0.3534

1.0 0.7218 1.0 0.4335 1.0 0.3548

1.01 0.7326 1.01 0.4402 1.01 0.3551




740

JAE HEON YUN
TABLE 3. Numerical values of o, w(1 + o) and m for Example 4.2.
0.2 09978  0.3996 1.0002
0.5 09977  0.9988 1.0006
0.8 09977  1.5981 1.0009
1.0 0.9977  1.9977 1.0012
1.001 0.9977  1.9997 1.0002
1.002 0.9977  2.0017 0.9992

TABLE 4. Numerical values of p(Hg,,) for Example 4.2.

S w [E] p(Hp,w) | s w [E] p(Hp,w) | s w E] p(Hp.w)
1 0.2 0.8 0.9996 2 0.2 0.8 0.9993 3 0.2 0.8 0.9989
1.0 0.9995 1.0 0.9991 1.0 0.9986

1.0001 0.9995 1.0001 0.9991 1.0001 0.9986

0.5 0.8 0.9991 0.5 0.8 0.9981 0.5 0.8 0.9972

1.0 0.9988 1.0 0.9977 1.0 0.9966

1.0005 0.9988 1.0005 0.9977 1.0005 0.9966

0.8 0.6 0.9989 0.8 0.6 0.9978 0.8 0.6 0.9967

0.8 0.9985 0.8 0.9971 0.8 0.9956

1.0 0.9981 1.0 0.9963 1.0 0.9946

1.0008 0.9981 1.0008 0.9963 1.0008 0.9946

1.0 0.6 0.9986 1.0 0.6 0.9972 1.0 0.6 0.9959

0.8 0.9981 0.8 0.9963 0.8 0.9946

1.0 0.9977 1.0 0.9954 1.0 0.9933

1.0011 0.9999 1.0011 0.9954 1.0011 0.9933

1.001 0.6 0.9986 1.001 0.6 0.9972 1.001 0.6 0.9959

0.8 0.9981 0.8 0.9963 0.8 0.9946

1.0 0.9997 1.0 0.9954 1.0 0.9933

1.0001 0.9999 1.0001 0.9954 1.0001 0.9933
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