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GEOMETRY OF SCREEN CONFORMAL REAL HALF
LIGHTLIKE SUBMANIFOLDS

DAE Ho JIN

ABSTRACT. In this paper, we study the geometry of real half lightlike
submanifolds of an indefinite Kaehler manifold. The main result is a
characterization theorem for screen conformal real half lightlike subman-
ifolds of an indefinite complex space form.

1. Introduction

It is well known that the radical distribution Rad(TM) = TM NTM* of
the lightlike submanifolds M of a semi-Rimannian manifold (M, g) of codi-
mension 2 is a vector subbundle of the tangent bundle T'M and the normal
bundle TM*, of rank 1 or 2. The codimension 2 lightlike submanifold (M, g)
is called a half lightlike submanifold if rank(Rad(TM)) = 1. In this case, there
exists two complementary non-degenerate distributions S(TM) and S(TM™)
of Rad(T'M) in TM and TM+ respectively, called the screen and co-screen
distribution on M. Then we have the following two orthogonal decompositions

(1.1)  TM =Rad(TM) Soren S(TM), TM*+ = Rad(TM) Goren S(TM™),

where the symbol &, denotes the orthogonal direct sum. We denote such
a half lightlike submanifold by (M, g, S(T'M)). Denote by F(M) the algebra
of smooth functions on M and by I'(E) the F(M) module of smooth sections
of a vector bundle E over M. Choose L € T'(S(TM~')) as a unit vector field
with g(L, L) = e = £1. Consider the orthogonal complementary distribution
S(TM)* to S(TM) in TM. Certainly ¢ and L belong to T'(S(T'M)+). Hence
we have the following orthogonal decomposition

S(TM)* = S(TM*) Goren, S(TM)L,

where S(TM*)* is the orthogonal complementary to S(TM=L) in S(TM)*.
We known [3] that, for any smooth null section £ of Rad(T'M) on a coordinate
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neighborhood U C M, there exists a uniquely defined null vector field N €
L(ltr(T'M)) satisfying

(1.2) g(¢,N)=1, g(N,N)=g(N,X)=g(N,L)=0, VX e T(S(TM)).

We call N, Itr(TM) and tr(TM) = S(TM~L) @open ltr(T M) the lightlike trans-
versal vector field, lightlike transversal vector bundle and transversal vector
bundle of M with respect to the screen S(T'M) respectively. Therefore the
tangent bundle TM of the ambient manifold M is decomposed as follows:

(1.3) TM = TM @ tr(TM) = {Rad(TM) @ tr(TM)} Gopen, S(TM)
= {Rad(TM) @& tr(TM)} ®ortn S(TM) Soren S(TML).

The objective of this paper is to study the geometry of real half lightlike
submanifolds of an indefinite Kaehler manifold. First of all, we prove that such
a real half lightlike submanifold M is a CR lightlike submanifold (Theorem 2.1)
and if the induced structure tensor F' on M is parallel, then M is locally a
product manifold My x M?, where My and M* are leaves of some integrable
distributions (Theorem 2.2). Next, we prove a characterization theorem for
real half lightlike submanifolds M of an indefinite complex space form M (c):
If M is screen conformal, then ¢ = 0 (Theorem 3.5). Using this theorem,
we prove several additional theorems for screen conformal real half lightlike
submanifolds M of an indefinite complex space form M(c): If M is totally
umbilical or an Einstein manifold, then M is Ricci flat (Theorems 4.3 and 4.4).
If the conformal factor is a non-zero constant and the co-screen distribution is
parallel, then M is locally a product manifold M} x M", where M} and M"
are leaves of some integrable distributions of M (Theorems 4.6 and 4.7).

Let V be the Levi-Civita connection of M and P the projection morphism
of T(TM) on I'(S(TM)) with respect to the decomposition (1.1). Then the
local Gauss and Weingarten formulas are given by

(1.4) VxY = VxY + B(X,Y)N + D(X,Y)L,
(1.5) VxN = —AnX +7(X)N + p(X)L,
(1.6) VxL = —ALX + ¢(X)N,

(1.7) VxPY = V%PY +C(X,PY),

(1.8) Vx¢ = —AX —7(X)¢

for all X, Y € T'(T'M), where V and V* are induced linear connections of M
and on S(T'M) respectively, B and D are called the local second fundamental
forms of M, C is called the local second fundamental form on S(T'M). Ay, Af
and Ay, are linear operators on T'M and 7, p and ¢ are 1-forms on T'M. Since
V is torsion-free, V is also torsion-free and both B and D are symmetric. From
the facts B(X,Y) = g(VxY,€) and D(X,Y) = €g(VxY, L), we know that B
and D are independent of the choice of a screen distribution and

(1.9) B(X,6)=0, D(X,&) =—ep(X), VX €T(TM).
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The induced connection V of M is not metric and satisfies

(1.10) (Vxg)(Y, Z) = B(X,Y)n(Z) + B(X, Z) n(Y)
for all X, Y, Z € T(TM), where n is a 1-form on T'M such that
(1.11) n(X) = §(X,N), VX € T(TM).

But the connection V* on S(T'M) is metric. Above three local second funda-
mental forms of M and S(T'M) are related to their shape operators by

(1.12) B(X,Y) = g(A{X,Y), G(ALX,N) =0,

(1.13) C(X,PY) = g(ANX,PY),  G(AxX,N)=0,

(1.14) eD(X,PY) = g(ALX,PY),  G(ALX,N) = ep(X),
(1.15) eD(X,Y) = g(ALX,Y) — o(X)n(Y), VX,Y € T(TM).

By (1.12) and (1.13), we show that A7 and Ay are I'(S(T'M))-valued shape
operators related to B and C respectively and AZ is self-adjoint on T'M and
(1.16) AfE =0,

that is, £ is an eigenvector field of Ag corresponding to the eigenvalue 0. But
Ap and Ay, are not self-adjoint on S(TM) and T'M respectively.

We denote by R, R and R* the curvature tensors of the Levi-Civita con-
nection V of M, the induced connection V of M and the induced connection
V* on S(TM) respectively. Using the Gauss-Weingarten equations for M and
S(TM), we obtain the Gauss-Codazzi equations for M and S(TM):

(1.17) g(R(X,Y)Z,PW) = g(R(X,Y)Z, PW)
+ B(X,Z)C(Y,PW) — B(Y, Z)C(X, PW)
+ {D(X, Z)D(Y,PW) — D(Y, Z)D(X, PW)},
(1.18)  g(R(X,Y)Z, &) = (VxB)(Y,Z) - (VyB)(X, Z)
+ B(Y, Z)7(X) — B(X, Z)7(Y)
+ DY, 2)p(X) — D(X, Z)¢(Y),
(1.19)  g(R(X,Y)Z, N) = g(R(X,Y)Z, N)
+ e{D(X, Z)p(Y) — D(Y, Z)p(X)},
(1.20)  g(R(X,Y)E,N) = g(A; X, ANY) — g(AY, AN X)
— 2d7(X,Y) + p(X)o(Y) — p(Y)$(X),
(1.21)
G(R(X,Y)PZ, PW) = g(R*(X,Y)PZ, PW)
+ O(X,PZ)B(Y,PW) — C(Y,PZ)B(X, PW),
(1.22) g(R(X,Y)PZ, N) = (VxC)(Y,PZ) — (VyC)(X,PZ)
+ C(X,PZ)r(Y) — C(Y, PZ)7(X).
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The Ricci tensor, denoted by Ric, of M is defined by
(1.23) Ric(X,Y) = trace{Z — R(Z,X)Y}, V¥V X, Y € [(TM).

In case Ricci tensor vanishes on M, we say that M is Ricci flat. If dim M > 2
and Ric = 7g, where 7 is a constant, then M is called an Finstein manifold.
For dim M = 2, any M is Einstein but % is not necessarily constant.

2. Real half lightlike submanifolds

Let M = (M, J, g) be a real 2m-dimensional indefinite Kaehler manifold,
where g is a semi-Riemannian metric of index ¢ = 2v, 0 <v < m and J is an
almost complex structure on M satisfying, for all X, Y € I'(T'M),

(2.1) J2=-1, g(JX,JY)=g(X,Y), (VxJ)Y =0.

Definition 1. Let (M, g, S(T'M)) be a real lightlike submanifold of an indefi-
nite Kaehler manifold M. We say that M is a CR-lightlike submanifold [3] of
M if the following two conditions are fulfilled:

(A) J(Rad(TM)) is a distribution on M such that

Rad(TM) N J(Rad(TM)) = {0}.
(B) There exist vector bundles H, and H' over M such that
S(TM) = {J(Rad(TM)) © H'} Gorin Hos J(H,) = Hos J(H') = K1 Gorn Ko,

where H, is a non-degenerate almost complex distribution on M, and K; and
K are vector subbundles of ltr(TM) and S(T M=) respectively.

An indefinite complex space form M(c) is a connected indefinite Kaehler
manifold of constant holomorphic sectional curvature ¢ such that

(22) R(X.Y)Z = {5(Y.2)X - §(X, 2)Y +3(JY, 2)JX
— §(JX,2)JY +25(X,JY)JZ}, ¥ X, Y, Z e T(TM).

Theorem 2.1. Any real half lightlike submanifold (M, g, S(TM)) of an indef-
inite Kaehler manifold M is a CR-lightlike submanifold of M.

Proof. From the fact that g(J¢, §) = 0 and Rad(TM) N J(Rad(TM)) = {0},
the vector bundle J(Rad(T'M)) is a subbundle of S(TM) or S(T M=) of rank
1. Also, from the fact that g(JN,N) = 0 and g(JN,§) = —g(N,JE) = 0,
the vector bundle J(ltr(T'M)) is also a subbundle of S(TM) or S(TM=) of
rank 1. Since J¢ and JN are null vector fields satisfying g(J¢, JN) = 1
and both S(TM) and S(TM™) are non-degenerate distributions, we show
that {J€,JN} € T(S(TM)) or {J€,JN} € T(S(TMY)). 1If {J&, N} €
L(S(TM*1Y)), as J(Rad(TM)), J(Itr(TM)) and S(T M) are non-degenerate of
rank 1, we have J(Rad(TM)) = J(tr(TM)) = S(TM*1). Tt is a contradiction.
Thus we choose a screen distribution S(T'M) that contains J(Rad(T'M)) and
J(tr(TM)). For L € T(S(TM*Y)), as §(JL,L) = 0, §(JL,€) = —G(L, JE) =0
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and g(JL,N) = —g(L,JN) = 0, J(S(TM%)) is also a vector subbundle of
S(TM) such that

J(S(TM™)) Goren {J(Rad(TM)) @ J (tx(TM))}.

We choose S(TM) to contain J(S(TM*)) too. Thus the screen distribution
S(T'M) is expressed as follow:

(2.3) S(TM) = {JRad(TM)) ® J(1tr(TM))} Doren J(S(TML)) Borers Ho,

where H, is a non-degenerate distribution, otherwise S(T'M) would be de-
generate. Moreover, by (2.3), we show that H, is an almost complex dis-
tribution on M with respect to J, ie., J(H,) = H,. Finally, denote H' =
J(tr(TM)) @oren J(S(TML)). Thus (2.3) gives S(T'M) as in condition (B)
and J(H') = K| @ortn K2, where K1 = ltr(TM) and K, = S(TM+*). Hence
M is a CR-lightlike submanifold of an indefinite Kaehler manifold M. O

From Theorem 2.1, the general decompositions (1.1) and (1.3) reduce to
(2.4) TM=HoH', TM=HoH ¢tr(TM),
where H is a 2-lightlike almost complex distribution on M such that
(2.5) H =Rad(TM) ®ortn J(Rad(TM)) Soren Ho.
Consider the null and non-null vector fields {U,V} and W such that
(2.6) U=-JN, V=-J¢, W=-JL.

Denote by S the projection morphism of TM on H. Then, by the first equation
of (2.4) [denote (2.4)-1], any vector field on M is expressed as follows:

(2.7) X=8X4+uX)U+wX)W, JX=FX+uX)N+wX)L,
where u, v and w are 1-forms locally defined on M by
(2.8) uwX) =g(X, V), v(X)=g(X,U), wX)=eg(X,W)
and F' is a tensor field of type (1,1) globally defined on M by
FX=JSX, VXel(TM).
Apply J to (2.7)-2 and using (2.1) and (2.8), we have
(2.9) F?X = - X + u(X)U + w(X)W;
u(U)=w(W)=1, FU=FW =0.
By using (1.9), (2.1), (2.7)-2 and (2.8) and Gauss-Weingarten equations for a
half lightlike submanifold, we deduce
(2.10) (Vxu)(Y) = —u(Y)7(X) —w(Y)$(X) — B(X, FY),
(Y) = o(Y)7(X) + ew(Y)p(X) — g(AnX, FY),
(Y) = —u(Y)p(X) — D(X, FY),
)
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Differentiating (2.6) with X and using (1.5), (1.7), (2.1) and (2.9), we have

(2.14) B(X,U) =v(A{X) = u(AnX) = C(X,V);
(2.15) C(X, W) =v(ArX) =ew(AnyX) =eD(X,U);
(2.16) B(X, W) =u(ALX) = ew(A;X) = e D(X,V);
(2.17) VxU = F(ANX) + 7(X)U + p(X)W,

(2.18) VxV = F(A¢X) = 7(X)V — ep(X)W,

(2.19) VxW =F(ALX) + ¢(X)U.

Lemma 1. Let (M,g,S(TM)) be a real half lightlike submanifold of an indefi-

nite Kaehler manifold M. If F is parallel with respect to the induced connection

V,ie, (VxF)Y =0 for all X, Y € I(TM), then we have

(2.20) B(X,Y)=wY)B(X,U), DX,Y)=w(Y)D(X,W),

(2.21) B(X,V)=B(X,W)=C(X,U)=C(X,W)
=D(X,V)=D(X,U) = ¢(X) = p(X) =0.

Proof. If F is parallel with respect to the induced connection V, then, taking
the scalar product with V, W, U and N at (2.13) by turns, we have

(2.22) B(X,Y) =u(Y)u(AnX) + w(Y)u(ALX),
(2.23) D(X,Y) = u(Y)w(AxX) + w(Y)w(ALX),
(2.24) u(Y)v(AnX) + w(Y)v(ALX) =0,

w(Y)g(ALX,N)=0, VX,Y eT(TM).

Replace Y by V, U and W in (2.22), (2.23) and (2.24), Y by ¢ in (2.23) and
Y by W in the last equation, we obtain (2.21). From (2.21), (2.22) and (2.23),
we have (2.20). O

Theorem 2.2. Let (M,g,S(T'M)) be a real half lightlike submanifold of an
indefinite Kaehler manifold M. If F is parallel with respect to the induced
connection V on M, then the distributions H and H' are integrable and parallel
with respect to ¥V and M s locally a product manifold My x M?*, where My is
a leaf of H' and M?* is a leaf of H.
Proof. Using (1.4), (1.7), (1.12) and (2.1), we derive
9(Vx§, V) =-B(X,V), 9(Vx§,W) = -B(X, W),
(2.25) 9(VxV,V) =0, 9g(VxV, W) = —¢(X),
9(VxY,V)=B(X,JY), g(VxY,W)=eD(X,JY)
for any X € I'(H) and Y € I'(H,). Since F is parallel with respect to the
induced connection V, we have B(X,V) = B(X,W) = ¢(X) = 0. Take
Y € I'(H,) in two equations of (2.20), we have B(X,Y) =0 and D(X,Y) =0

for all X € T'(T'M) respectively. Thus we have B(X,JY) = D(X,JY) =0 due
to JY € I'(H,). Thus H is integrable and parallel with respect to V.
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Using the Gauss-Weingarten formulas, (1.12)~(1.15) and (2.1), we derive
g(VzW,N)=eD(Z,U), g(VzUN)=C(Z,U),
(2.26) g(VzW,U) = —ep(Z2), g(VzUU) =0,
g(vZVVaY) = *€D(Z, JY)a g(VZU,Y) = 70(27 ‘]Y)
for any Z € I'(H') and Y € I'(H,). Since F is parallel with respect to V and
Z =U or W, we have D(Z,U) = D(Z,JY) = C(Z,U) = C(Z,JY) = 0 and
p(Z) = 0. Thus the distribution H' is also integrable and parallel with respect
to the induced connection V. From this result, we have our theorem. (]

The type numbers t,, (p) and ¢, (p) of M at a point p € M is the rank of the
shape operators Ay and Ay, at p respectively. By the equation (2.13) it follows
that AyX = B(X,U)U and AL X = D(X,W)W. Thus we have:

Theorem 2.3. Let (M,g,S(TM)) be a real half lightlike submanifold of an
indefinite Kaehler manifold M. If F is parallel with respect to the induced
connection V on M, then the type numbers of M satisfyt, (p) < 1 andt, (p) <
1 for any p € M.

3. Screen conformal half lightlike submanifolds

_A half lightlike submanifold (M, g, S(T'M)) of a semi-Riemannian manifold
(M, g) is screen conformal [1] if the shape operators Ay and Af of M and
S(TM) respectively are related by Ay = ¢ A, or equivalently

(3.1) C(X,PY)=¢B(X,Y), VX, YeI'(TM),
where ¢ is a non-vanishing smooth function on a neighborhood ¢ in M. In

particular, if ¢ is a non-zero constant, M is called screen homothetic [4].

Note 1. For a screen conformal half lightlike submanifold M, the second fun-
damental form C' is symmetric on S(TM). Thus S(T'M) is an integrable dis-
tribution and M is locally a product manifold L¢ x M* where L¢ is a null curve
tangent to Rad(T'M) and M* is a leaf of S(T'M) [3].

From (2.14), (2.15), (2.16) and (3.1), we obtain
(3.2) MX,U—-¢pV)=0, VX eI'(TM),
where h(X,Y) = B(X,Y)N+D(X,Y)L is the global second fundamental form

tensor of M. Thus we have:

Theorem 3.1. Let (M,g,S(TM)) be a screen conformal real half lightlike
submanifold of an indefinite Kaehler manifold M. Then the non-null vector
field U — oV # 0 is conjugate to any vector field on M. In particular, U — oV
is an asymptotic vector field.

Corollary 1. Let (M,g,S(TM)) be a screen conformal real half lightlike sub-
manifold of an indefinite Kaehler manifold M. Then the second fundamental
form h on M (consequently, C on S(TM)) is degenerate on S(TM).
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Proof. Since h(X,U — V) = 0 for all X € T(S(TM)) and U — ¢V €
T'(S(TM)), the second fundamental form tensor h is degenerate on S(T'M). O

Theorem 3.2. Let (M,g,S(TM)) be a screen conformal real half lightlike
submanifold of an indefinite Kaehler manifold M. If M 1is totally umbilical,
then M and S(TM) are totally geodesic.

Proof. If M is totally umbilical, then there exists a smooth transversal vector
field H € T'(tr(T'M)) such that

MX,)Y)=Hg(X,Y), VX, Y eT(TM).
From this fact and the equation (3.2), we have
Hg(X,U—-9V)=0,VX eI'(TM).

Replace X by V in this equation, we have H = 0. Thus A = 0. It follow that
B =D =0 and C =0. Consequently, M and S(T'M) are totally geodesic. [

Theorem 3.3. Let (M, g,S(T'M)) be a screen conformal real totally umbilical
half lightlike submanifold of an indefinite Kaehler manifold M. Then H is an
integrable and parallel distribution with respect to V and M is locally a product

manifold Ly X Ly, x M*, where L, and L, are null and non-null curves tangent
to J(tr(TM)) and J(S(TM™)) respectively and M* is a leaf of H.

Proof. Since M is totally umbilical, both M and S(T'M) are totally geodesic
and B =D = C = ¢ = 0. All equations of (2.25) are zero. Thus H is an
integrable and parallel distribution with respect to V. Also, J(1tr(T'M)) and
J(S(TM™) are integrable distributions. Thus we have our theorem. O

Theorem 3.4. Let (M, g,S(TM)) be a screen conformal real totally umbilical
half lightlike submanifold of an indefinite Kaehler manifold M. If U or W is
parallel with respect to the induced connection V on M, then the distributions
H and H' are integrable and parallel with respect to V and M s locally a
product manifold My x M?, where My is a leaf of H' and M?* is a leaf of H.

Proof. As M is totally umbilical, M and S(TM) are totally geodesic and all
of (2.25) and (2.26) are zero except only ¢(VzJL, JN) = —ep(Z). If U is
parallel, applying J to (2.17) and using (2.6) and (2.9), we obtain

ANX = u(ANX)U + w(ANX)W; 7(X)=p(X)=0, VX e (TM).
If W is parallel, applying J to (2.19) and by using (2.6) and (2.9), we obtain
ALX:u(ALX)U+w(ALX)W, ¢(X):O, VXGF(TM)

From the last equation, we have p(X) = eg(ArLX, N) = 0. Thus H and H’
are integrable and parallel distributions on M. We have our theorem. ]

Theorem 3.5. Let (M,g,S(T'M)) be a screen conformal real half lightlike
submanifold of an indefinite complex space form M (c). Then we have ¢ = 0.
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Proof. By using (1.18) and (2.2), we have
Hu(X)g(IY, 2) = u(Y)g(IX, Z) + 2u(Z)3(X, JY )}
= (VxB)(Y, Z) = (VyB)(X, Z) + B(Y, Z)7(X)
- B(X,Z2)1(Y)+ DY, Z2)p(X) — D(X, Z)p(Y)
for all X, Y, Z € I'(T'M). Using this, (1.19), (1.22) and (3.1), we obtain
L9V P2)n(X) = g(X, PZ)n(Y) + o(X)g(JY. PZ
—v(Y)g(JX,PZ)+2v(P2)g(X,JY)}
= {Xlgl = 207(X)}B(Y, PZ) = {Y[g] — 2¢7(Y)}B(X, PZ)
+{po(Y) +ep(Y)}D(X, PZ) = {pd(X) + ep(X)} D(Y, PZ)
+ EQD{U(X)Q(JY, PZ)—uY)g(JX,PZ)+2u(PZ)§(X,JY)}.
Replacing PZ by u in the last equation and using (3.2), we obtain
% {209(X, JY) + (v(X) = pu(X))n(Y) = (v(Y) = pu(Y))n(X)} = 0.
Taking X =V, Y = ¢ in this equation, we obtain ¢ = 0. 0
Corollary 2. There erist no screen conformal real half lightlike submanifolds
M of indefinite complex space form M(c) with ¢ # 0.
4. Induced Ricci curvatures
Let R(%2) denote the induced Ricci type tensor of M given by
(4.1) R©2(XY) = trace{Z — R(Z,X)Y}

for all X,Y, Z € T'(TM). Substituting the Gauss-Codazzi equations (1.17)
and (1.19) in (1.23), then, using the relations (1.12)~(1.15), we obtain

R2(X,Y) = Rie(X,Y) + B(X,Y)trAy + D(X,Y)trAL,
—g(ANX, AFY) —eg(ALX, ALY) + p(X)o(Y)
—g(R(§,Y)X, N) — eg(R(L,Y)X, L).
A tensor field R(%2) of M is called its induced Ricci tensor if it is symmetric.

In the sequel, a symmetric R(0:2) tensor will be denoted by Ric.
If M is an indefinite complex space form M (c), using (2.2), we have

(42) ROI(X)Y)= 2{(2771 +1)g(X,Y) —u(X)v(Y) — 20(X)u(Y)}
+ B(X,Y)trAy + D(X,Y)trAr — g(An X, AZY)
—eg(ALX, ALY) + p(X)o(Y).

Moreover, if M is a screen conformal, then (4.2) reduces to

(4.3)  ROD(X,Y) = o{B(X,Y)trA; — g(A; X, AY)}
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+ D(X, Y)tI‘AL — Eg(ALX, ALY) + p(X)gZ)(Y)
From (1.20) and (4.3), we have the following assertions:

Theorem 4.1. For a screen conformal half lightlike submanifold of an indefi-
nite complex space form M(c), the following assertions are equivalent;

(1) The Ricci type tensor R(©:2) s a symmetric Ricci tensor.

(2) each I-form 7 is closed, i.e., dT =0 on any U C M.

(3) p(X)6(Y) = p(Y)$(X) for all X, Y € D(TM).

Theorem 4.2. Let (M,g,S(TM)) be a screen conformal real half lightlike
submanifold of an indefinite complex space form M (c) with a parallel co-screen
distribution. Then R(%?) is a symmetric Ricci tensor and

(4.4) RO2D(X)Y) = o{B(X,Y)trAf — g(A; X, AfY)}.
Theorem 4.3. Let (M,g,S(T'M)) be a screen conformal real half lightlike

submanifold of an indefinite complex space form M (c). If M is totally umbilical,
then M is Ricci flat.

Proof. From Theorem 3.2, M is totally geodesic. Thus, from (1.12) and (1.14),
we have B =D = A7 = ¢ =0 and AL X = ep(X)¢. Therefore, using (4.3), we
obtain R*?(X,Y) = 0 and R(>? = Ric. O

As {U, V'} is a basis of I'(J(Rad(T'M)) @ J(Itr(TM))), the vector fields

(4.5) pw=U— ¢V, v=U+eV

form also a basis of I'(J(Rad(TM)) & J(ltr(TM))). From (3.2), we have
(4.6) g(Afu, X) =0, g(Afu,N) =0, Aip =0,

(4.7) 9(A p, X) =0, g(A p, N) =ep(p), A p=ep(p)é,

due to ¢(u) = —e D(p, §) = 0. Thus p is an eigenvector field of A7 on S(T'M)
corresponding to the eigenvalue 0. From (2.15), (3.1), (4.5) and the linearity
of F, for all X € I'(T'M), we have

(48) Vi = r(X)v = X[PV + (p + epd) (X)W,
(4.9) Vv = 2P(AxX) + 7(X)p+ X[PlV + (p — epg) (X)W.

Theorem 4.4. Let (M,g,S(TM)) be a screen conformal real half lightlike
submanifold of an indefinite complex space form M(c) with a symmetric Ricci
tensor. If M is an Einstein manifold, then M is Ricci flat.

Proof. If M is a screen conformal real half lightlike submanifold of an indefinite
complex space form M(c) with a symmetric Ricci tensor, then ¢ = 0 and
R(:2) = Ric. Let M be an Einstein manifold, that is, R(*>:?) = ~g. Replacing
X and Y by V and p in (4.3) respectively and using (4.6) and (4.7), we obtain
v =0. Thus M is Ricci flat. O
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Note 2. Suppose R ?) is symmetric, since dr = 0, there exists a pair {¢, N'}
on U such that the corresponding 1-form 7 vanishes. We call such a pair the
distinguished null pair of M.

Although S(TM) is not unique, it is canonically isomorphic to the factor
vector bundle TM* = TM/Rad TM considered by Kupeli [7]. Thus all S(T'M)
are isomorphic. For this reason, we consider only screen homothetic real half
lightlike submanifolds equipped with the distinguished null pairs.

Theorem 4.5. Let (M, g, S(TM)) be a half lightlike submanifolds of a semi-
Remanning manifold (M, g). Then the co-screen distribution S(TM™*) is par-
allel with respect to the connection V if and only if A, =0 on T'(T'M).

Proof. If the co-screen distribution S(T'M~) is parallel with respect to the
connection V, then, from (1.6), we have Ay X = ¢(X)N for all X € T'(TM).
Taking the scaler product with £ and IV to this equation, we obtain ¢ = 0 and
p = 0 respectively. Consequently, we obtain Ay, = 0 and D = 0. Conversely,
if ALX =0 for all X € I'(T'M), then, from (1.14), we have D = p = 0. From
(1.9), we obtain ¢ = 0. Thus L is parallel with respect to the connection V. [

Theorem 4.6. Let (M,g,S(TM)) be a screen homothetic real half lightlike
submanifold of an indefinite complex space form M (c) with a parallel co-screen
distribution. Then M is locally a product manifold My x M", where M} and
M" are some leaves of integrable distributions of M.

Proof. Let H' = Span{u, W}. Then H = H, ®ortn Span{&, v} is a complemen-
tary subbundle to H’ in TM and we have the decomposition

(4.10) TM =H' ©orn H.
Using (1.8), (2.19), (4.8) and (4.9), for X € T'(H) and Y € I'(H,), we derive

(4.11) 9(Vxv,p) = X[p] —207(X), g(Vxv,W) = (ep — 99)(X),
9(Vx&p) = —-B(X,u) =0, ¢g(Vx§{,W)=-B(X,W).

If L is parallel, then we have A, = D = ¢ = p = 0. From (2.16), we get

B(X,W) = 0. Thus all of the equation (4.11) are 0. Thus H is parallel with

respect to V and H is an integrable distribution.
Also, using (2.19) and (4.9), for X € T'(H’) and Y € I'(H,), we derive

g(VXu,ﬁ):O, g(VXVV,f):O,
(4.12)  g(Vxp,v) = —X[p] +2¢7(X), g(VxW,v) = —(ep — 09)(X),
g(vXM7Y):O7 g(VXVVvY):g(F<ALX)7Y)

If L is parallel, then all of the equation (4.12) are 0. Thus H’ is parallel
with respect to V and H’ is an integrable distribution. Thus we have our
theorem. (]
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Let H' = Span{yu, W}. Then G = H, @ortn Span{r} is a complementary
vector subbundle to G in S(T'M). From (4.11) and (4.12), we show the distri-
butions H’ and G are integrable and we have the following decomposition

(4.13) S(TM) =H" ®on G-

Theorem 4.7. Let (M,g,S(T'M)) be a screen homothetic Einstein real half
lightlike submanifold of an indefinite complex space form M(c) of index 2. If
the co-screen S(TM™) is a parallel distribution, then M is locally a product
manifold Lg x My x M® or L x MY x (M® = L,, x M°), where L¢ and L, are
null and spacelike curve, M} is a hyperbolic plane, and both M® and M° are
Euclidean spaces.

Proof. By Theorem 4.4 and the equation (4.4), we have
(4.14) g(AF X, AFY) —trAg g(Ag X, Y) = 0.

From (1.12) and (2.16), we obtain A{W = 0. Thus &, p and W are eigen-
vector fields of Af corresponding the eigenvalue 0. Let p = \/21671@{U — oV}
where €; = sgne. p is a timelike vector field and G is an integrable Rie-
mannian distribution. Since Ag is I'(G)-valued real symmetric operator due to
g(A; X, N) = g(Af X, p) = g(A; X, W) = 0, Af have (2m —5) = n real or-
thonormal eigenvector fields in G and is diagonalizable. Consider a frame field
of eigenvectors {u, W, e1, ..., e, } of Az on S(I'M) such that {ei, ..., e,} is
an orthonormal frame field of A7 on G. Then Afe; = Aje; (1 <i<n). Put
X =Y =e¢; in (4.14), \; is a solution of equation

z(zx —a) =0,
where a = trAg. This equation has at most two distinct solutions 0 and « on
U. Assume that there exists p € {0, ..., n} such that Ay =--- = X, =0 and
Ap+1 = -+ = Ay = a, by renumbering if necessary, then we have

a=trdi = (n —p)a.

If =0, then AfX = 0 for all X € I'(TM). Thus M is a totally geo-
desic and S(TM) is also totally geodesic. From (1.17) and (1.21), we have
R*(X,Y)Z = R(X,Y)Z = 0 for all X,Y, Z € T(S(T'M)). Thus M is locally
a product manifold Lg x (M* = M} x M"), where L¢ is a null curve tangent
to Rad(T'M), the leaf M* of S(T'M) is a Minkowski space, M} is a hyper-
bolic plane and M?® is a Riemannian manifold. Since Vxu = VxW = 0
and g(ViY,u) = g(VLY, W) = 0 for all X, Y, Z € I'(S(TM)), we have
VLY € I'(G) and R*(X,Y)Z € T'(G). This imply V%Y = Q(V%Y), that
is, M® is a totally geodesic and R*(X,Y)Z = Q(R*(X,Y)Z) = 0, where Q is a
projection morphism of S(T'M) on G with respect to the decomposition (4.13).
Thus MP® is a Euclidean space.
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If a#0, then p=n—1, ie.,

(4.15) A

o
Consider the following two distributions Fy and E, on G;
D(Ey) ={X eT(G) | A X =0}, D'(E,)={XeTl(9)]|AX =aX}.

From (4.15), we know that the distributions Ey and E,, are mutually orthogonal
non-degenerate subbundle of G, of rank (n — 1) and 1 respectively, satisfy
G =Ey Borth Eo- From (4.14), we get Af (AZ — aQ) = 0. Using this equation,
we have ImA; C I'(E,) and Im(Af — aQ) C I'(Ep). For any X, Y € I'(Ep)
and Z € I'(G), we get (VxB)(Y,Z) = —g(A;VxY,Z). Use this and the fact
(VxB)(Y,Z) = (VyB)(X, Z), we have g(A;[X,Y], Z) = 0. If we take Z €
['(E,), since ImAf C I'(E,) and E, is non-degenerate, we have AZ[X,Y] = 0.
Thus [X,Y] € T'(Ep) and Ey is integrable. Thus M is locally a product manifold
Le x (M* = M} x Lo, x M°), where L, is a spacelike curve and M is an
(n — 1)-dimensional Riemannian manifold satisfy Ay = 0. From (1.17) and
(1.21), we have R*(X,Y)Z = R(X,Y)Z = 0 for all X, Y, Z € I'(Ep). Since
g(V5Y,u) = g(VLY, W) = 0 and ¢g(V%Y,e,) = —g(Y,Vxe,) = 0 for all
X, Y € T'(Ey) because Vxe € T'(E,) for X € T'(Ep) and e € T'(E,). In fact,
from (1.18) such that D = ¢ =7 =0, we get

9({(Ag —aQ)Vxe — AV X}, Z) = X[plg(e, Z)

for all X € I'(Ey), e € I'(E,) and Z € I'(G). Using the fact that G is non-
degenerate distribution, we have (Ag —aQ)Vxe = AV X + X|[ple. Since
the left term of this equation is in I'(Ep) and the right term is in I'(E,) and
Eg N Eq = {0}, we have (A7 — aQ)Vxe = 0 and A;V.X = —X[ple. This
imply that Vxe € I'(E,). Thus VLY = aVLY for all X, Y € I'(Ey), where
7 is the projection morphism of I'(S(T'M)) on I'(Ey) and 7V* is the induced
connection on Ey. This imply that the leaf M° of FEj is totally geodesic.
As g(RY(X,Y)Z,u) = g(R*(X,Y)Z,W) = 0 and g(R*(X,Y)Z,e,) = 0 for
all X, Y, Z € T'(Eyp), we have R*(X,Y)Z = nR*(X,Y)Z € T'(Ey) and the
curvature tensor 7R* of Ey is flat. Thus MY is a Euclidean space. O
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